
TMA4267 exam spring 2026: solution manual and grading docu-
ment

At most 10 points per sub-problem, and grade set by ‘prosentvurderingsmetoden’,
https://i.ntnu.no/wiki/-/wiki/norsk/prosentvurderingsmetoden
but also with regard to the general NTNU grade descriptions.
https://i.ntnu.no/wiki/-/wiki/Norsk/Karakterskalaen
Suggestion for points given in red below, but the entire sub-problem also always considered
as a whole. Other correct solution methods also awarded full marks.

Problem 1

(a) Since Y is multivariate normal, Y2 ∼ N(µ2, Σ22). From the given mean vector and
covariance matrix,

µ2 = −1, Σ22 = 2.

Hence Y2 ∼ N(−1, 2). [5 points]

For a multivariate normal distribution,

E(Y2 | Y1 = y1) = µ2 + Σ21Σ−1
11 (y1 − µ1).

Using µ1 = 1, µ2 = −1, Σ21 = 1, Σ11 = 1, we get

E(Y2 | Y1 = y1) = −1 + 1(y1 − 1) = y1 − 2.

Thus the expression can be written as β0 + β1y1, with β0 = −2, β1 = 1. [5 points]

(b) Define

Z =
[
Z1
Z2

]
=

[
1 1 1
3 1 −1

]
Y = AY.

Since linear transformations of multivariate normal vectors are multivariate normal,
Z ∼ MVN2(Aµ, AΣA⊤). [2 points]

The mean vector becomes E(Z) = Aµ =
[
1 1 1
3 1 −1

]  1
−1
2

 =
[
2
0

]
. [3 points]

The covariance matrix becomes Cov(Z) = AΣA⊤ =
[
10 6
6 18

]
. [5 points]

Problem 2

(a) There were 2 levels for each factor since both have Df = 1. [2 points]
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Since the total number of observations is n = 36 + 3 + 1 = 40, and there are 4 factor
level combinations, there were 10 experiments at each combination of factor levels. [3
points]

The missing values are found as follows:

DfA:B = (2 − 1)(2 − 1) = 1,

MSResiduals = 704.64
36 = 19.5733,

and
FA:B = 23.46

19.5733 = 1.1986.

[1 ? =2 points, 2 ? = 3 points, 3? = 5 points]

Problem 3

(a) We compute
H2 = X(X⊤X)−1X⊤X(X⊤X)−1X⊤.

Since X⊤X(X⊤X)−1 = I, we get H2 = X(X⊤X)−1X⊤ = H, so H is idempotent. [5
points]

Using that rank equals trace for idempotent matrices,

rank(H) = tr(H) = tr
(
X(X⊤X)−1X⊤

)
.

Using cyclic trace property for square matrices tr(AB) = tr(BA),

tr(H) = tr
(
X⊤X(X⊤X)−1

)
= tr(Ip) = p.

[5 points]

(b) Using the formula
E(Y⊤AY) = tr(AΣ) + µ⊤Aµ,

with µ = Xβ, Σ = σ2I, we obtain E(Y⊤HY) = tr(Hσ2I) + (Xβ)⊤H(Xβ). Since
tr(H) = p and HX = X,

E(Y⊤HY) = σ2p + β⊤X⊤Xβ.

[5 points]

Furthermore,
1
σ2 Y⊤HY ∼ χ2(r, λ),

where r = rank(H) = p, and λ = 1
2σ2 (Xβ)⊤H(Xβ) = 1

2σ2 β⊤X⊤Xβ. [5 points]
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(c) Define U = 1
σ2 Y⊤HY ∼ χ2(p, λ), a non-central chi-squared distribution.

Also, define
V = 1

σ2 Y⊤(I − H)Y,

which must have a chi-squared distribution (I −H is idempotent) with rank(I −H) =
(n − p) dof. Since (I − H)X = 0, the non-centrality parameter becomes

λ2 = 1
2σ2 (Xβ)⊤(I − H)(Xβ) = 0.

Therefore, V ∼ χ2(n − p), a central chi-square distribution. [5 points]

Moreover,
Hσ2I(I − H) = σ2(H − H2) = σ2(H − H) = 0,

so U and V are independent. [5 points] Hence

Q = U/p

V/(n − p) ∼ F (p, n − p, λ).

Problem 4

E(β̃1) = (X⊤
1 X1)−1X⊤

1 E(Y) = (X⊤
1 X1)−1X⊤

1 (X1β1 + X2β2).

Hence E(β̃1) = β1 + (X⊤
1 X1)−1X⊤

1 X2β2.

Thus β̃1 is unbiased for β1 if
X⊤

1 X2 = 0,

that is, if X2 and X1 have orthogonal columns. [5 points] No requirements for V [5 points,
also given if not explicitly stated].

Problem 5

(a) A 95% confidence interval becomes

78.02 ± 2.080 · 56.72,

which gives
[−39.96, 195.99] ≈ [−40, 196].

[5 points]

The estimated coefficient of premium location is 78.02, representing an expected
turnover for a premium location of approximately 78 000 NOK higher than for a
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non-premium location, with other variables held constant. However, this estimate has
large uncertainty, and a test of

H0 : β3 = 0 against H1 : β3 ̸= 0

cannot be rejected at the 5% significance level, corresponding to the confidence inter-
val including 0. [5 points if the discussion of the effect size shows some knowledge of
the estimate being positive and consideration of the wide interval or high p-value]

(b) From the QQ-plot, the normality assumption appears reasonable. From the plot of
fitted values against residuals, there may be some indication of non-constant vari-
ance, but with few observations it is difficult to conclude. [5 points, if the discussion
is not completely generic and needs to show uncertainty in conclusion due to few
observations]

The residual vector is ε̂ = (I − H)Y, while the fitted values are Ŷ = HY. Hence

Cov(ε̂, Ŷ) = (I − H)σ2I H = σ2(I − H)H = 0.

[5 points]

(c) With repeated measurements of the same store, the assumption of independent ob-
servations (uncorrelated errors) is likely violated. [5 points]

For repeated measurements from the same store Yij and Yij′ , the correlation between
them is

Corr(Yij, Yij′) = τ 2

τ 2 + σ2 .

The estimated correlation is approximately 0.72, indicating relatively strong depen-
dence between observations from the same store and substantial variation between
stores. [5 points if the answer is valid and connects the number to the actual problem]
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