TMA4220
Numerical solution of partial differential equations
by element methods

Suggested solutions to Problem Set 3!
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Exercise 1

(April 2, 2003)

a)
Y (1,1),(1,0) is a basis for R2.
It is not an orthogonal basis.
Check: ([1,1],[1,0]) =1-14+1-0=1#0.
(1,0)
b)

=

(¢,,9,) =0
Orthonormal basis < [/g, || =1
gl =1

Exercise 2

(April 2, 2003)

Y = Py([-1,1]) = span{l,z, 2%}
(Y, 2)y = f_ll yzdx, Vy,zeY

a)

Observe: (1,z)y = f_ll l-zdx =0 (orthogonality).
Set ¢ = a + bx + cx?, a,b,ceR.



*C.’L’S
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1
1 1
(l,q)—/ (a+bx+cx2)dx:[ax+§bx2+3

2
:2 —_
a+3c

1 1
(a:,q):/ x(a—l—bx—i—ch)dx:/ (az + bx? + cx®) dz

1 -1

1 1 1
= [zaz® + gb:pg + —ex)t,

2 4
2
==b
3
Orthogonality:
2 1
(1,q)=2a+§c:0=>a:—§c
2
o o — _ .2 1
Choose c =1 = q=x"—3.

{1, 2,22 — %} represent an orthogonal basis.

b) The Legendre polynomials

LQ(L)B) =1
Li(z) ==
1
Lo(x) = 5(3.%'2 - 1)
Ls(z) =
Exercise 3
(April 2, 2003)
Ah e Rnxn
dep;i dy;
hz] a(QO 790‘7) /Q d{L‘ dl‘ X

Any; = alwi, pj) = alpj, i) = Any, symmetry



n n

v Ay = E § v Ap,;;v;
=1 j—1
n n

dy; de;
:ZZUZ(/Q di%dx)vj

i=1 j=1

n

_ZUZ/ d%

Note that any v, € X;, C H}(Q) can be expressed as:

n

d% ) dz

n

wn(x) = wjej(x)
j=1
- dz “d
M OO ALY

d’l)h dUh _/ d’l)h Vvh 750
dx dxdx (dx)d z>0 <:> Yo #0

Hence, A;, is symmetric and positive-definite (i.e., SPD).

Exercise 4
(April 2, 2003)

[See Exercise 6 from Problem set 1 and Exercise 9 from Problem set 2]

a)
L 1 L -
—uy, =0, 0<z< 3 U (x) is linear
1
—2ul, =0, 5 <e< 1 = u"(z) is linear
W) = ()
u(z3) =u™(3)
1 l‘ v
a
£ m 2a, uf = —2a
Now:



1 1
—ub(5) + 1= —2u(5)

2
= —2a+1=-2(—2a)
—2a+1=4a

ba=1 = a=

Hence u = ¢ — 3|z — 1|, 0<z<1.
Note that the flux is discontinous at z = % Expect a “heat source” o< d(x — %)

Weak formulation:
Find u € X = H}(2) such that

1/2 1 1
/ utv, dx—}—/ 2ultv, de = ¢ v(2) Vve X
0 1/2 2

where c € R.
Here, uk = 2a =

Hence, the weak formulation reads:
Find u € X = H((0,1)) such that

1/2 1 1
/ UpUy A + / 2ugv, dr = v(=) Yve X
0 1/2

2

1
(= [ de= @)
b)

X, = span{p1}
h—

N =




a(e1,$1)

:/ d%d%dﬁ/ de1 dey
T} dr dz

2 dr dz
11 11
= — . — 2 - -7
hh 2 )
_3_3 _
h 1/2
1
Fp, Z/Qf%dl‘: 5($—§)801($)d37:901<*):1
Ahllul Fhl
1
6-u1=1:>u1=6
1 1 1 1
up(x) =wpr(z) = zp1 = = — =z — =
c)

We see that up, = u (exactly).
Recall that

_ inJ
u = argmin (v)

up = ar min J v
h gve)_,h ( )
Since, in fact, u € Xj, up = u.

Exercise 5

(April 2, 2003)

—Ugy = [ in Q=(0,1)
u(0) =0,
a)

uz(1) =g

X = {ve H(Q)v(0) = 0}

X = {v € XJvlp € Py (T}, k=1,...,K}
Xh = Span{%a%@z’

coenlmpt (K =n)



¥1 ©2 ©Pn—1 Pn

T T T Tp-1 T, =1

b)

Weak statement: Find ©v € X such that

a(u,v) = l(v) Voe X

where

1
a(u,v):/ Uy Uy d
0

1
l(v):/o fodz + gv(1)

Discrete problem: Find uy € X}, such that

a(up,v) =1(v) VoveXy,

Here
n
vp(z) = Zvi%(x) 0<z<1
i=1
n
un(@) = Y unpi(@) D<o <1
j=1
= Apuy, = Fy
where



il oy — [ dpide; dy; dg;
Anyy = alpi 05) = /Tz dx de * /Ti“ dx de

h h

for i=1,2,...,.n—1

1 1 1 1 2
Ap, == = ht(-2) () h==> =23 —1
hll h h Jr( h) ( h) h 1 ) ) 7”
1
Ahzz—lz_ﬁ 122,3, ,n_]_
1
Ahi,i+1:_ﬁ 1=2,3,...,n—1
2 1
Apyy h Apyy = “h
dpy, dey, 11 1
A = — — . — . = —
hnn /Tndxdxd T
h
d(/)n d@n—l 1 1 1
A - =~ (=) h=—
=1 /Tn dz  dz nCw) h
h
Fr, =l(pi) = f(pzd:r—{—/' foidx, 1=1,2,...,n—1
T, T
Fi, =Upn) = [ fondz+gpen(1)
T
=1
Hence, u;, € R" satisfies
(2 -1 1 [ un, | [ Fy, ]
-1 2 -1 0 ha Eh,
1 2 -1 Hhs Fis
1 N
- =
O 2 —1 uhn71 th71
L -1 1__uhn_ _th_
c)
Note that the n’th equation reads
Uh,, — Uh,_
— == fendz+g

h T}’!;/
A one-sided finite difference scheme would read

Uh,, — Uh,,_4

— =
In the finite element context, the last equation represent a “mix” between satis-
fying the differential equation and satisfying the boundary condition. Note that
the term ng feondz = O(h) h—;g (if f € L?(2)).



