@NTNU

Norwegian University of
Science and Technology

Department of Mathematical Sciences

Examination paper for TMA4250 Spatial Statistics

Academic contact during examination: Prof Jo Eidsvik
Phone: 90127472

Examination date: May 22. 2019
Examination time (from—-to): 09:00-13:00

Permitted examination support material: C:
Tabeller og Formler i Statistikk, Tapir
NTNU certified calculator
Personal, hand written, yellow peep sheet - A5-format

Language: English
Number of pages: 4
Number of pages enclosed: 0

Informasjon om trykking av eksamensoppgave
Originalen er:

Checked by:

1-sidig O 2-sidig
sort/hvit farger O Date
skal ha flervalgskjema [

Signature






TMA4250 Spatial Statistics Exam May 22. 2019 Page 1 of 4

Problem 1 CONTINUOUS RANDOM FIELD

Consider a one-dimensional Gaussian random field {r(z);z € D C R} parametrized

by

E{r(@)) =
Var{r(z)} = o?

Corr{r(z"),r(z")} = p.(7)
The model parameters are p, € R,02 € Ry, and p.(17) € [-1,1];7=2" — 2" € R.

Assume that the model parameters o2 and p,(7) are known, while g, is unknown.

a) Specify the mathematical requirements for p,(7) to be a valid positive definite
spatial correlation function.

Assume that p’(7);4 = 1,...,n, are positive definite correlation functions.
Specify two ways of combining these functions which ensures positive defi-
niteness of their combinations.

Define a supplementary one-dimensional Gaussian random field {s(z);z € D C R}
where

[S(ZE)|T(I)] = ’757"7“(13) + G(ZE), r €D

with the Gaussian random field {e(x); x € D C R} parametrized by

The model parameters are v, € R, 02 € Ry, and p(7) € [-1,1];7 =2' — 2" € R.
Assume that the model parameters ., 02 and p.(7) are known.

b) Develop expressions for the parameters of the joint Gaussian random field
{[r(z),s(x)];x € D C R}.
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Consider the exact observations of the random fields,

v = {r(f"), r(z3")}

s7 = {s(27°), 5(23") }

where the corresponding four locations in the domain D may be different.

c) Consider an arbitrary location xy € D, and define the linear predictor,

2 2

P(zo) = Z%‘T(QU?T) + Z@Zs(xfs)

i=1 i=1

with unknown weights {[ay, as], [51, B2]} to be determined.

Develop the expression for the minimization system to be solved in order to
determine the weights for the best linear unbiased predictor (BLUP) under
squared error loss. Note that the actual minimization need not be made.

Problem 2 EVENT RANDOM FIELD

One evening, a student-couple buys a circular pizza P with radius r, hence with area
ap = 7r?. On top of the pizza pieces of olives are distributed. Denote the locations
the olive-pieces on P by Xp : {z;;i = 1,...,kp};2; € P C R% kp € Ng with kp
and z; being the number and center locations of the olive-pieces respectively.

Assume that Xp is distributed according to a stationary Poisson random field with
intensity parameter \,, hence both kp and x; are random variables.

a) Specify the expression for the pdf of the olive-piece locations on top of the
pizza P, p(x1,...,Zx,).

b) Specify an expression for the expected number of olive-pieces on the pizza.

Given that one half of the pizza contains exactly kj olive-pieces - specify an
expression for the expected number of olive-pieces on the pizza.

The student-couple always share the pizza by splitting it into two slices, Py, and
P, one for the male and one for the female student. Let the respective pizza areas
be ap; and ap, hence ap = ay + ap, and the respective proportions of the pizza

are VM:‘;—JZ and yF:Z—i.
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Experience from the student-couple relationship tells that these proportions are
distributed according to the pdf,

p(var, Vi, B) = const X V]‘f/[_ll/ﬁ_l

with v, +vp = 1L,vy € Ry, vk € Ry}, and model parameters o € R, and
B eR;.

The expected areas of Py; and Pp will then be a%rﬁap and O%ﬁap, respectively.

Since the male student usually eats more than the female one, one has a > f.

c) This evening, after having split the pizza into two slices, Py, and P, the
students count the number of olive-pieces on each pizza-slice and observe
exactly ks and kp.

Given the olive-piece counts, kj; and kg, and the experience from previous
pizza-evenings - develop expressions for the expected areas of the pizza-slices
P)s and Pp this very evening.

Problem 3 MOSAIC RANDOM FIELD.

Consider a two-dimensional Markov random field {l, ;2 € Lp} where L; is a
regular lattice with n nodes over the domain D C R?, represented by the n-vector
1. Let [, € §; : {W, B}. Hence the variable [, belongs to one of the classes white
(W) or black (B) for each x € L.

Define the following Gibbs formulation for the random field:

p(1) = const x ] [lu=t)

<u,v>

where u,v € Lp, < u,v > represent all pairs of closest neighbors in the grid
Ly and I(A) is an indicator function taking the value 1 whenever A is true and
0 otherwise. Hence the field is an Ising random field. The model parameter
B € R, is assumed known.

Moreover, let the observations be {d, ;x € Lp};d, € R, represented by the n-
vector d.
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a)

b)

Consider a likelihood function being conditional independent with single-site
response,

p(d) = ] p(d.]l) = ] p(d|iz)

z€Lp z€Lp

Develop the expression for the Gibbs and Markov formulations of the poste-
rior random field.

Consider a likelihood function being conditional independent with 5-site re-
sponse, socalled blurring. The response sites of d, are location x and the
four closest sites, ie a cross of five sites, denoted o,. The likelihood function
is then,

p(dl) = T p(dall) = [] p(dally;y € 00)

z€Lp r€Lp

Develop the corresponding expression for the Gibbs and Markov formulations
of the posterior random field.

Specify the neighborhood of the Markov form graphically.



