TMA4295 Statistical inference
Exercise 4 - solution

Problem 4.15
X ~ Poisson(f) and Y ~ Poisson()\)
Z =X+Y ~ Poisson(f + \)

ezefe )\zfme—)\
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which is a binomial with p = (MLA) .

Problem 4.30
Y|X =2 ~ N(z,2%) and X ~ Uniform(0,1).

a)
1
E(Y) = B(E(Y]X)) = B(X) = 5,
1 1 5
Var(Y)=EVar(Y|X)) + Var(E(Y|X)) = T + 3= 19
1 /1) 1
Cou(X,Y) = E(XY) = EX)E(Y) =3 - (5) =15
b) Cousider the transformation U = % and V = X, then we have x = v and y = wv and the
Jacobian is v. Since fy 4 (z,y) = zmi/;eacp(_(g;f)z)I(Oyl)(m) then

1 _(u.vfu)2
fov(u,v) = TN 22 Lo,y (v)v = g(u)h(v).

Problem 4.31
Y|X =2 ~ B(n,z) and X ~ Uniform(0,1).

a)
B(Y) = B(B(Y]X)) = E(nX) = 7,
Var(Y) = E(Var(Y|X)) + Var(E(Y|X)) = E(nX (1 — X)) + Var(nX) = % + %
b)
) = Fl0)f@) = ()21 - 0" o,
c)

fr(y) = /01 f(z,y)dz = /01 (Z) (1 — 2" Vg = (Z) T'(y +%)(E(Z ;)y +1)

Problem 4.32
Y|A ~ Poisson(A) and A ~ Gamma(a, B).
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= s ), xp(g) = o (7))

If o is an integer
o= (57 (755) (755)
YW= y 1+6) \1+5
that is a negative binomial.
E(Y) = E(E(Y|A)) = E(A) = af,
Var(Y) = Var(E(Y|A)) + E(Var(y|A)) = E(A) + Var(A) = af + af? = af(f + 1).

b) Y|N ~ Binomial(N,p), N|A ~ Poisson(A) and A ~ gamma(a, 8) from example 4.4.2 we see
that
(pA)e

y!

)

P(Y =y[A)=>_ P =y|N =n,\)P(N =n|\) =

so we have Y|A ~ Poisson(pA), calculations similar to those in a) prove that Y is negative
binomial distributed (if « is a positive integer).

Problem 4.35
X|P ~ Binomial(n, P) and P ~ Beta(a, 3)

)
Var(X) = E(Var(X|P)) + Var(E(X|P)) = E(nP(1 — P)) + Var(nP)
=n(E(P) — E(P?)) 4+ n*Var(P) = nE(P) — nVar(P) — n(E(P)?) 4+ n*Var(P)
=nE(P)(1 - E(P))+n(n—1)Var(P).
b) ,
Var(Y)=aB+aB*=pu+ %.

Problem 4.36
X;|P; ~ Bernoulli(P;) i=1,..,k
P, ~ Beta(a, ).

We first compute N

B(X:) = B(E(CX|P) = E(P) = .
_ e Ve p — 8
Var(X;) = E(Var(X;|F;)) + Var(E(X;|P;)) = T
a) Since Y = Zle X;
k
BX) =3 B(X) = =



b)

K naf
Var(X) = ZVGT(XO = Tk

To find the distribution of Y let’s consider the mgf
My () = B(eZ ) = B()" = B(E(e™ [py))"

Now
1

E(emltlpl) _ Z eazlt (pfl(l _p)l—zl) =1 —p—i—pet

w1:O

= My (t) = E(1 —p+pe")" = (1_ai5+etaiﬂ)'

Which is the mgf of a binomial(n, a%_ﬁ)
c) X;|P; ~ Binomial(n;, P;) and P; ~ Beta(a, ) for i =1,..., k.

- n;x
= aJrﬂ’

niaf(a+ B +n;)

E(X;) = E(E(X;|P)) = E(n; P)

Var(X;) = E(Var(X;|P)) + Var(E(X;|P;)) =

+B8)2(a+pB+1)’
k

(«
a k
= E(Y) :ZE(Xi) = (HBZW

k
Var(Y) = Z Var(X;).

i=1

Problem 4.58

)
CooX.¥) = [ [(@ =)y - 1) (o v)dody
= [ [y @
- /(x = i) (BE(Y[X) = py) f (2)dz
= Cov(X, E(Y|X)).
b)

Cov(X, (Y — E(Y[X))) = E((X — pa)(Y — E(Y]X)))

— [ [ ua)w Bl folo)duf @)y
~ [ ) [ B fglo)dyf (o)
~ [ ) (EY]z) = E(Y]a) f(a)do = 0.



Var(Y — E(Y|X)) = / / (v — E(Y|2))2f (z,y)daxdy
- / / (v — E(Y]2))? f (yl)dy f (x)dz

= [ Vervin) sz = EVar(v1x))



