
TMA4267: Assignment 3

Exam 2014, Problem 1 (modified)

Let X =

X1

X2

X3

 be a multivariate (‘trivariate’) normal random vector with mean µ = j and

covariance matrix Σ = I. Further, let A = 1
3

 2 −1 −1
−1 2 −1
−1 −1 2

 be a matrix of constants, and

define Y = AX.

a) Find E(Y) and Cov(Y). Are X1 and X2 independent? Are Y1 and Y2 independent? Justify
your answers. Find the mean of X⊤AX using the ‘trace’-formula in Theorem 5.2a.

b) Find the rank of A (hint: Theorem 2.13d). What is the distribution of X⊤AX? Find the
probability that X⊤AX ≤ 6.

Non-central χ2

Theorem 5.3b states that for a χ2(n, λ) random variable, Y⊤Y, where Y ∼ MVNn(µ, I), the
expected value is n + 2λ and the variance is 2n + 8λ. Prove these results using theorems 5.2a
and 5.2c.

Exercises from the book

• 5.25 (comment also on the distribution of the statistic when µ = 0)

• 5.30 (recognize A from Exam 2014, above)

• 5.32 (Hint: use tr(AB) = tr(BA) in (a))

If you have more time

In class we saw a proof of corollary 1 to theorem 5.5 using a spectral decomposition of the
idempotent matrix. Give a proof using moment generating functions instead.
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