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Problem 1
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Three independent samples X1, Xo, ..., X,,; Y1, Y5, ....Y,,; Z4, 2>, ..., Z,, of indepen-
dent, and identically distributed in each sample, random variables are drawn from
normally distributed populations with means px, @y, pz, respectively, and the
same variance o2. A one-way analysis of variance model (ANOVA) was fitted to
these data (X-s are in column C1, Y-s are in column C2, Z-s are in column C3,),
and the MINITAB output (a part) is given below

One-way ANOVA: C1;C2;
Source DF SS
Factor 2 47,23
Error 57 58,86
Total 59 106,08
Level N Mean
C1 20 -0,296
C2 20 0,341
C3 20 1,822

Pooled StDev = 1,016

C3

MS
23,61
1,03

StDev
0,977
1,025
1,046

F P
22,87 0,000

Tukey 957 Simultaneous Confidence Intervals
A1l Pairwise Comparisons

Cl1 subtracted from:
Lower Center

c2 -0,135 0,637
C3 1,345 2,118

C2 subtracted from:

Lower Center
C3 0,708 1,481

Upper
1,410
2,890

Upper
2,253
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(—=-—k===-)
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a)

b)

Find

n n

noSVL SV
i=1 i=1

How is [Pooled StDev = 1,016] related with the numbers in the column
StDev?

If the hypothesis
Ho:px = py = pz

is tested versus the alternative
H, : not all are equal

at the significance level 0.001, what is the conclusion?

The hypothesis Hy : ux = 0 is to be tested against the alternative H; :
px < 0. Which test statistic should be used? How can the value of this test
statistic be found from the numbers given in the output? Find this value.
What is the conclusion if the significance level is 0.057

How can the output be used for simultaneous testing of the three hypotheses:
Hy:px = py, Hy:px # py,

Hy:pux = pz, Hy: pux # pz,
Ho:py = pz, Hi:py # pz?

How are the three intervals in the Tukey part of the output obtained? What
are the conclusions if the significance level is 0.057

Problem 2

Consider an in-control process with mean jy = 10 and standard deviation o = /5.
Suppose that subgroups of size n = 5 are used with control limits py + 30//n,
and centerline at pg. Suppose that a shift occurs in the mean, and the new mean
is p=12.

)

What is the average number of samples required (following the shift) to
detect the out-of-control situation?
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Problem 3

Let X4,...,X,, be a random sample from a normal distribution with expectation
px and variance o2, and Y71, ..., Y;, be a random sample from a normal distribution
with expectation py and variance ko? Assume that X-s og Y-s all are independent.
Parameters px and py are unknown and we have to estimate them and to construct
a confidence interval for the difference px — uy.

We use X and Y as estimators of jux and uy respectively.

a) Argue that X — Y has a normal distribution and show that

- - 1k
E(X -Y) = pux —py, Var(X-Y)=o" <+>
n m

Assume in this point that both parameters 02 and k are known. Construct
an (1 — «)-confidence interval for the difference px — puy-.

2

In the rest of the problem, we assume that the parameter ¢ is unknown, while

the parameter k is known.

Let S? and S? be empirical variances of X-s and Y-s, i.e.

D D S DI O

n—lZ

2=

It is known that
(n-1s2 _,  (m-1)8

0_2 ~ Xn—1s ]CO'2 ~ Xm—1>

and that S? and X are independent, and 5’5 and Y are independent.

b) Show that
-1 m —1
52: n SQ 52
Pon4+m—2 x+k(n+m—2) Y

is an unbiased estimator of o2 and that
(n+m— 2)55/02 ~ Xi+m72'

Show further that L
(X =Y) — (pux — py)
GEE

T —
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has the Student t-distribution with n 4+ m — 2 degrees of freedom.

Specify which properties and connections between various types of distribu-
tions you use and explain why necessary conditions are satisfied.

c) Construct a (1 — «)-confidence interval for the difference px — py.

Problem 4
A simple linear regression model
Yi = ﬁg +B1IZ + €, 1= ].,2, Ny

where ¢; are independent, ¢; ~ N(0,0?), is fitted to some data. The least squares

estimate 3, of 4, is /1 = 1, and the 95% confidence interval symmetric about /3
is [0.5,1.5].

a) Find a 99% confidence interval for f; if it is known that the statistic

(n—2)52

)
0-2

where S? is the least squares estimator of 02, has the chi-square distribution
with 18 degrees of freedom.



