TMA4295 Statistical inference
Exercise 12 - solution

Problem 1
Using theorem 2.1.10 we have that Fr(7'|0) is uniform(0,1) and is a pivot. Hence we have

Pp, {T:0a1 <Fp(T|Hy) <1l—ag}) =Pl <U<l—-ay)=1—-a1—az=1—«
where U ~ uniform(0,1). Then we have as an « level acceptance region
{t:a1 < Fr(t|fh) <1—as}
and as a — 1 confidence interval

{0:01 < Fr(t]d) <1-—as}.



Problem 2

The confidence interval derived by the method of Section 9.2.3 is

C(y){,u Y+ — log(§)<y<y+ log(lf;)}

where y = min; ;. The LRT method derives its interval from the test of Hg: ;« = po versus
Hy:pu # pg. Since Y is sufficient for p, we can use fy (y | p). We have

AMy) = —Puzmo Liply) — _ ne™(y = m0) g, 00))
i SUD e (oo .00) L(12[Y) ne= I, )
—nly—n 0 ify < po
— ey Lo)[[#o”x)(y) — { o n(y—po)  if Y = 1o,

We reject Hy if A(y) = e="w=r0) < ¢, where 0 < ¢, < 1 is chosen to give the test level o. To
determine ¢, set

log ¢,
a = P{reject Ho|p=po} = P {Y > po — D8 iy < Ho| p = ,uo}

n

log ¢ >
= P { Y > po — £ Ca o= ,uo} = / neMWmHo) gy
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Therefore, ¢, = a and the 1 — a confidence interval is

log « 1
C(y){.uiu-<y<u-— Oga}{lt131+— 10ga<.u<y}-
mn

mn

To use the pivotal method, note that since p is a location parameter, a natural pivotal quantity
is Z =Y — . Then, fz(z) =ne "Iy )(z). Let Pla < Z < b} =1 —a, where a and b satisfy

g 7/ e "% sy — 47727 B T %
—log (1 —%
-~ 4= e ( 5)
mn
(@4 = o0 «
- L PO L jfnb =  _—nb=loo —
9 l ne z € b € T OgQ
1 y
= b= ——log (Q)
n 2

Thus, the pivotal interval is Y +log(a/2)/n < pu <Y +log(1 — a/2), the same interval as from
Example 9.2.13. To compare the intervals we compare their lengths. We have

1
Length of LRT interval = 1y — (1/ + log «) ——log
n
. . 1—a/2
Length of Pivotal interval = Y + log(l —a/2) ) —(y + log a/2) = — log a2

Thus, the LRT interval is shorter if —loga < log[(1 —«/2)/(«/2)], but this is always satisfied.



Problem 3

Solution. The likelihood function is
L(0; X1, .0 X)) = 0[T(0)] (X, - e X)) e 02N =

— Hn()[r(gﬂ—”()(l .. X.”,Q—Zx-t)”()(l T ‘Xr‘”)—l.

Put
(X1, X)) = [ Xi e 2N,
g(T,0) = 0" [L(0)] [T (X4, ..., X,)]’,
and
h(X,, .., X)) = (X, .- X)L,
Problem 4

a) Denote the Fisher information of the sample and that of one observation by 7(6)
and Iy(0) respectively. Then I(0) = nly(0) and

dln F(X:0)\ X2 1V 1o, 1
o) ( 00 ¢ 0) 0" 0
To find EX* we can use mgf: EX" = M™(0).

We have

My (t) = P12



021‘2’2(9 f ‘|—H2)

MY (t) =
MY(t) = (0 + 30')

VT I2(0%1) (05 + 30M) + T2 (3054 + 301

MP(t) =

Hence EX* = MW(0) = 30*

and

2 2n
b)
2 (n— 2 (n—2)
ET, = =EX?+ BEX? -~ (n—-1)| =6
"o ! nn—1) Z (n nin —1) (n ))
i.e. 1, is unbiased.
z2yz Iy,

c¢) It is consistent: =

, — 2 1 "
L. Y X2 px? =g
n n—1:= "~
d)
;o4 5 (n—
VarT, = n—glw ar(X7) + 2 ZI ar(
4 , — 2)%(n—1 201
(n—2)*(n ) — Var(X?) _
n—1 n—1

— ;T, )(2 JE—
Var(X?) + (=172

n?
since
Var(X?) = EX' — (EX?)* = 30" — ' = 2¢"
(EX" was obtained in part (a))
The Cramer-Rao lower bound is (use part (a))
GO ae ot o - Var(r).
n—

1(0) 271/92 on

Hence T, is not efficient
/ 1 72
L(0: X1, ., X)) = (2m) ™20 e mm 257,
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Problem 5

a) The acceptance region: A(X') > ¢ where

M) = L(0y; X) L0y X)
T supL(9; X)) L(Oyrrp: X))

and ¢ is found from the condition
Py (AMX)>e)=1—-«
~ 1 R =
Orie = - Z X, =X
A(X) = ¢3S0
So, the acceptance region

1 _ 1
Op — —=l e <X < b+ —=l
n 2 n 2

v v

where [; - -quantile of the standard normal distribution.

b) Inverting the test of part (a) we obtain the following (1 — «/) confidence interval:

_ 1 _ 1
N —— e X+ —l_=«
n =% + n =5

Vi Vi



