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The logrank test for comparison of survival functions

Bo Lindqvist

The logrank test is a test for equality of survival functions of two or more groups
of units.

Consider here the case of two groups. Suppose that we have censored data of
the usual form (Y1i, δ1i) for group 1 and similarly (Y2i, δ2i) for group 2. Let
R1(t) and R2(t) be the true underlying survival functions for the two groups.
The logrank test is a test for the null hypothesis

H0 : R1(t) = R2(t) for all t

versus the alternative hypothesis

H1 : R1(t) 6= R2(t) for at least one t

Let T(j) for j = 1, . . . , k be the distinct times of observed failures when consider-
ing the two groups together. For each time T(j) let N1j and N2j be the number
of subjects “at risk” (have not yet had a failure or been censored) immediately
before T(j) in the two groups. Let Nj = N1j +N2j be the total number at risk
at time T(j).

Now let O1j and O2j be the observed number of failures in the two groups at
time T(j), and define Oj = O1j +O2j .

Under the null hypothesis the probability of failure at T(j) would be the same
for the two groups, reasonably estimated by Oj/Nj . Hence since the number
at risk for the two groups are respectively N1j and N2j , the expected number
of failures in the two groups at T(j) would be respectively

E1j =
Oj

Nj
N1j

and
E2j =

Oj

Nj
N2j

Let now O1 =
∑k

j=1O1j and O2 =
∑k

j=1O2j be the total observed number of
failures for each of the two groups, and let E1 =

∑k
j=1E1j and E2 =

∑k
j=1E2j

be the corresponding total expected number of failures.

The logrank statistic compares expected and observed values in the two groups,
and is given by

(O1 −E1)2

E1
+

(O2 −E2)2

E2

which is approximately chi-square distributed with 1 degree of freedom if the
null hypothesis holds and the number of observations is large enough. We



therefore reject at significance level α if this is larger than the upper α quantile
of this distribution (e.g. equal to 3.84 if α = 0.05).

Note that the logrank statistic for the case of two groups is often given in a
slightly different way in the literature. However, the above statistic has the
advantage of being easily generalized to the case of comparing more than two
survival functions (degrees of freedom is then always the number of groups
minus 1).

The logrank test is based on the same assumptions as the Kaplan-Meier esti-
mator.

An example is given in the slides (page 68 in 2009).


