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Problem 1

a)

b)

(1) The acf cuts off for lags k£ > 2 and the PACF tails offs which suggest an ARIMA(0, 0, 2)
model

(ii) The acf has peaks at multiples of 12 which suggests a seasonal model with period
s = 12. At multiples of s the acf tails of where as the pacf has a single peak around 1s?
which suggest that the seasonal part of the model is AR(1). Around each peak the acf
cuts of after lag £ > 1 and the pacf tails off which suggest that the regular part of the
model is MA(1). Overall, an ARIMA(0,0,1) x (1,0,0);2 model may be appropriate.

(iii) The acf tails off and the pacf cuts of after lags £ > 1. Hence, this is a simple AR(1)
process.

The acf of the non-differenced data does not tail off slowly so no differencing is needed.
Given that the the process is AR(1),

(1 —¢1B)Z; = ay.
Applying the difference operator 1 — B yields
(1-¢:B)(1—B)Z, = (1 - B)as
and so the differenced series wy; = (1 — B)Z, satisfies
(1 —¢1B)w, = (1 — B)ay,

that is, an ARMA(1,1) model. This agrees well with the observed sample acf and pacf
of w; which both exhibit approximately geometric tailing off behaviour for lags k > ¢ =

p=1.

LCounterintuitively, the peak in the pacf is at lag 11. Doing
acf2AR (ARMAacf (ar=c(rep(0,11),.8) ,ma=c(.9),lag.max=12)) yields ¢11,11 = 0.77, ¢11,12 = 0.584
and ¢12,12 = 0.199.
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Problem 2

a) The autocovariance function becomes
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b) First computing the autocorrelation function
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For lags k£ < 2, the partial autocovariance function becomes
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c) The MA(2) model

1
Zt = (1 — 53)2%
1
= (1 — B —+ ZBQ)CL,:

= (1—-0,B —0,B*a,
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has moving average parameters ¢; = 1 and 0, = —}1. Hence, the autocovariance function
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v, = 0 for k > 2.

Choosing o2 = 4, 7. = 7k for all k and both models then represent the same stochastic
process. While the first model is non-invertible (it has one root inside the unit circle) the
second model is invertible as its double root B = 2 outside the unit circle. This model
is thus preferable in that we can write it in AR(oco) form.

d) The polynomial in the AR(o0) representation
m(B)Z; = a
must satisfy
(l—mB—mB—. 1B+ B =1

4
Expanding the product and equating coefficients, m, = —1, m = —% and for ¢+ > 3 the
coefficients satisfies the difference equation
Ql(B)TFi =0.
With one root of multiplicity two, the general solution is
1 1
T, = b1§ + b2l§'
Using the initial conditions m; = —1 for ¢ = 1 and 7w = —% for 7+ = 2 we find that
bl = bg = —1 and
1 .1
T, = —— — 1=
2! 2t

for ¢ > 1.
The one-step ahead forecast can be now computed as
Zn(1) = E(Zpi1|Zn, Znv, .. .)
== E(ﬂ'lZn + ﬂ-Qanl + ... ’Zn; anl, .. )
= 7T12n —|—7T2Zn_1 + .. .
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the two-step ahead forecast as
Z0(2) = E(Zni2|Zn, Znr, - .. )
- E(?lenJrl + 7TQZn + ... ’Zn; anl, .. )
= 7T1E(Zn+1’Zn, Zn—la e ) + WzZn + ...
= 7T12An(]_) + 7T2Zn + ey
and the [-step ahead forecast as
Zn(1) = E(Zypi2| Zny Zpv, .. .)
= E<an+l - elan+l71 - 02an+l72‘Zn> anlv s )
=0
for [ > q = 2.

The variance of the forecast error is given by

-1 4 forl=1
Var(en(l) =07 > 97 = q4(1+1) =8 for [ =2
7=0 A1 +145) =2 forl>2

Problem 3

a) Using the Kalman forecasting recursions, the forecasted mean and variance of Yjy be-
comes
}>10|9 - Ayg|9 - 07 . 2 - ]_4,
Viojg = AVgeAT + GEGT =0.77- 04 +1=1.2.
As expected from the mean reverting behaviour of the AR(1) state equation, the fore-
casted mean is closer to zero than the estimated state after the previous filtering step.
The Kalman filtering recursions yields

1.2
T 127405
Yiopo = Yiow + Kio(Zio — HY1g) = 1.4+ 0.705(0.2 — 1.4) = 0.55,
Viojio = (I — K1gH)Vigi9 = (1 — .705)1.2 = 0.354.

Ky = V10|9HT(HV10\9HT +0)! = 0.705,

Conditioning also on Zj,, the estimated of the state Y;0 is moved towards the observed
value of Z;5 away from the forecasted value.
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b)

The total likelihood can in general be written as

n

LO) = [(Zy, Zay .. Zn) = [(Z2) || F(Zi) Zier, ., Z0). (1)

t=2

For a Gaussian, linear state-space model, the Z,’s are jointly multivariate normal. Hence,
the conditional densities in (1) are also Gaussian with means and variances that can be
expressed in terms of quantities computed via the Kalman recursions as

E(Z)|Zi—1, 245, ...) = E(HY, + b)|Z, 1, Z; 5, . ..)
- HE(}/t|Zt_1, Zt—27 . )
= H}A/t\t—l

and

Var(Zt|Zt_1, Zt_g, . ) = Var(HYt + bt|Zt—1; Zt_g, . )
= HVar(Yy|Z 1, Zso,...)H +Q
= HVy1H" + Q.

For the parameter values in the present example E(Z10|Zo, ... ) = 1.4, Var(Zy9|Zy, ... ) =
1.2+ 0.5 = 1.7 such that the contribution the log likelihood becomes

(0.2 —1.4)

517 —1.607.

1
—§ln(27r1.7) —

Using the Kalman forecasting recursions it follows that Y14|10 = 0.74Y10|10 = 0.132. The
variance can be computed as

Vitjio = 0.7 Vg0 + 1 = 0.7°- 0.354 + 1 = 1.173
Vigjo = 0.7*Viyjio + 1 = 1.575
Visjo = 0.7*Vigo + 1 = 1.772
Vigjo = 0.7*Vigp0 + 1 = 1.868
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Problem 4
a) Using the law of total variance,

Varn, = E'Var(n|n.—1) + Var E(n|m—1)
= E(0y + 01n7_,) + Var0
=0y + 60, Varn,_;.
Assuming that the process is variance stationary, we can solve for Varn, = Varn,_; =
0o/(1 — 61).
Writing the ARCH(1) model in autoregressive form,
Var(ag|mi—1) = Var(; — o7 |ne—1)
= Var(o7(e; — 1)[m:-1)
= Var((6o + 01171 [1:-1)
= 2(00 + 9177371)2

since e? is chi-square with one degree of freedom.



