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Exercise 1

(April 2, 2003)

a)

(1, 0)

(1, 1)
(1, 1), (1, 0) is a basis for R2.
It is not an orthogonal basis.
Check: ([1, 1], [1, 0]) = 1 · 1 + 1 · 0 = 1 6= 0.

b)

q
1

=
1√
2

[
1
−1

]
q
2

=
1√
2

[
1
1

]

q
2

q
1

Orthonormal basis





(q
1
, q

2
) = 0

‖q
1
‖ = 1

‖q
2
‖ = 1

Exercise 2

(April 2, 2003)

Y = P2([−1, 1]) = span{1, x, x2}
(y, z)Y =

∫ 1
−1 yz dx, ∀y, z ∈ Y

a)

Observe: (1, x)Y =
∫ 1
−1 1 · xdx = 0 (orthogonality).

Set q = a + bx + cx2, a, b, c ∈ R.
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(1, q) =
∫ 1

−1
(a + bx + cx2) dx = [ax +

1
2
bx2 +

1
3
cx3]1−1

= 2a +
2
3
c

(x, q) =
∫ 1

−1
x(a + bx + cx2) dx =

∫ 1

−1
(ax + bx2 + cx3) dx

= [
1
2
ax2 +

1
3
bx3 +

1
4
cx4]1−1

=
2
3
b

Orthogonality:

(1, q) = 2a +
2
3
c = 0 ⇒ a = −1

3
c

(x, q) =
2
3
b = 0 ⇒ b = 0

Choose c = 1 ⇒ q = x2 − 1
3 .

{1, x, x2 − 1
3} represent an orthogonal basis.

b) The Legendre polynomials

L0(x) = 1
L1(x) = x

L2(x) =
1
2
(3x2 − 1)

L3(x) = . . .

...

Exercise 3

(April 2, 2003)

Ah ∈ Rn×n

Ahij = a(ϕi, ϕj) =
∫

Ω

dϕi

dx

dϕj

dx
dx

Ahij = a(ϕi, ϕj) = a(ϕj , ϕi) = Ahji − symmetry
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vT Ahv =
n∑

i=1

n∑

j=1

viAhijvj

=
n∑

i=1

n∑

j=1

vi(
∫

Ω

dϕi

dx

dϕj

dx
dx)vj

=
n∑

i=1

vi

∫

Ω

dϕi

dx
(

n∑

j=1

vj
dϕj

dx
) dx

Note that any vh ∈ Xh ⊂ H1
0 (Ω) can be expressed as:

vh(x) =
n∑

j=1

vjϕj(x)

⇒ vT Ahv =
∫

Ω
(

n∑

i=1

vi
dϕi

dx
)(

n∑

j=1

vj
dϕj

dx
) dx

=
∫

Ω

dvh

dx
· dvh

dx
dx =

∫

Ω
(
dvh

dx
)2 dx > 0

( ∀vh 6= 0
⇒ ∀v 6= 0

)

Hence, Ah is symmetric and positive-definite (i.e., SPD).

Exercise 4

(April 2, 2003)

[See Exercise 6 from Problem set 1 and Exercise 9 from Problem set 2]
a)

−uL
xx = 0, 0 <x <

1
2

⇒ uL(x) is linear

−2uR
xx = 0,

1
2

<x < 1 ⇒ uR(x) is linear

uL(0) = uR(1) = 0
uL(1

2) = uR(1
2)

}
⇒

u

x

a

1

2
1

uL
x =

a

1/2
= 2a, uR

x = −2a

Now:
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−uL
x (

1
2
) + 1 = −2uR

x (
1
2
)

⇒ −2a + 1 = −2(−2a)
−2a + 1 = 4a

6a = 1 ⇒ a =
1
6

Hence u = 1
6 − 1

6 |x− 1
2 |, 0 ≤ x ≤ 1.

Note that the flux is discontinous at x = 1
2 . Expect a “heat source” ∝ δ(x− 1

2).

Weak formulation:
Find u ∈ X = H1

0 (Ω) such that

∫ 1/2

0
uL

xvx dx +
∫ 1

1/2
2uR

x vx dx = c · v(
1
2
) ∀ v ∈ X

where c ∈ R.
Here, uL

x = 2a = 2
6 = 1

3 , uR
x = −1

3

⇒
∫ 1/2

0

1
3
vx dx +

∫ 1

1/2
(−2

3
)vx dx = c · v(

1
2
)

lim
ε→0

{
[
1
3
v]1/2−ε

0 + [−2
3
v]11/2+ε

}
= c · v(

1
2
)

lim
ε→0

{
1
3
v(

1
2
− ε) +

2
3
v(

1
2

+ ε)
}

= c · v(
1
2
)

v(
1
2
) = c · v(

1
2
)

c = 1

Hence, the weak formulation reads:
Find u ∈ X = H1

0 ((0, 1)) such that

∫ 1/2

0
uxvx dx +

∫ 1

1/2
2uxvx dx = v(

1
2
) ∀v ∈ X

( =
∫ 1

0
δ(x− 1

2
)v(x) dx)

b)

x = 1x = 0

ϕ1(x)

x2h

T 2

h

x1

T 1

h

hx0

Xh = span{ϕ1}
h =

1
2
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Ah11 = a(ϕ1, ϕ1)

