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PROBLEM SET 8

1 a) Implement the power method given in eq. (5.17) in the textbook by Quarteroni et al. Test it

on the matrix

A=







−2 −2 3

−10 −1 6

10 −2 −9







and use x(0) = (1,0,0) as a starting value. Compare your result with that of MATLAB’s built-in

function eig.

b) When you are sure to have a working code, try it on the matrix

B =







5 1 −1

1 11 7

−1 7 11







using the same x(0) as above. What is the result after 20 iterations? After 100? Explain what you

observe.

c) Now implement the shifted inverse method—also called the inverse power method—in eq. (5.28)

in Quarteroni et al. and test your function on the matrices from a) and b).

d) Apply the QR algorithm in eq. (5.32) in Quarteroni et al. on the two matrices from a) and b) and

explain your findings.

2 Let In be the n× n identity matrix, v ∈ Rn and θ ∈ R. Prove that the following matrices are

orthogonal:

a) Ω =

�

cosθ − sinθ

sinθ cosθ

�

. b) Q = In − 2
1

v>v
vv>.

Also, show that Q is symmetric.

3 Find by hand the reduced QR factorization of the matrix

A=







4 4

0 2

3 3







using the Gram–Schmidt orthogonalization process.
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4 The Householder QR factorization of A∈ Rn×m, where n≥ m, is given by the following algorithm:

for k = 1 to m do

x← Ak:n,k

vk := x+ sign(x1)‖x‖2e1

vk← vk/‖vk‖2
Ak:n,k:m← Ak:n,k:m − 2vk

�

v>k Ak:n,k:m

�

end for

Here Ai: j,k:`—omitting colon(s) if i = j and/or k = `—denotes the elements of A in accordance

with MATLAB’s indexing convention. This algorithm transforms A into the upper trapezoidal ma-

trix R ∈ Rn×m in the QR decomposition, and is implemented in the attached file householder.m. It

does not, however, produce Q, but we know that

Q =Q1Q2 · · ·Qm,

where

Q1 = In − 2v1v>1 and Qk =

�

Ik−1 0

0 In−k+1 − 2vkv>k

�

for k = 2, . . . , m.

a) Apply the algorithm first by hand and then with householder.m to the matrix in Exercise 3. Also,

find Q1 and Q2, and compute Q. Compare with the results from MATLAB’s built-in function qr.

b) Let x ∈ Rn and remember that Q ∈ Rn×n. Show that the product Qx is performed by the following

procedure:

for k = m downto 1 do

xk:n← xk:n − 2vk(v>k xk:n)

end for

How can we use this to form Q itself?

c) Extend householder.m to also return Q, and compare your result with qr.

d) Let A be the Hilbert matrix of dimension 8 – you can build it in MATLAB by typing A = hilb(8).

Find the QR decomposition of A both via the Gram–Schmidt orthogonalization process—included

in the attached file GramSchmidt.m for convenience—and the Householder transformations.

How well will Q>Q approximate I8 in the two cases?


