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Problem 5.9

We want to construct the likelihood function of Xi,..., X,, Xpp,..., X,
We use conditioning to get

L(g,0%) = f(X1,. s Xp, Xpits - - - Xi|, 07)
= F(Xpi1, s Xul X1, oo, X, 0,08 F( X, -, Xyl g, 0%)

where f(Xp+17 PN ,Xn|X1, c ,Xp,gb, 0'2> = H?:p+1f(Xj|Xj_17 ---aXp+17X17 PN ,Xp, ¢,0’2).
For Xy,.... X

) Y2
_ _ 1 _
F(X1, ..., X0, 0%) = (200°)7P/2(detG) ™12 x exp(—WXng 'X,)

Next, we need the expected value and covariance for the conditional dis-
tribution of Xp44,..., X,.

E(X X, 150 Xpi1, X1y, Xp) = B(XG|X 1,000 X)) = X
E(X; — X)(X; — X)) X1, X1, X1, .-, Xp) = E((X; — X;)?) = o%ry.

For j > p, rj—1 = 1. This gives

(n— 1 B
F(Xpeas oo XalX1y 0 X0 6,0%) = (260%) P2 s exp(— o D7 (X, = X))

Jj=p+1



Finally, we get

F(X1,. Xpl0,0%) = (200%) P (detG,) ™12 x eXp(—L[XZGz?lXer

202
X = a X == 6 X)%)),
J=p+1
where we have inserted Xj =1 Xj_1— - —¢pX;_, and used Var(X; —Xj) =

a’forj > p.

Problem 5.10

Using the likelihood function from problem 5.9 we want to minimize

X3 Xy + ) (X — 61Xi1 — 2 Xi0)?

t=3
From example 5.2.1 in the book we find that
[ 1= —el+6)
2 —p1(L+d2)  1—¢3
which gives
X3Gy Xy = (X7 + X3)(1 — ¢3) — 2X1 X001 (1 + ¢%)

We take the derivative of

n

(XT + X3)(1 = 03) = 2X1 Xa01 (14 6%) + ) (Xy — 1 X; 1 — $2X10)°

t=3
with respect to both ¢ and ¢,. That gives us
X1 Xo(1 + ¢2) + Z(XtXt—l — 01 X7 — 02X 0 X 1) =0
t=3

¢2(X12 + X22) + X1 X001 + Z(XtXt—2 — 01 X1 X0 — <Z52Xt—2Xt2,1) =0

t=3



which are our two linear equations. If we use the definition of the sample
autocovariance we get

X1 Xo(1 4 ¢2)/n + (1) = ¢17(0) — ¢23(1) =
G2 X7 + X3)/n + X1 Xo¢ /n +5(2 ) o ’AY(l) $27(0) =0
These can be expressed as
¥0) A =2 0] [4(1) + e
§(1) - X% 5(0) - XX } M [ 7(2) }
The Yule-Walker equations for the AR( ) model with are derived from
XiXen =0 Xe 1 Xy n+ 02Xy 20Xy + Zi Xy
If we let h =1 and h = 2 and then taking expectations, we get
A(1) = ¢19(0) — d25(1) =0
Y(2) — $17(1) — $29(0) =
which can be expresses as
P(O) &(1)} {¢1:| _ P(l)}
(1) A0)] [d2] (2]

The least-squares solution is an adjustment of the Yule-Walker equations.

Problem 5.12

The AR(1) model is given by X; = ¢ X;_1 + Z;, with autocovariance v(0) =
We use the likelihood function stated in problem 5.9 with G; = 1/(1—

- ¢2
¢?).
1 n
L(6,0%) = (270®) (1 - ¢*)" x exp (—@ [X%u — )+ Y (X - wm)?])
t=2
By taking the log and taking the derivative with respect to ¢, we get
1
InL =(—n/2)In(2r6?) 4+ (1/2)in(1 — ¢*) — ool (X2(1—¢%) + Z — 0X;1)Y
dlnL ) P X? - )
a¢ :_1_¢2+ +§§;<th151—¢th):0

n

— g0+ pXF(1— )+ (1— %) D> (X Xio1 — 0X7 ) = 0.

t=2



Solving this system gives the estimates ¢, = 0.2742, ¢» = 0.3579 and 62 = 0.8199.
¢) We construct a 95% confidence interval for u to test if we can reject the hypothesis
that y = 0. We have that Xo99 ~ AN(u,v/n) with

oo

v=Y_ v(h)=5(=3) +4(=2) + 4(=1) + 5(0) + 4(1) + 4(2) + 4(3) = 3.61.

h=—o00
An approximate 95% confidence interval for y is then
I =%, £ Xoo2s V/n =3.82+1.96 3.61/200 = 3.82 £ 0.263.