=
∫

T 1
h

dϕ1

dx

dϕ1

dx
dx +

∫

T 2
h

2
dϕ1

dx

dϕ1

dx
dx

=
1
h
· 1
h
· h + 2 · (−1

h
)(−1

h
) · h

=
3
h

=
3

1/2
= 6

Fh1 =
∫

Ω
fϕ1 dx =

∫ 1

0
δ(x− 1

2
)ϕ1(x) dx = ϕ1(

1
2
) = 1

Ah11u1 = Fh1

6 · u1 = 1 ⇒ u1 =
1
6

uh(x) = u1ϕ1(x) =
1
6
ϕ1 =

1
6
− 1

6
|x− 1

2
|

c)

We see that uh = u (exactly).
Recall that

u = arg min
v∈X

J(v)

uh = arg min
v∈Xh

J(v)

Since, in fact, u ∈ Xh, uh = u.

Exercise 5

(April 2, 2003)

−uxx = f in Ω = (0, 1)
u(0) = 0, ux(1) = g

a)

X = {v ∈ H1(Ω)|v(0) = 0}
Xh = {v ∈ X|v|T k

h
∈ P1(T k

h ), k = 1, . . . , K}
Xh = span{ϕ1, ϕ2, . . . , ϕn|T n

h
} (K = n)
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· · ·

· · ·

T n−1

h T n
hT 2

hT 1

h

x1x0 x2 xn−1 xn = 1

ϕnϕn−1ϕ2ϕ1

b)

Weak statement: Find u ∈ X such that

a(u, v) = l(v) ∀ v ∈ X

where

a(u, v) =
∫ 1

0
uxvx dx

l(v) =
∫ 1

0
fv dx + gv(1)

Discrete problem: Find uh ∈ Xh such that

a(uh, v) = l(v) ∀ v ∈ Xh

Here

vh(x) =
n∑

i=1

viϕi(x) 0 ≤ x ≤ 1

uh(x) =
n∑

j=1

uhjϕj(x) 0 ≤ x ≤ 1

⇒ Ahuh = F h

where
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Ahij
= a(ϕi, ϕj) =

∫

T i
h

dϕi

dx

dϕj

dx
dx +

∫

T i+1
h

dϕi

dx

dϕj

dx
dx

︸ ︷︷ ︸
for i=1,2,...,n−1

Ahii =
1
h
· 1
h
· h + (−1

h
) · (−1

h
) · h =

2
h

i = 2, 3, . . . , n− 1

Ahi,i−1
= −1

h
i = 2, 3, . . . , n− 1

Ahi,i+1 = −1
h

i = 2, 3, . . . , n− 1

Ah11 =
2
h

, Ah12 = −1
h

Ahnn =
∫

T n
h

dϕn

dx

dϕn

dx
dx =

1
h
· 1
h
· h =

1
h

Ahn,n−1 =
∫

T n
h

dϕn

dx

dϕn−1

dx
dx =

1
h
· (−1

h
) · h = −1

h

Fhi = l(ϕi) =
∫

T i
h

fϕi dx +
∫

T i+1
h

fϕi dx, i = 1, 2, . . . , n− 1

Fhn = l(ϕn) =
∫

T n
h

fϕn dx + gϕn(1)︸ ︷︷ ︸
=1

Hence, uh ∈ Rn satisfies

1
h




2 −1

−1 2 −1 0
−1 2 −1

. . .
. . .

0 2 −1
−1 1







uh1

uh2

uh3

...

...

uhn−1

uhn




=




Fh1

Fh2

Fh3

...

...

Fhn−1

Fhn




c)

Note that the n’th equation reads

uhn − uhn−1

h
=

∫

T n
h

fϕn dx + g

A one-sided finite difference scheme would read

uhn − uhn−1

h
= g

In the finite element context, the last equation represent a “mix” between satis-
fying the differential equation and satisfying the boundary condition. Note that
the term

∫
T n

h
fϕn dx = O(h) → 0

h→0
(if f ∈ L2(Ω)).
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