Chapter 1. Probability Theory

Sample space S - All possible outcomes of a particular experiment.

Event A — Subset of S

Probability — P(A). P(A):S —>RN[0,1]

o - algebra (Definition 1.2.1)

A collection of of subsets of S, B, that fulfills
1. peB
2. AeB=A"eB

3. 'A&’Az’--EB:DA eB

S finite or countable = B is all subset of S

S not countable for instance. S=(—oo, oo). B is all possible intervals of the type

(a,b), (a, b], [a, b), [a,b]. (Borel o - algebraen)

Probability function (Definition 1.2.4)
Given S and B, a probability function is a function that satisfies

1. P(A)ZO‘V’AEB
2. P(S):l

> Ag’,;:‘z;;,eii j}: P(DAJ:?‘P(A)



Calculus of probability

1. Addition rule (1.2.9)
P(AU B)= P(A)+ P(B)— P(Aﬂ B)

2. Multiplication rule

P(ANB)=P(A|B)-P(B) (1.3.3)

3. The law of total probability (1.2.11)

S=JC, CNC, =4, Vi j.Then
i=1

P(A):iP(Amci):iF>(A|c:i PP(C,).

i=1 i=1

4. Bayes rule (1.3.5)

P(C,|A) - P(CNA) _ P(A|C,)P(C)

P S (Al )P(c))

j=1
Independence (1.3.12)
P(Aﬂ B) = P(A)- P(B)



Random variables (Definition 1.4.1)

X random variable. X:S >R

Distribution function (Definition 1.5.1)
Fy (X) =P (X <x), VX
X is discrete if F, (x) is a step function

X is continuous if F, (x) is a continuous function

Probability mass function (X discrete)
fo(X)=P (X =x)= P({sj €s: X(sj):x})
Fo(2) = X (X =

X<a

Support of X: All x for which P, (X =x)>0

Probability density function ( X continuous)
Fe(X)= [ fe (t)dt, vx

f, (%)= % F, (x) if f, (x) is continuous.

Support of X: All x for which f, (x)>0



Identical distributed variables (Definition 1.5.8)
If P(X S A) = P(Y S A)‘V’Ae B then Xand Y are identical distributed

Chapter 2. Transformations and Expectations

Distributions of Functions of a Random Variable (2.1)

Xis defined onX og Y = g(X) is defined on Y
P(YeA)=P(g(X)e A)=P({xeX:g(x)e A})=P(X eg(A))
g7 (A)={xeX:g(x) e A}

g7 (y)={xeX:g(x)=y}

X discete

f (y)=P(Y =)

> P(X=x), forye.

xeg " (y)

X continous

F(y)=P(Y<y)=P(g(X)<y)=P({xeX:g(X)<y)= '[ f, (x)dx

{xeX: g(x)<y}
Monotone transformations (page 50)
g increasing if u>v=g(u) > g(v)
g decreasing if u<v=g(u) < g(v)

g increasing or decreasing <> g is monotone.



Expected Value (2.2)

If <

S (x -

Definition 2.2.1

0

E[g(X)]=

j|x|f X)dx < oo I xf, (X)dx < oo

then E[X] =1

ZXP X =

< Lg(x) fy (X)dx
2. 9(X)P(X =

LXxeX

e S o(x) |- e[0(x)]

Momentgenerating function (2.3)

f e™ f, dx X continuous

ZetXP . X discrete



