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Exercise 7

(March 19&31, 2003)

1 1
/ UggreV AT = / fvdx Yve X
0 0

1 1
[ux:m?lyy ](1) - / UgpreVe AT = / fvdx Yve X
0 0 0

1 1
_[umm\% ](1) + / UgzpVpy dT = / fvdx Yve X
0 0 0

Define: a(w,v) = fol WaypgVpe AT.
Note:

a(w,v) is a bilinear form

a(w,v) = a(v,w)

— symmetry
Vw e X o .
a(w,w) >0 iji 0 — positive definiteness

The problem can be posed as:
Find v € X such that

a(u,v) = l(v) Yve X
with

1
a(w,v):/ WagVge AT
0

l(v) = /1 fvdz
X = {Z|v € H*(Q),v(0) = v(1) = v,(0)
See Exercise 3a) for the rest.
b) H? is appropriate.

c) Yes.



In fact, we have shown that

()] < Clvllpz) Vv e HF(Q)

where

HE(Q) = {v € H*(Q) | v(0) = v(1) = v:(0)

Exercise 8

(March 19&31, 2003)

u(0)=0= B =0

Note: v,(0) =0

() =1=1+A=—-1=A=-2

Hence,

u=—-z(4— 1)

Cauchy-Schwarz,

v,(1) =0}



1 1
dJy(u) = /0 Uy Uy d —/0 1-vdx —ov(1)
1 1
= [ugv]} —/0 Ugr d —/0 vdz —v(1)
1
= uy (1)v(1) — u, (0)x(0) +/ (—uge — 1)vda —v(1)
0 0 —n—

Exercise 9

(March 19&31, 2003)
a)

1/2 1 1/2 1
dJy(u) = / kEulv, da +/ kluly, do — frvde — fRoudz
0 1/2 0 1/2

1/2 1 1/2 1
= [/@Luﬁv}éﬂ—i—[/ﬁRuva/Q—/ ﬁLuﬁxvdx—/ wPul v de — frode — fRoudz
0 1/2 0 1/2
TN SURNIY 75 SO SN Ay - U LRyR R
_[KV ux( ) K ucc( )]U( )+ ( K Uy f )Ud.ﬁlf—i— ( K Uy f )’de
2 2 2 0 1/2

=0 YveHi)

a is an SPD bilinear form. Hence,

B 1 Vv € HE(Q)
J(u+v)fJ(u)+§a(v,v)>J(u) v £ 0
b)
u?(0) =0 : essential
I d by X = Hj(Q) :
posed By 0() {UR(l) =0 : essential
Imposed by J : {—/{Lué(%) = —rfuli(3) : natural
1
(0(5) unrestricted)
c) ue HYQ).



Exercise 10

(March 19&31, 2003)

ou
.- %U ds

—Vu=f in
u=20 on I'P
—% heu on I'? (f—I‘DUF )
(he > 0)
a)
/ —V2uw dQ = / fodQ  WYweX
Q Q
/—Vu-ﬁvdS—l—/VqudQ:/fde Vve X
r Q Q
Here,
/ —Vu-nvdS = /—vdS——/ ‘bg,
TD 871
—/ heuv dS
'R
Hence,
/ VuVudQ + heuvdS = / fodQ Yve X
Q IR Q
Define:

a(w,v) /VwVv dQ+/ hewv dS
TR

/fde

Weak formulation: Find v € X such that
,v) = 1(v) Vve X

a(w,v
a is an SPD bilinear form:
i)
a(aiw + agwe, ) = ana(wi, V) + asa(ws,v)

a(w, a1v1 + ague) = ara(w, v1) + aga(w, va)

Vai,as € R
Ywi,ws € X
Val,ag eR
Yo, ve € X



= @ is a bilinear form

a: X xX—-R
ii)
a(w,v) = a(v,w) = symmetry
iii)
Vw e X

= [ |Vw|*dQ how?dS > 0
a(w,w) /Q w +/FR w > w0

Following the results from Exercise 3a),

u = arg minJ(w) = %a(w, w) — l(w)

weX
and
a(u,v) = Il(v) veX
b)
u=0 onI'P:essential (imposed by X)
_gu = hew on T 2 natural (imposed by J (or a))
n

Exercise 11

(March 19&31, 2003)
Uggee = f 10 Q = (0, 1)
1 1
/ UgpreV AT = / fudx Yve X
0 0
1 1
[uxx:z?& ](1) - / UgpzzVy AT = / fvdz Yo e X
0 0 0

1 1
[—UzaVa]b +/ UpgVpz AT = / fodx YoeX
0 0

Weak formulation: Find v € X such that

a(u,v) = Il(v) YveX

with
1
a(w,v):/ WagVgp AT
0

I(v) :/01 fodz



and
X = {v|v € H*((0,1)),v(0) = v(1) = 0}

will impose U4 (0) = ug (1) “naturally”.

b)
- tial
Imposed by X - (0) essen Ta
u(1l) =0 — essential
TT 0 — t 1
Imposed by a(-, ) : Uae(0) = natura
Uzz(1) =0 — natural

Note: v, is unrestricted at = 0 and z =

Exercise 12

(March 19&31, 2003)

Minimization statement:

u = arg min J( )
wexP

={ve H! (Q)|v|pp = uD}
X ={ve HY (Q)v|rp = 0}

Set w=u+v where u € XP andve X = we XP.

Then
1
J(w)=J(u+v) = §a(u+v,u+v) —l(u+v)
= Ja(u,w) — () + so(uv) + za(o,u) — U(v) + Sa(v,0)
= galu,u u) + Fa(u,v) + Sa(v, u v) + ga(v,v
Since a(u,v) = a(v,u) i.e., symmetry
1 YVve X
J(v) = J(u) + a(u,v) —U(v) + ia(v,v) v#0
5 u(u) >0 (a is SPD)
/Vu VodQ) — /fde
:/ Vu-ﬁ‘egdS—/V%de—/fde
a0 0 Q Q
= 0J,(u) :/ (~Vu— flodQ  WweX
Q—

=0

0



We have thus shown that, if u satisfies the strong form, then §.J,(u) = 0 and

T(u+v) = J(u) + %a(v, v) > J(u) iji g(
since a is SPD.
Hence, u = arg wrél)i(nDJ (w)
Weak statement: Find u € X such that
a(u,v) = l(v) Vv e X

é/Vu-Vde:/fde Yve X
Q Q

Vu~ﬁ*bgd9—/v2uvd(2:/fvd§2 Yo e X
o0 0 Q Q

/(—V%—f)vdgzo Yo e X
Q

Since we search for u € X, the strong statement is also satisfied.



