
TMA4220
Numerical solution of partial differential equations

by element methods

Suggested solutions to Problem Set 21

1Made by Einar Rønquist, Department of Mathematical Sciences, NTNU, N-7491 Trond-
heim, Norway.

1



Exercise 7

(March 19&31, 2003)

uxxxx = f in Ω = (0, 1)

u(0) = ux(0) = u(1) = ux(1) = 0

a)

∫ 1

0
uxxxxv dx =

∫ 1

0
fv dx ∀v∈ X

[uxxxv↘
0
]10 −

∫ 1

0
uxxxvx dx =

∫ 1

0
fv dx ∀v∈ X

−[uxxvx↘
0
]10 +

∫ 1

0
uxxvxx dx =

∫ 1

0
fv dx ∀v∈ X

Define: a(w, v) =
∫ 1
0 wxxvxx dx.

Note:

a(w, v) is a bilinear form
a(w, v) = a(v, w) − symmetry

a(w,w) > 0
∀w ∈ X
w 6= 0

− positive definiteness

The problem can be posed as:
Find u ∈ X such that

a(u, v) = l(v) ∀v ∈ X

with

a(w, v) =
∫ 1

0
wxxvxx dx

l(v) =
∫ 1

0
fv dx

X = {v|v ∈ H2(Ω), v(0) = v(1) = vx(0) = vx(1) = 0}

See Exercise 3a) for the rest.

b) H2 is appropriate.

c) Yes.
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l(v) = vx(
1
2
) =

∫ 1/2

0
vxx(x) dx Note: vx(0) = 0

≤ (
∫ 1/2

0
v2
xx dx)1/2(

∫ 1/2

0
12 dx)1/2 − Cauchy-Schwarz

=
√

2
2

(
∫ 1/2

0
v2
xx dx)1/2

≤
√

2
2

(
∫ 1

0
v2
xx dx)1/2

=
√

2
2
|v|H2(Ω)

≤
√

2
2
‖v‖H2(Ω)

In fact, we have shown that

|l(v)| ≤ C‖v‖H2(Ω) ∀v ∈ H2
0 (Ω)

where

H2
0 (Ω) = {v ∈ H2(Ω) | v(0) = v(1) = vx(0) = vx(1) = 0}

Exercise 8

(March 19&31, 2003)

−uxx = 1, u(0) = 0, ux(1) = 1
−ux = x + A

−u =
1
2
x2 + Ax + B

u(0) = 0 ⇒ B = 0
ux(1) = 1 ⇒ 1 + A = −1 ⇒ A = −2

Hence,

u =
1
2
x(4− x)
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δJv(u) =
∫ 1

0
uxvx dx−

∫ 1

0
1 · v dx− v(1)

= [uxv]10 −
∫ 1

0
uxxv dx−

∫ 1

0
v dx− v(1)

= ux(1)v(1)− ux(0)v(0)
0

↘ +
∫ 1

0
(−uxx − 1)︸ ︷︷ ︸

=0

v dx− v(1)

= (ux(1)− 1)︸ ︷︷ ︸
=0

v(1)

= 0

Exercise 9

(March 19&31, 2003)
a)

δJv(u) =
∫ 1/2

0
κLuL

xvx dx +
∫ 1

1/2
κRuR

x vx dx−
∫ 1/2

0
fLv dx−

∫ 1

1/2
fRv dx

= [κLuL
xv]1/2

0 + [κRuR
x v]11/2 −

∫ 1/2

0
κLuL

xxv dx−
∫ 1

1/2
κRuR

xxv dx−
∫ 1/2

0
fLv dx−

∫ 1

1/2
fRv dx

= [κLuL
x (

1
2
)− κRuR

x (
1
2
)] v(

1
2
) +

∫ 1/2

0
(−κLuL

xx − fL)v dx +
∫ 1

1/2
(−κRuR

xx − fR)v dx

= 0 ∀v ∈ H1
0 (v)

a is an SPD bilinear form. Hence,

J(u + v) = J(u) +
1
2
a(v, v) > J(u)

∀v ∈ H1
0 (Ω)

v 6= 0

b)

Imposed by X = H1
0 (Ω) :

{
uL(0) = 0 : essential
uR(1) = 0 : essential

Imposed by J :
{
−κLuL

x (1
2) = −κRuR

x (1
2) : natural

(v(
1
2
) unrestricted)

c) u ∈ H1(Ω).
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Exercise 10

(March 19&31, 2003)

−∇2u = f in Ω

u = 0 on ΓD

−∂u

∂n
= hcu on ΓR (Γ = ΓD ∪ ΓR)

(hc > 0)

a)

