TMA4285 Time series models
Solution to exercise 2, autumn 2015

Problem 1. We have
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As o2 is not a constant, the process is not second order weakly stationary. As the process
has zero mean, the autcovariance function becomes

v(t,s) = Cov[Z,, Z,) = E[Z,Z,] = E [(Z aj> (Z a)] => ) Elg;all
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Problem 2. We have
Zt =—-17 + a; — 0.6(1,5_1 + O.Sat_Q.

This gives

and
")/(t, t+ k) = E[(at —0. 6at 1+ 0. 3Clt 2)(Clt+k — 0.6at+k_1 + O.3at+k_2)]

(1+062+032)0 = 1.4502 for k =0,
) (~06-06-03)0% = 0780 for k=1,
) 0.302 for k = 2,
0 for k > 3.



Thus, the process is stationary with variance 0? = ~y(¢,t) = 1.4502, and the autocorrelation
function becomes

1 for k =0,
=0 — 053 for k=1,
Pk = 0.3° _ _
145 — 021 fOl" k = 2,
0 for k > 3.

As we know p, = p_j this defines the whole autocorrelation function.

Problem 3. To show that the specified p; is not postive semi-definite it is sufficient to
show that there exist real values oy, as, ag so that

Po P11 P2 o%1
liasas] | p—1 po P az | <0
P-2 pP-1 Po as

Inserting values for p; in the above quadratic expression define

1 08 0.1 Qaq
g(CYl, Q9, 043) = [061062053] 0.8 1 0.8 (6)
0.1 0.8 0.1 Qs

= a% + ag + ag + 1.6 + 0.2a1 a3 + 1.6as0s3.

We set a3 = 1 and thereafter, to minimise the resulting expression with respect to ay, we
set the corresponding derivative with respect to «ay equal to zero, i.e.

8g(oz1, Q9, 1)

=201+ 1.6+ 02=0& a; = —(0.8042 + 01)
8051

Substituting this expression for a; into g above we get

min g(ay, az, 1) = (0.8 +0.1)* + a3 + 1 — 1.6(0.8ay + 0.1)
ag

—0.2(0.8cr2 + 0.1) 4 1.6x
= 0.3602 + 1.440, + 0.99.

By putting the derivative of this with respect to as equal to zero we get,

Hmin, a1 1.44
ming, g{on, oz =2-0.360 +1.44 =0 ay = —

~ -2
das 2-0.36

Insering this into the above expression for g we get

min g(a, az, 1) = 0.36 - (=2)* + 1.44 - (=2) + 0.99 = —0.45.

aq,02



Thus, we have shown that ¢(1.5,—2,1) < 0, and thereby that pj is not positive semi-
definite.

Problem 4.

a) Plot of the time series data:
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b) The first lag autocorrelation clearly seems to be negative, perhaps around —0.5.



c) Plot of z; against z;41:

A value of approximately —0.5 for the first lag autocorrelation coefficient still seems

sonable.

z[2:n]

65

60

55

50

45

40

35

35

40 45 50 55

Z[1:(n - 1)]

65

rea-



d) Plot of estimated acf up to lag five:
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e) Plot of estimated PACF up to lag five:
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