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Problem 1

a) Both ts1 and ts2 seem to be stationary , so one should have d = 0 for both
time series.
The acf for ts1 seems to be a damped sine wave, whereas the pacf cuts off
after lag 3. This behaviour is consistent with an AR(3) model, so one should
start with p = 3, d = 0 and q = 0.
The acf for ts2 cuts off after lag 1, whereas the pacf seems to decay expo-
nentially. This behaviour is consistent with an MA(1) model, so one should
start with p = 0, d = 0 and q = 1.

Problem 2

a) For a time series zt to be second-order stationary one must have

Fzt1 ,zt2
(x1, x2) = Fzt1+k,zz2+k

(x1, x2),

for all t1, t2, k and all x1, x2.
For a time series zt to be covariance stationary all first and second order
moments must exist and be time invariant.
A time series process zt which is covariance stationary, does not need to be
second-order stationary. Even if the two first moments is time invariant, the
joint distribution does not need to be time invariant.
A time series process zt which is second-order stationary does not need to
be covariance stationary. If all the first and second order moments exist for
a second-order stationary process, then it is also covariance stationary, but
the first and second order moments do not need to exist for a second-order
stationary process.

b) The process is invertible if and only if all the roots of θ(B) = 1 − θ1B = 0
are outside the unit circle. The current model has only one root, which is
B = 1/θ1 so thereby the process is invertible if∣∣∣∣ 1

θ1

∣∣∣∣ > 1⇔ θ ∈ (−1, 1).

The model is covariance stationary if and only if the roots of ϕ(B) = 1 −
1.7B+0.72B2 = 0 are outside the unit circle. The roots in the current model
become

B = 1.7±
√

1.72 − 4 · 0.72
2 · 0.72 = 1.7±

√
0.01

1.44 ⇒ B = 1.25 or B = 1.11.
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Thus, the model is covariance stationary.

c) From the model we have that

zt+k = ϕ1zt+k−1 + ϕ2zt+k−2 + at+k − θ1at+k−1.

Thereby we get for k = 0, 1, 2, . . .,

γk = E[zt+kzt] = E[(ϕ1zt+k−1 + ϕ2zt+k−2 + at+k − θ1at+k−1)zt]
= ϕ1E[zt+k−1zt] + ϕ2E[zt+k−2zt] + E[at+kzt]− θ1E[at+k−1zt]
= ϕ1γk−1 + ϕ2γk−2 + E[at+kzt]− θ1E[at+k−1zt].

For k = 2, 3, . . . we have that both t + k and t + k − 1 is larger that t
and thereby at+k and at+k−1 are both uncorrelated with zt, so E[at+kzt] =
E[at+k]E[zt] = 0 · E[zt] = 0 and E[at+k−1zt] = E[at+k−1]E[zt] = 0 · E[zt] = 0.
Thus we have found the homogeneous difference equation

γk − ϕ1γk−1 − ϕ2γk−2 = 0 for k = 2, 3, . . .. (1)

To find the initial conditions we need to consider the above expression for γk

for k < 2. We start with k = 0,

γ0 = ϕ1γ−1 + ϕ2γ−2 + E[atzt]− θ1E[at−1zt]
= ϕ1γ−1 + ϕ2γ−2 + E[at(ϕ1zt−1 + ϕ2zt−2 + at − θ1at−1)]
−θ1E[at−1(ϕ1zt−1 + ϕ2zt−2 + at − θ1at−1)]

= ϕ1γ−1 + ϕ2γ−2 + E[at · at]− θ1(ϕ1E[at−1zt−1]− θ1E[at−1 · at−1])
= ϕ1γ−1 + ϕ2γ−2 + σ2

a − θ1(ϕ1σ
2
a − θ1σ

2
a).

Thus, using that γk is a symmetric function, the first equation becomes

γ0 = ϕ1γ1 + ϕ2γ2 + σ2
a(1− θ1ϕ1 + θ2

1). (2)

Doing the same for k = 1 we get

γ1 = ϕ1γ0 + ϕ2γ−1 + E[at+1zt]− θ1E[atzt].

Again using what we found above, namely that E[at+1zt] = 0 and E[atzt] = σ2
a

the second equation becomes

γ1 = ϕ1γ0 + ϕ2γ1 − θ1σ
2
a. (3)

As (2) and (3) includes both γ0, γ1 and γ2 we need a third equation, which
we get for k = 2. This, however, we get directly from (1),

γ2 = ϕ1γ1 + ϕ2γ0. (4)

Thereby we have three equations, (2), (3) and (4), with three unknowns, γ0,
γ1 and γ2, which can be solved to find the initial conditions.
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d) We have

ϕ(B)zt = θ(B)at ⇒
ϕ(B)
θ(B) zt = at.

Thereby we must have

ψ(B) = ϕ(B)
θ(B) ⇒ θ(B)ψ(B) = ϕ(B),

where ψ(B) = 1− ψ1B − ψ2B
2 − . . .. Thereby,

(1− θ1B)(1− ψ1B − ψ2B
2 − ψ3B

3 − . . .) = 1− ϕ1B − ϕ2B
2.

By expanding on the left hand side of this equation and setting equal coef-
ficients in front of the same power of B, we sequentially get

B1 : −ψ1 − θ1 = −ϕ1 ⇒= ψ1 = ϕ1 − θ1,

B2 : −ψ2 + θ1ψ1 = −ϕ2 ⇒ ψ2 = ϕ2 + θ1ψ1 = ϕ2 + θ1(ϕ1 − θ1),
B3 : −ψ3 + θ1ψ2 = 0⇒ ψ3 = θ1ψ2 = θ1(ϕ2 + θ1(ϕ1 − θ1)),

...
Bk : −ψk + θ1ψk−1 = 0⇒ ψk = θ1ψk−1 = θk−2

1 (ϕ2 + θ1(ϕ1 − θ1)).


