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Chapter 5 Random Sample

Random sample: X',..., X, are iid.

Some properties of Statistics

X,,....X, are N(u.az)

X:lZX, and §° =_l_l ” (X, —)—()2 are independent
= =1
- : -1)8? .
X~N(#,G—], Q’———,lé—ﬁc‘(n—l)
i ol
T-statistic: X;ﬂ, In general 7, = N(ﬁO,l)
=L ¥’ (p)
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Chapter 6 Sufficiency and completeness

Sufficient statistics

A statistic 7( X ) is a sufficient statistic for @ if the conditional
distribution of the sample X given the value of T(X') does not depend

on@.

Theorem 6.2.2
If p(x|0) is the pdf/pmf of X and q(t|9) is the pdf/pmf of 7( X)),

then T(X) is a sufficient statistics for @ if, for every x in the sample
p(x[6)

q(T(x)|6)

space the ratio is a constant as a function of 6.

Factorization Theorem

Let f(x|9) be the joint pdf/pmf for a sample X . 7(X) is a sufficient

statistics for @ if and only if for all x and all 6 .

7 (xlp) =g(T(l0))(x)

Minimal sufficient.

Definition 6.2.11. A sufficient statistics T(X)is called a minimal
sufficient statistics if for any other sufficient statistics 7' (X ), (X))
is a function of T(X).



Theorem 6.2.3

Let f(x|6?) be the joint pdf/pmf for a sample X . Suppose there exists
a T(X) such that for every x and every y, f(x|9)/f(y|9) is a

constant as a function of & < T(x)=T(y).Then T(X)is a minimal
sufficient statistics for 6.



Chapter 7. Estimation

Maximum likelihood estimation

Likelihood:

iid _n

L(6]x)=1(x(6)=117(x16)

i=1
6,(x) maximizes L(6|x)
6(X) is the MLE

Candidates: For &

Invariance principle:

If 6 is the MLE of 8, () is the MLE of 7(6).

Bayes estimation:

Prior:(0) Posterior: 7r(9|x)

f(x.0) _ S (x[o)(0)
f(x)  [f(x.0)d0

éB = E(0|x)

ﬂ(¢9|x)=




Evaluation of Estimators

The mean square error

MSE = E| (W -6)’ |=Var[w]+(E[W]-0)

Score function
0
S(x16)= Elogf(xw)

E[s(x|p)]=0

Var| S(X|0)|=1,(0)= —E[ag

Let 7(0)=E[ W (X)]

Cramer-Rao

Var|W(X)]2 [;T(Q)T

Cramer-Rao iid

Var|W(X)]2 (591

2 s(x]o)

2

} - —E{aa—;zlogf(XIH)}



Equality
If and only if S(X|0) = a(Q)[W(X)—b(Q)]

The multiparameter case

Var[ W (X)]2(V2(8)) (1(6)) (V=(8))

Completeness

Let f(t|0) be a family of pdfs/pmfs for a statistic 7'( X). The family is

complete if

E,[g(T)]=0 = F,(g(T)=0)=1,forall 6.

Completeness and the exponential class

Let X,,..., X, beiid. from an exponential family i.e.

f(x|9) = h(x)c(H) egwm)ti(X)

Then T(X) =[Zn:tl (X,.),itz(X,.),...,Zn:tk (X,.),J is complete as long

as the paramet:space cc;:tains an opel?: setin Ré.

Minimal sufficient if w,(0),i=1,2,...n are not linearly dependent

Complete if no functional relationship exists between w, (9),1‘ =12,...n

Then also the distribution of

T(X)=(Zn:tl(X,.),Zn:tz(X,.),...,itk(Xl),j is within the exponential
i=1 par i1

family.



Sufficiency and Unbiasedness

W unbiased estimator of 1(0).

T a sufficient estimator, then E[W|T] =7(6) and
Var|W|T |<Var[W], V0

T complete = E[WlT] is the unique best unbiased estimator for 7(6)



Chapter 8. Hypothesis Testing

Hypothesis testing.

H,:0eQ, H :0eQf

LRT

supL( ) supL( )
_sgpL(0| )_ (é ) = (T(x))

A(x)

Reject if A(x)<c

Power function

,8(0) =P, (X eR)

)



Chaper 9. Interval estimation

Interval estimator [L(X),U(X)]

Interval estimate [L(x),U(x)]

Coverage probability: P, (9 € [L(X)>U(X)])

Methods of construction

Invertion ofatest H,:0=6, H,:6+0,
A(00)={x:xeR"}

C(x)={6,:x< A(6,)}

Inverting LRT
C(x)={6,: A(x) 2k}

Pivotal Quantity

The distribution of Q(X,60) is independent of 4.

C(x)={9:0:1 SFT(t|9)$1—a2}

Credible sets

P(0 € A|x) = :‘;7[(0|x)d9
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