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Exercise 1

(Separate page made by Einar Rgnquist)
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Recall that: cos? ¢ = % = [ cos? pdyp = Inm

nm O
/ singodgo:[—cosgo]g”r:—cosn7r+0080:1—(—1)”:{2
0

4
J(wn) = S (nm)a2 ™ — n ad
wy) = =(nm)a;, — — — n o
)Ty T
1 2
= Za%(mr)2 - %, n odd
e)
n=1 J(wl):%agﬁ—%
a7 2 5, 2
d—al—zaﬂr ——=0=aqa; = 3:().129
4 4
wy = —gsinmr = wl(i)_ 3= 0.129
1 1 1
u 2x( :E):>u(2) S 0.125
f)
1 4,, 24 4 8 4
Ty =@ ™ —Tm=m A=
= —0.04106. ..
1 1
~ 5135 0T W =g
g)
True.

nm 1 nm
%/ cos? o dp — an/ sin o dg
0 0

if n is even,

if n is odd.

Our basis has now been expanded from {sinmz} to {sin7mz,sin3rz}.

We therefore expect

minJ(w) < minJ (w;)
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However, we also expect

J(u) < minJ(w)

ai,as

since only the limit

N
lim min J ap sin(nmz) | = J(u)

n=1

Exercise 3

(March 19 & 31, 2003)
a)

J:Y =R, J(w)=ja(w,w)—l(w)

J(u+wv) = %a(u%—v,u—i—v) —l(u+v)
= éa(u,u) —Il(u) + %a(u,v) + %a(v,u) —Il(v) + %a(v,v)

= T(u) + g(a(u,0) + alv,w) ~ 1) +

a(v,v)
Since a(u,v) = a(v,u):

ﬂu+m:J@»+mmmy4@»+%mu@
8Jy(u)

If6Jy(u) =0 YveY

JW+M:JWHéMuw>ﬂw f:g

Hence, the minimizer, u, must satisfy

a(u,v) = 1(v) YveyY



Y =R", J(w) = twTGw —w'F

Identify
a(w,v) = wl Gv
l(w) =wlF

Note that a(w,v) is an SPD bilinear form over Y = R™ because G is an SPD
matrix G € R™", For example,

a(w,v) = w' Gv = (W' Gv)T = v GTw = v Guw = a(v, w)
a(w,w) = w! Gw >0 Vw e R",w # 0
From the result in a), we immediately find that the minimizer u € Y of J(w)
satisfies
a(u,v) = l(v) YveY
that is,
u'Gv=vTF Vv e R"
vIGu=vTF Vv e R"
v (Gu—F) =0 Vv € R"

= Gu=F

Exercise 4

(March 19 & 31, 2003)
a) False. Assume vj,v9 € S. Then v; + vy € S.

Vai,as € R
b) True. L: X — R, L(Oél'l}l + 042’1)2) = OélL(Ul) + CYQL('UQ) V’Ull, 11226 X
c) False. (z,y)z = |z||ly| is not an SPD bilinear form.
Consider (a1 + agze,y) = |a1z1 + agzsl|y|.
This is not a linear form in the first argument.
d) False. For w e H'(Q), |w|g 0y = (Jp, |Vw|>dQ)z.
e) f(z)=a%"
2 ! 3/4\2 ! 3/2 2 s5p0n1_ 2
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f:ca: ~ :E_5/4 = / fx2$ { o0
0
Conclusion:
f(z) € H'(0,1)
f) False.
w = 6—10:73
wy = —10e71%% = —10w

Weew = 100197 = 100w

1
w0y = ( /0 w?, dz) /2 = 100[|uw] 20y

1
s oy = ( /0 w? )2 = 10/ 2 ey

Exercise 5

(March 19 & 31, 2003)
Given [ € H™!, find u € H}(2) such that

a(u,v) = l(v) Vo € HY(Q)
Stability:

[ullre) < Clllla-19)

Assume Ju; such that a(ui,v) =1(v) Vv € H}
Assume Juy such that a(ug,v) =I(v) Vv € H}

By subtracting and using the fact that a(-,-) is bilinear, we find that

I(u1 — ug) € HY(Q) such that
alu; —ug,v) =0 Yov € H(Q)



Now we can use the fact that a is an SPD bilinear form and choose v = u; — us.
This gives

a(u; —ug,u; —ug) =0 = wup =u

since
a(w,w) = 0 only when w =0

Exercise 6

(March 19 & 31, 2003)
Weak form: Find u € H}((0,1)) such that

1
1
/ Ug ¥y dz = 41)(5) Yo € HY(Q)
0

By dividing the domain, we have

and

1 1/2—¢ 1
/ UyVy dr = lim 20, dz + / (—2)v, dz
0 1

e—0 Jo J2+e

— ;%{2[11](1)/2_6 —2[0]1 0.}

_ ;i_r%{Qv(% —e)— (—27)(% +¢€))}
= 4o ()

Note that v € H} = v € C%(Q).
Note that u & H%(Q2), but u € H*(Q)
Note that f & L?(2), but I(v) € H~1(Q).