Since 0 ¢ I we reject the hypothesis that p = 0.

d) We have that approximately & ~ AN(¢, 62f‘2_1/n). Inserting the observed values
we get

~—1
62T, [ 0.0050  —0.0021
n ~0.0021 0.0050 )

and hence ¢y ~ AN(¢1,0.0050) and ¢z ~ AN(p2,0.0050). We get the 95% confi-
dence intervals

Iy, = b1 £ Ao.025V/0.005 = 0.274 + 0.139

Iy, = b2 % X.0251/0.005 = 0.358 & 0.139.

e) If the data were generated from an AR(2) process, then the PACF would be
a(0) =1, &(1) = p(1) = 0.427, &(2) = do = 0.358 and G(h) = 0 for h > 3.

Problem 5.11. To obtain the maximum likelihood estimator we compute as if the
process were Gaussian. Then the innovations

X1 — X1 = X1 ~ N(0,1p),

Xo — Xz = Xo — X1 ~ N(0,11),
where vy = o2rg = E[(X1 — X1)?], 11 = o%r; = E[(Xy — X5)2]. This implies

vo = E[X}] =7(0), ro = 1/(1—-¢?) and 11 = E[(X2—X3)?] = 7(0) —2¢7(1) +¢*y(0)
and hence

YO0)(1+¢%) —207(1) _ 1462~ 20" _

= =1.
& o2 1— ¢2

Here we have used that (1) = 0%¢/(1 — ¢®). Since the distribution of the innova-
tions is normal the density for X; — X is

s v o ()
6 =———exp| ———
Xi=X; 2mo%rj_q P 202711

and the likelihood function is

: xy — I1)? Ty — B9)?
L((b’UZ):HfXj—Xj:1exp{—%i2(( : 0 1> +( : 71 2) >}
Jj=1
1

(2mo2)2rgry
1 2 _ 2
_ exp{_2 (mmwn»
(2m02)2rory 202 \ rg 1
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We maximize this by taking logarithm and then differentiate:

To 1

- 7% log(4n®0"/(1 - ¢%)) — %,2(17%(1 — &%) + (22 — ¢11)?)

]. 1 1/'2 To — OT 2
log L(¢, 02) Y IOg(47T204T07“1) - ﬁ( Ly M)

1 1
= —log(2m) — log(0?) + 3 loa(1 — %) — 55 (131~ &%) + (22 — 61)?).
Differentiating yields

(¢, 02 1,1
% =~ + 51 (@1 = 8) + (@2 — 6m1)?),

8l(¢,02)_1
o6 2 1—¢2 ' o2’

Putting these expressions equal to zero gives 02 = %(w%(l — ¢?) + (w9 — d)xl)Q) and
then after some computations ¢ = 2z1x5/(23 + 23). Inserting the expression for ¢
is the equation for o gives the maximum likelihood estimators

52 _ (33% *x%)Q d qu 2219
2(af + 23)

2 2
Ty + x5
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GT Exercises

Exercise 5

a The process is
Yi=01Yi1 + @Yo+ Z;

and we will estimate the model parameters through:

(i) Yule-Walker Estimation: By multiplying on both sides of the
equation

(1—¢1B — ¢2B*)Y, = Z,
by Y;, Y;_1 and Y;_5, we get the system of equations:

30w ][] = H6)
and 02 = 7(0) — ¢1v(1) — $27(2).

