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Lgsningsskisse

Oppgave 1

Vi vet at alle X; er binomisk fordelte med parametre n; og p, for ¢ = 1,...,6. Dette betyr at
vi har E[X;] = n;p og Var(X;) = n;p(1—p). Vi gnsker a finne konstanten k slik at estimatoren
p er forventningsrett, d.v.s. E[p] = p. Dette gir

6 6
k:ZXZ-] =k E[X|]
p =1 . =1
= anip = k:pZni

i=1 i=1

= kp - 730.

Elj) =B

For at p skal vaere forventningsrett, ma vi derfor ha E[p] = 730kp = p som betyr at 730k = 1
og dermed k = 1/730.

Estimatorens varians kan na finnes som

6 6
Var(p) = Var (k > XZ-> =k*) " Var(X;)
=1 =1
6 6
= k> nip(1—p) = Kp(1—p) Y n;
i=1 =1
730 p(1—p)

P =p) 735 730

Estimatet for p kan finnes fra tabellen. Vi far

6
. 1
=1

Oppgave 2

Poisson-fordeling med forventningsverdi u = At, der A\ skadefrekvens pr skidag og t er ekspo-
neringstid i antall skidager.
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a) I dette punktet er det kjent at A = 1/1000 for “Alpinfjellet”.

Sannsynligheten for at det skjer akkurat én ulykke i lgpet av t = 2000 skidager:

0.001 - 2000)*
PX=1) = (U)exp(—O.OOl -2000) = 2 - exp(—2) =0.27
Sannsynligheten for at du utsettes for en eller flere ulykker ved opphold 10 skidager i
“Alpinfjellet”:

P(X >1) 1-P(X =0)

(0.001 - 10)°

= 1- Texp(—O.OOl -10) = 1 — exp(—0.01) = 0.01.

Sannsynligheten for minst en ulykke ved opphold i t skidager er:
P(X>1) = 1—-P(X=0)=1-—-exp(—0.001-1t)

Vi skal finne t slik at denne sannsynligheten blir stgrre enn 0.1.

P(X>1) > 01
1 —exp(—0.001-¢) > 0.1
exp(—0.001-¢) < 0.9
—0.001-t < In0.9
t > —1000-1n0.9 =105.4

Du ma tilbringe minst 106 skidager i “Alpinfjellet” for at din sannsynlighet for minst
en ulykke skal bli stgrre enn 0.1.

Vi har observasjoner av samhgrende verdier av antall ulykker, X;, og eksponering i
antall skidager, ¢; (i = 1,...,n), for n tilfeldig valgte dager anlegget var apent.

Vi finner sannsynlighetsmaksimeringsestimatoren (SME) for A basert pa de n uavhengi-
ge observasjonsparene (X1,t1), (Xo,t2), ..., (Xn,tn). Vi ser forst pa rimelighetsfunksjo-
nen, og siden observasjonsparene er uavhengige finner vi den ved 4 multiplisere sammen
marginalsannsynlighetene. Vi innforer f;(x;; \):
At )%
fz(:v,, )\) = ( Z) exp(—/\ti)

Rimelighetsfunksjonen er gitt ved:
L(A) = L\z1,...,xpn) = f(21,...;Tn; A)
= i@ A) - fu(wn; A)

— H (/\fz)xl exp(—)\ti)

;!
i=1 v

Tar logaritmen:

I\, eeyxy) = In[L(N)]

= In (ﬁ qi') -+ imz ln()\ti) — Aiti
=1 =1 =1
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Finn maksimumspunkt ved a derivere In-rimelighetsfunksjonen og sette lik 0.

- = O+Z$l )*Ztizxzxifzti
=1 i=1 i=1
Settes dette uttrykket lik 0, far vi lgsningen

N o= Z?:l i
n
Zi:lti

SME for A blir da A = 2?:71

Er A forventningsrett:

A X, 1 &
B = |:Z7, 1tz} 2iciti ;XZ
- YR, i
>imt ti i1 i=1
= \

Ja, estimatoren er forventningsrett.

Oppgave 3
a) The probability is fo%g 62(1 —x)dx = 00_‘59(637 — 622) dz = [322% — 223])2 = 0.472.
b) The likelihood function is given by

n n

L(B) = [[ BB+ Dai(1 — 2;)P~ = g"(B+ 1)" (H gg) [T —=)5,
=1

=1

and the log likelihood

InL(B)=nlnf+nln(B+1) —|—ilnxi + (8- 1)iln(1 — ),

=1

which has derivative

n
(InL)'(B8) = 5T +) In(1
i=1
(In L)’ is decreasing on (0, 00) and the sum of two first terms tends to oo when 8 — 0"
and to 0 when 3 — 00, so that (In L)’ will have a single zero (the third term is negative)
for 5 > 0 and be positive left of the zero and negative right of the zero. This means
that L has its maximum at this zero. Solving for the zero,

/32i1n(1 —x;) + <2n+ iln(l — x,))ﬁ +n =0,
i=1

i=1
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we get

—2n = 3L (1 — @) & V40?4 (1L, In(1 — 7))
2370 In(1 — )

8=

n 1 n 2 1
- _2?21 In(1 — x;) 2 + \/(Z?:l In(1— a;z)> + 4

We choose the larger zero since (In L)’ has only one zero for positive arguments (the
other we found must be negative), and get the maximum likelihood estimator

( n )2 n 1 n I 1 n 1 1 1
Yimn(l—X;)/ 4 30, In(1 - X;) 2 (m1-x))* 4 Wm(1-X) 2
For n =100 and ;" ;In(1 — x;) = —104.0 the estimate is \/1/1.04%2 +1/4 +1/1.04 —

1/2 = 1.545.

(The discussion of actual attainment of maximum at the zero and of which zero to be
chosen, is not required.)

Oppgave 4

a)

X—800>2

P(X >1000) = P(“

)= P(Z > 2) =0.023

P(500 < X < 1000) = P(X < 1000) — P(X < 500) = (1 —0.023) — P(Z < —3) = 0.976

b) From the probability of 0 in the Poisson:

c)

P(Ingen fisk) = ¢™3 = 0.05

By conditional probability and the Poisson distribution:

1-P(X<3) 1-(0.05+015+022+0.22) 1—0.647

P(X X = = =
(X>3}X > 0) 1-0.05 0.95 0.95

=0.37

PX>0)=1-P(X=0)=1-(0+(1—-0)-e")=1—-(05+0.5e"4) =0.49

x

E(X)=Y aP(X =12)=Y aP(X =2) = (1-0) Zx%e_“ —(1-0)u
x=0 r=1 x=1

where the last sum is the expected value in the usual Poisson distribution (Here p).

This gives F(X) =0.5-4=2.
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d) The likelihood function is the product of the independent variables, regarded as a func-
tion of the unknown parameters:

n T

L) = [[P(X =a) = (0 + (1 - 0)e ) [T (1 -0

i=1 ;>0

Log likelihood becomes:

1(0,p) =InL(O, pn) =rIn(0+(1—-0)e *)+(n—r) In(1—0)+Inp Z x;i—(n—r)pu— Z In ;!

z;>0 ;>0

The maximum likelihood estimator for # is found by differentiation with respect to 6:

dl l—e*  (n—r)
0+ (1_6e+r 1-86

Solving for % = 0 gives:

r1—0)1—e ") =mn-r) @+ (1-0)eH)
And separating for 6 gives the desired solution:

j r—met
n(l —e#)

The plot peaks at about i = 3, which is the maximum likelihood estimate for pu.

Inserting this we get
~ 8—20e73
0= ——> =037
20(1 —e™3)
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