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Problem 1

a)

Both tsl and ts2 seem to be stationary , so one should have d = 0 for both
time series.

The acf for tsl seems to be a damped sine wave, whereas the pacf cuts off
after lag 3. This behaviour is consistent with an AR(3) model, so one should
start with p =3, d =0 and ¢ = 0.

The acf for ts2 cuts off after lag 1, whereas the pacf seems to decay expo-
nentially. This behaviour is consistent with an MA(1) model, so one should
start with p =0, d =0 and ¢ = 1.

Problem 2

a)

b)

For a time series z; to be second-order stationary one must have

F.

2tq 52ty (:131, $2) = FZt1+k7222+k ($1, xQ)?
for all t1,%9, k and all x1, x-.

For a time series z; to be covariance stationary all first and second order
moments must exist and be time invariant.

A time series process z; which is covariance stationary, does not need to be
second-order stationary. Even if the two first moments is time invariant, the
joint distribution does not need to be time invariant.

A time series process z; which is second-order stationary does not need to
be covariance stationary. If all the first and second order moments exist for
a second-order stationary process, then it is also covariance stationary, but
the first and second order moments do not need to exist for a second-order
stationary process.

The process is invertible if and only if all the roots of §(B) =1 —60,B =0
are outside the unit circle. The current model has only one root, which is
B = 1/6; so thereby the process is invertible if

01

>1s60e(-1,1).

The model is covariance stationary if and only if the roots of p(B) = 1 —
1.7B+0.72B? = 0 are outside the unit circle. The roots in the current model
become

B =

1.7+ V1.7 -4-0.72  1.7£+0.01 N

B=1250r B =111
2.0.72 1.44 b or
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Thus, the model is covariance stationary.

c) From the model we have that

2tk = P12t4k—1 + Q2% k-2 + G — 104481

Thereby we get for K =0,1,2,...,

Y = Elzgrz] = E[(@12e400-1 + ©22t4n—2 + Grpr — O10046-1) %]
= B[22 + 02E[ziqk—22:] + Blarz] — 01E[ar 11124
= o171+ Y2 + Blagnz] — 01E[app124).
For k = 2,3,... we have that both ¢t + k and ¢t + k — 1 is larger that t
and thereby a4 and a¢yr—1 are both uncorrelated with z;, so Ela;ir2:] =
Elaix]E[z] = 0 E[z] = 0 and E[ayyr—12] = Elay1,-1]E[z] = 0- E[z] = 0.
Thus we have found the homogeneous difference equation

Vi — P1Vk—1 — P2Yk—2 =0 for k=23, ... (1)

To find the initial conditions we need to consider the above expression for ~;
for k < 2. We start with £ =0,

Yo = @17-1+ @ay-2 + Elarz] — 01E[a;_12]
= ©17-1 + pa7-2 + Ela(p12i-1 + pazi—2 + ar — 1a_1)]
—601Elai—1(p120-1 + p2z1-2 + ap — O01a4-1)]

= ©17-1+ p2y-2 + Ela; - ai] — 01 (p1E[at—12e-1] — O1E[ar—1 - az-1])

= ©17-1 t Y272+ UZ — 91(@102 - 9102)-
Thus, using that ~, is a symmetric function, the first equation becomes

Yo = @171 + pare + oo (1 — brpr + 67). (2)
Doing the same for k = 1 we get
T = @17 + ¢27-1 + Elasy12¢] — 61E[a 2.

Again using what we found above, namely that E[a;,12;] = 0 and E[a;2;] = 02
the second equation becomes

Y1 = @17% T P27 — 9102- (3)

As (2) and (3) includes both vy, 71 and 742 we need a third equation, which
we get for k = 2. This, however, we get directly from (1),

Y2 = ¥171 1 P27- (4)
Thereby we have three equations, (2), (3) and (4), with three unknowns, 7o,

~v1 and 7., which can be solved to find the initial conditions.
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d) We have
©(B)z = 0(B)a, = gé?; 2 = ay.
Thereby we must have
_#(B) _
where ¢(B) = 1 — 1y B — 1, B* — .. .. Thereby,

(1 — 013)(1 — wlB — ¢QBZ — wgBS — .. ) =1 gOlB — QOQBQ.

By expanding on the left hand side of this equation and setting equal coef-
ficients in front of the same power of B, we sequentially get

B': = — b =—p == =1 — by,
B?: =ty + 010 = —pg = by = o + 0191 = oo + 01 (1 — 61),

B? . —th3+ 01y = 0 = b3 = O13hy = 01 (0 + 01 (1 — 61)),

B¥: i+ 0 = 0= = 0101 = 0 (o + 01(p1 — 61)).