This system is solved, replacing v(k) by (k), by

4, = Y0 —4(2)]
BREURERS
b= LNO—PW)

(ii) Durbin-Levinson Algorithm: According to this algorithm the
process can be expressed as:

Y, — ¢ Yii1 — 00Yio = Zy,  {Zi} ~ WN(0,in)

with:



1 =4(0)[1 — ¢3)]
6322 = %[’7(2) — ¢211'Ay(1)] = qgg (as in Yule-Walker)

42321 = an — ¢§22¢311 = 4231 (as in Yule-Walker), and

Dy = in(1 — ¢2,) = 62 (as in Yule-Walker)

(iii) Hannan-Rissanen Algorithm - Step 2: All we need to do in
this case is to regress Y; onto (Y;_1,Y; 2),t = 3,...,n as Ordi-
nary Least Squares. It means the vector [¢;, ¢o]T is estimated by
(Zt2)*Z1Y,, with:

Y; Y Yy
7 = }?1 Y3 and Y, = Y5
Vit Yaoo v,
Finally, .
6% = - i 3 ;(YZ - (51}/;&71 - <£2Y272)2

b (i) Yule-Walker Estimation: We aim to find the P,Y, 1 = a¢ +
ZL a;Yn11-; so that

n 2
E [(Yn+1 — Qg — Z aiYn—l—l—i) }

=1



is minimized. Taking partial derivatives with respect to ag, aq, ..., a,

we find

GOZO

E {(Ynﬂ - Z aiYnJrli) Yn+1j:| =0, J=1...,n
i=1

Which becomes the Yule-Walker system of equations:
ha, =~(n)

with T, = [Y(i—5)]7 =1, an = [a1, ..., an)" and ,, = [y(1),...,y(n)]".
This system is solved by a, = I';'~,. Finally, its mean square
prediction error is given by:

n 2
MSPE =E [(Ynﬂ -y az-YnH_i) }

=1
=~(0) =~/ T 'y,

(ii) Durbin Levinson algorithm: The one-step predictor can be
expressed as:

PnYn—i-l = &nlYn + -+ ann}/l

with
n—1
b = [300) = X byt ) o,
j=1
¢n1 ¢n71,1 qbnfl,n—l
¢n,n—1 qbn—l,n—l ¢n—1,1
In this case the prediction error is v, = v, 1[1 — ¢2,], which is

exactly the same as for the Yule-Walker estimation as proven in
proof 1, page 61 of the book.

3



(iii) Hannan-Rissanen Algorithm - Step 2: Given that what is
performed in step 2 of this algorithm is a linear regression fitted
by OLS, we can find P,Y, 1 as:

PnYn+1 = (51Yn + ¢22Yn71
Its associated prediction error is

E(Yp1—¢1Yn—02Yn1)" = (14+¢74¢3)7(0) =201 (1—¢2)7 (1) —2¢27(2)

Given that all the one-step predictors are linear combinations of {Y,,,..., Y1},
and the process is zero-mean, then all the one-step predictors are un-
biased.

Now we’ll try to compare the three predictors in terms of mean square
error. As mentioned in part b the Yule-Walker estimation and thee
Durbin-Levinson algorithm produce the same one-step predictor with
the same mean square error, which is the minimum for a linear pre-
dictor. It also means that the MSE of the one-step predictor obtained
through the Hannan-Rissanen algorithm is larger than the one obtained
through the other two approaches.

For the AR(2) process we model Y; in function of Y;_; and Y;_5. That
is, the likelihood we expect to maximize is

LQ(H) = f(YV37 s 7Yn|}/17}/2a 0)

which resembles the likelihood in a regular regression model.

Making use of the Bayes’ theorem and the law of total probability,
we can see that the full likelihood f(Y7,Y5,...,Y,,0) can be obtained
from the conditional likelihood through

f(Yl7Y27~--7YmO) :f<}/377Yn|}/17}/270)f(}/1;}/270)

If it is taken to the logarithmic scale we can say that the full likelihood
can be computed as the addition of the conditional likelihood and the
marginal likelihood of the initial values.

The estimates of the parameters in the AR(2) process can be obtained
using the conditional or the full likelihood. As n increases there is no
big difference in the estimates, given that the estimates based on these
likelihoods have the same limiting distribution.



