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Oppgave 1 Automatically corrected exercises

la) We have that X ~ N(2,1) and Y ~ N(—2,3%). Let Z ~ N(0, 1), then:
« P(X>3)=P(Xl > 1) = p(Z > 1) = 0.158
o We find that

E@X -Y)=4+1=5
Var(2X —Y) = 4Var(X) 4 Var(Y) = 13

then 0—5
G-V S0 =PZ <)
P(X*< Y= P(-2 <X < 1) = P(X < 5)— P(X < —) = 0.06

1b) ¢ The number of possible reference groups consisting of 5 students can be

found as
<555> = 3478761

o If we require that at each group contains at least 2 girls and two boys

we have that:
25\ (30 25\ (30
= 221
(3)(2)+ (2)(3) =20

E(X)=np=2_825
Var(X) = np(1 — p) = 5.5275

1c) X ~ Bin(25,0.33) then

then we hve
7 X —8.25 N

V5.5275
« P(X <5)~ P(X < 4.5) = 0.055
« P(X >10)~ P(X >10.5) = 0.169

P(X>10,X>4) _ P(X>10) .
¢ P(X > 101X > 4) = PEROIE0 — FOGI ~ 0,171

N(0,1)
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1d) The table gives the joint probabilities P(X = z,Y =
can be computed as:

y). The given quantities

e PX=1)=PX=1Y=04+PX=1Y=1)+PX =1Y =

2) = 0.32 4 0.15 = 0.47

e P(Y =0|X =0)=E00X50 — 02 - — 415

P(X=0) _ 0.2240.31

« We have g(X,Y) = 2XY then E(g(X,Y)) = >, , 9(z,y) P(X =2,V =

y)=2%0.15=10.3

Oppgave 2 Probability in continuous distributions

e P(X>2)=[7 %e‘xz/lodx = —e /1030 — =4/10 — () 67

e P(X2—4X < —1)= P(X?—4X—1<0) = [2>FV3 2 o=a®/10g, —

2—+/3 10
0.744

e The median m is defined as

m Qx 2
—x /IOd —
/0 —106 z=0.5
Then:

m Qq g2 2 m
/0 10¢ Mgy = —e /10\0

=1—e ™M =05

which gives:
m? = 101og(2)

m = 4/10log(2) = 2.63

Oppgave 3 Lifetime

3a) « We have that P(T <t) =1 —exp(—£), then
2T tA

P(5- <) = P(T < ) = 1 - exp(~t/2)

A

_6712/10|2+\/§ _
2—v/3

and the pdf of ZF is § exp(—¢/2) which is the pdf of a gamma distributed
SV with o = 1, B = 1. This is equivalent to a y? distribution with 2

degrees of freedom.
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o We can write o5 T o
=111 _ 7
A Z A

The T;’s are mutually independent and 2)7\3' has a x? distribution with 2

degrees of freedom. So V' is the sum of n independent and x? distributed
SV, therefore is also V' x? distributed with 2n degrees of freedom.

V:

3b) To determine the 90% confidence interval we start from

23 T
T

We have that n = 20 and o = 0.05,then:

Vv

P<X3‘95,40 <V< X8.05,40) =0.9

From the table we get that x§g54 = 26.509 and x§ 540 = 55.758, which
gives the 90% CI:

[2 21 2 ZTi]

55.758" 26.509

setting in the numerical value for T' we get: [7.53, 15.84].

Oppgave 4 Accidents

da) o P(X;>1)=1-P(X =0)=1—¢em =1—¢ 00250 _ (632
. P(Xz > 1|){Z > 1) _ P(X;>1,X;>1) _ P(X;>1) _ 1-P(X;=0)pP(X;=1)

P(X;>1) T P(X>1) T 0.632
0.418
_ P(Xi§3,Xi21) _ P(X¢=1)+P(Xi=2)+P(Xi:3) _ 0613 __
. éjg())?(Z <3|Xi 2 1) = =555 = P(X,>1) = 0632

4b) The likelihood function is

o (Am,. )% n Zi
L(/\;x17 o ,xn> _ H ( mz) e Ami H mz' )\Exie—)\z:mi

and the log-likelihood

I(A 21, .. ) = log(H n;" )+ wilog(A) = AD my
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Deriving wrt \ we get:

A\ Ya I

d\ A
and we get \ = %iﬁ
Moreover we have that:
N X, F(X;
>.my >.my

and
Y Var(X;)  AYXm; A

Vi) =Ty T amy - Sm

4c) We have that

H() A= 002,
Hy: X <0.02

Under Hy we have that

N —0.02
7= 22002 N1y
0.02
1784.4

A decision rule is the that we reject Hy if Z < k or equivalently N <

0.02
ky/ 17511 +0.02

The p-value is the probabilty, under Hy of observing a value more extreme

than the observed one. In our case we have that \ = %:; = 1735’;1.4 ~ (0.0185.

The p-value is then:

0.0185 -0

A .02
P(A < 0.0185|Hy) = P(Z < =~ o= |Ho) = P(Z < ~0.5) = 0.31

The p-value is so big that we would not reject the null hypothesis at all
reasonable levels.

4d) When we observe the process for ¢ years the MLE for \ is

2 Xi

X:
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this is unbiased and with variance Var(;\) = tfmi’ This means that under
H()Z
A—0.02
0.02
thi
when and at a a = 0.05 significance level we reject the null hypothesis if
Z < —1.645 or equivalently if

~ N(0,1)

A 0.02
A< —1.64 .02
< ~LOB g g 700
The power of the test is then:
a 0.02
P(A< —1.64 02|\ =0.018) =
(A< 645 178441 + 0.02] 0.018)
N—0.018 —1.645 +0.02 - 0.018
( < T A =10.018) =
0.018 0.018
1784.41 1784.41
\/1784.4¢
P(Z < —1.645 0.02 + 0.002 [ ———|A =0.018)
0.018 1/0.018
We want this probability to be at least 0.2, therefore we need:
0.02 V1784 .4¢
—1.645 + 0.002——= > —0.842
0.018 4/0.018
Vit > 1.416

which gives t > 2.005 so we need to observe the process for at least 3 years.

4e) When ¢t = 1 we have that
\) = )\Z b;ym,; and Var(j\) = /\Zb?mi
i=1 =1
we want \ to be unbiased, therefore we require
E\) =)

i=1
1 n
1 i=2
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Moreover, we want Var(\) to be minimal under the condition that b, =
L(1 -, bim;). We want to minimize

S obim =biz 4+ bz,

=1

1
1—meZ z + - —l—bizn
Zl =2

1 i=2 j=2

The partial derivatives are

9 1

L: 1—szj —29) + 2by 29 :—*1_2192’] )+b2=0
8b2 21 j=2

9 Laoy

sz 1—2() zj 2’3 +2b32’3 :_7(1—219]'2]')—{—[)3:0
863 21 j=2
n g2 1 -

M: szj —2p) + 2bp2y = —— (1= b;z;) +b, =0
b, 1 i=2

This can be written as:

—b1+b,=0
—by+0b,=0
—b, +b,=0
So we need to have by = by = --- = b,, = b. In addition we want that

n

=1

=1

which gives b = Z:l:llml



