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Suggested solutions to Problem Set 51

1Made by Einar Rønquist, Department of Mathematical Sciences, NTNU, N-7491 Trond-
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Exercise 5

(April 7 and 9, 2003)

T
k

h
xkxk−1

h
k

Consider

∫

T k
h

dϕi

dx
(x)

dϕj

dx
(x) dx,

i = (k − 1) or k
j = (k − 1) or k

=
∫

T k
h

dHα(F−1
k (x))

dx

dHβ(F−1
k (x))

dx
dx

α = 1 or 2
β = 1 or 2

=
∫

T̂
(
dHα(ζ)

dζ
· dζ

dx
)(

dHβ(ζ)
dζ

· dζ

dx
) · dx

dζ
dζ

=
dζ

dx

∫ 1

−1

dHα(ζ)
dζ

· dHβ(ζ)
dζ

dζ

=
2
hk

∫ 1

−1

dHα

dζ

dHβ

dζ
dζ

α = 1 or 2
β = 1 or 2

H1(ζ) =
1− ζ

2
⇒ dH1

dζ
= −1

2

H2(ζ) =
1 + ζ

2
⇒ dH2

dζ
= +

1
2

⇒ [
2
hk

∫ 1

−1

dHα

dζ

dHβ

dζ
dζ ]2α,β=1 =

2
hk

[∫ 1
−1

dH1
dζ

dH1
dζ dζ

∫ 1
−1

dH1
dζ

dH2
dζ dζ∫ 1

−1
dH2
dζ

dH1
dζ dζ

∫ 1
−1

dH2
dζ

dH2
dζ dζ

]

=
2
hk

[
(−1

2) · (−1
2) · 2 (−1

2) · (1
2) · 2

(1
2) · (−1

2) · 2 (1
2) · (1

2) · 2
]

=
2
hk

[
1
2 −1

2
−1

2
1
2

]

=
1
hk

[
1 −1
−1 1

]

≡ Ak
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Exercise 6

(April 7 and 9, 2003)

a)

M̃h ∈ R(n+1)×(n+1)

(M̃h)ij =
∫ 1

0
ϕiϕj dx 0 ≤ i, j ≤ n + 1

ϕn+1ϕnϕ2ϕ1ϕ0

· · · xn+1 = 1xnx2x1x0 = 0

X̃h = {v ∈ H1(Ω) , v|T k
h
∈ P1(T k

h ), k = 1, . . . , K}
= span{ϕ0, ϕ1, ϕ2, . . . , ϕn, ϕn+1}

v(x) =
n+1∑

i=0

vi
↑

nodal basis: vi=v(xi)

ϕi(x) ∀ v(x) ∈ X̃h

In particular:

v(x) = 1 ∈ X̃h ⇒
n+1∑

i=0

ϕi(x) = 1

Hence

n+1∑

i=0

n+1∑

j=0

M̃hij =
n+1∑

i=0

n+1∑

j=0

∫ 1

0
ϕiϕj dx

=
∫ 1

0
(
n+1∑

i=0

ϕi)(
n+1∑

j=0

ϕj) dx

=
∫ 1

0
1 · 1 dx

= 1 Q.E.D.
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b)

∫

T k
h

ϕiϕj dx
i = (k − 1) or k
j = (k − 1) or k

=
∫

T k
h

Hα(F−1
k (x))Hβ(F−1

k (x)) dx
α = 1 or 2
β = 1 or 2

=
∫

T̂
Hα(ζ)Hβ(ζ)

dx

dζ
dζ

=
hk

2

∫ 1

−1
HαHβ dζ

Mk =
hk

2

[∫ 1
−1 H1H1 dζ

∫ 1
−1 H1H2 dζ∫ 1

−1 H2H1 dζ
∫ 1
−1 H2H2 dζ

]

For example:
∫ 1
−1 H1H1 dζ =

∫ 1
−1(

1−ζ
2 )2 dζ = 1

4

∫ 1
−1(1− 2ζ + ζ2) dζ = 2

3

⇒ Mk =
hk

2

[
2
3

1
3

1
3

2
3

]

Exercise 7

(April 7 and 9, 2003)

−uxx = f in Ω = (0, 1)

u(0) = uD, ux(1) = 0

Point of departure:

1
h




1 −1
−1 2 −1

−1 2 −1
. . .

. . .
−1 2 −1

−1 1







ũh0

ũh1

...

...

ũhn

ũhn+1




=




F̃h0

F̃h1

...

...

F̃hn

F̃hn+1




Weak form: Find uh ∈ XD
h such that

a(uh, v) = l(v) ∀v ∈ Xh
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Xh requires v(0) = 0

XD
h requires v(0) = uD

Xh ⇒ ϕ0 not admissable → remove RO

XD
h ⇒ ũh0 = uD → move− uD × CO to the right hands side

Explicit elimination:

1
h




2 −1
−1 2 −1

. . .
. . .
−1 2 −1

−1 1







uh1

...

...

uhn+1




=




F̃h1 − uD × (− 1
h)

F̃h2

...

...

F̃hn+1




Big-Number approach
Place 1

ε (ε ¿ 1) on entries (Ãh)00

Place (1
ε ) · uD on entry F̃h0 .
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