∫

Ω
−∇2uv dΩ =

∫

Ω
fv dΩ ∀v ∈ X

∫

Γ
−∇u · n̂ v dS +

∫

Ω
∇u∇v dΩ =

∫

Ω
fv dΩ ∀v ∈ X

Here,
∫

Γ
−∇u · n̂ v dS =

∫

Γ
−∂u

∂n
v dS = −

∫

ΓD

∂u

∂n
v↘ d

0
S −

∫

ΓR

∂u

∂n
v dS

=
∫

ΓR

hcuv dS

Hence,
∫

Ω
∇u∇v dΩ +

∫

ΓR

hcuv dS =
∫

Ω
fv dΩ ∀v ∈ X

Define:

a(w, v) =
∫

Ω
∇w∇v dΩ +

∫

ΓR

hcwv dS

l(v) =
∫

Ω
fv dΩ

Weak formulation: Find u ∈ X such that

a(w, v) = l(v) ∀v ∈ X

a is an SPD bilinear form:

i)

a(α1w1 + α2w2, v) = α1a(w1, v) + α2a(w2, v)
∀α1, α2 ∈ R
∀w1, w2 ∈ X

a(w, α1v1 + α2v2) = α1a(w, v1) + α2a(w, v2)
∀α1, α2 ∈ R
∀v1, v2 ∈ X
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⇒ a is a bilinear form

a : X ×X → R

ii)
a(w, v) = a(v, w) ⇒ symmetry

iii)

a(w,w) =
∫

Ω
|∇w|2 dΩ +

∫

ΓR

hcw
2 dS > 0

∀w ∈ X
w 6= 0

Following the results from Exercise 3a),

u = arg min
w∈X

J(w) =
1
2
a(w, w)− l(w)

and

a(u, v) = l(v) v ∈ X

b)

u = 0 on ΓD : essential (imposed by X)

−∂u

∂n
= hcu on ΓR : natural (imposed by J (or a))

Exercise 11

(March 19&31, 2003)

uxxxx = f in Ω = (0, 1)
u(0) = uxx(0) = u(1) = uxx(1) = 0

a)
∫ 1

0
uxxxxv dx =

∫ 1

0
fv dx ∀v ∈ X

[uxxxv↘ ]10
0
−

∫ 1

0
uxxxvx dx =

∫ 1

0
fv dx ∀v ∈ X

[−uxxvx]10 +
∫ 1

0
uxxvxx dx =

∫ 1

0
fv dx ∀v ∈ X

Weak formulation: Find u ∈ X such that

a(u, v) = l(v) ∀v ∈ X

with

a(w, v) =
∫ 1

0
wxxvxx dx

l(v) =
∫ 1

0
fv dx
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and

X = {v|v ∈ H2((0, 1)), v(0) = v(1) = 0}
will impose uxx(0) = uxx(1) “naturally”.

b)

Imposed by X :

{
u(0) = 0 − essential
u(1) = 0 − essential

Imposed by a(·, ·) :

{
uxx(0) = 0 − natural
uxx(1) = 0 − natural

Note: vx is unrestricted at x = 0 and x = 1.

Exercise 12

(March 19&31, 2003)

Minimization statement:

u = arg min
w∈XD

J(w)

XD = {v ∈ H1(Ω)|v|ΓD = uD}
X = {v ∈ H1(Ω)|v|ΓD = 0}

Set w = u + v where u ∈ XD and v ∈ X ⇒ w ∈ XD.
Then

J(w) = J(u + v) =
1
2
a(u + v, u + v)− l(u + v)

=
1
2
a(u, u)− l(u) +

1
2
a(u, v) +

1
2
a(v, u)− l(v) +

1
2
a(v, v)

Since a(u, v) = a(v, u) i.e., symmetry

J(v) = J(u) + a(u, v)− l(v)︸ ︷︷ ︸
δJv(u)

+
1
2
a(v, v)︸ ︷︷ ︸

>0

∀v ∈ X
v 6= 0

(a is SPD)

δJv(u) =
∫

Ω
∇u · ∇v dΩ−

∫

Ω
fv dΩ

=
∫

∂Ω
∇u · n̂ v↘d

0
S −

∫

Ω
∇2uv dΩ−

∫

Ω
fv dΩ

⇒ δJv(u) =
∫

Ω
(−∇2u− f)︸ ︷︷ ︸

=0

v dΩ ∀v ∈ X

= 0
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We have thus shown that, if u satisfies the strong form, then δJv(u) = 0 and

J(u + v) = J(u) +
1
2
a(v, v) > J(u)

∀v ∈ X
v 6= 0

since a is SPD.
Hence, u = arg min

w∈XD
J(w)

Weak statement: Find u ∈ XD such that

a(u, v) = l(v) ∀v ∈ X

⇒
∫

Ω
∇u · ∇v dΩ =

∫

Ω
fv dΩ ∀v ∈ X

∫

∂Ω
∇u · n̂ v↘d

0
Ω−

∫

Ω
∇2uv dΩ =

∫

Ω
fv dΩ ∀v ∈ X

∫

Ω
(−∇2u− f)v dΩ = 0 ∀v ∈ X

⇒ −∇2u = f in Ω

Since we search for u ∈ XD, the strong statement is also satisfied.
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