TMAA4295 Statistical inference
Exercise 11 - solution

Problem 1
Using the factorization theorem
FX|8) =6 [L@) ™ (X1 ----- X)) le?ied with @ =0
= 0" T (XK X D0 (X X )
Put
T(Xi.. Xa) =[] X e =5
g(T.,8) = ™ [[(8)] ™ [T(X; ... X))
MXy, ..., Xn)=(X1--- Xn)?
Problem 2

a) Y =30 X;, X1,i=1,..,nare iid B(l,p)

~ B(n,p) = f(ylp) = (:)pyu g

= (;){1 fp}‘“(l -t = (;)MP (ylng (%p)) (1-p)"

With h(y) = [:}, ep) = (1-p)", w(p) = log (T-E—P), t = y we get that is an exponential family.

flylp) = (‘;)pw.:l — p)"Y = h(y)g(ylp)

Shows that Y is a sufficient statistics for p.

Ny W] —p Y
b) For two samples =y, ...,z and 2y, ..., 2, ¥y = Y x; and 2 = %~ 2; we have %ﬁ% constant
as a function of p <= y =2 = y =} r; is minimal sufficient.

Y is from an exponential family with p € (0,1), hence Y is a complete statistics.

P(Xl “1NY X, = y—lj p(;_lj P (1-p)"”

c) P(X, =1y =y)= i - _y

P(Y=Y) (;J o'(1-p)y” "




2T
T

= E(X4|Y) = Enzi and E(El‘i)

and it is the unique best unbiased estimator of p.

Problem 3

a) Denote the Fisher information of the sample and that of one observation by 1(#)
and Iy(#) respectively. Then T(#) = nly(f) and

(OO X 1,1
ID(H)—L(—SH ) _ﬁ.(ﬂﬁ H) = —EX

To find EX' we can use mgf: EX™ = M"™(0).

We have
.'1--{_\; (T}' — “ﬂi:z__.'z

M) = "2 (0% + 07
MY () = "R (65 + 30')
M (t) = "R 0(05 + 3071) + ¥V 2(30%% + 30)
Hence EX? = MW {0) = 36"

and

() = —.
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2 __. (n—2) & ) (2 (n—=2) .
ET, =ZEX 4+ —— N XN =P | 4 —(n=1)) =
n ! + nin—1) E ’ ( " (n—1)

n o n{n-—1)

ie. T, is unbiased.



4 2
l'm']"u——lm }Ll}-{- ( IZ],H]'"{“. ) =
(n—2)%(n—1) ) S | 20!
= Var(X’ = Var(X? =
ar(X7) .uJ IH{Ir —1)? ar( )u -1 n-1

since
I-'ﬂr{l"‘"'] =EX"'— {.":ﬂ-_"'x"‘j']l2 = 30" — ¢ = 20!

(EX" was obtained in part (a)).

The Cramer-Rao lower bound is (use part {a))

[%{ﬁz}]?_ 2 20t 2

< = Var(T,).

ey 282 n " n-1

Henee T, is not eflicient

L(B: X1o o X) = (27) 20 e w7 27

Jln L no 1 ”
s - ptEt




Problem 4
X ~ Poisson(a) and Y ~ Poisson(j3)

a) L{a, S|z, y) = e ® 5;.' e~#. The MLE for a and 3 in the full model can be computed by
takmg the first derwatwes respect to o and 5 of the log-likelihood and set the derivatives
equal to zero.

=7,

B=1y.

The MLE for « and 3 under Hy can be computed as we did previously, keeping in mind that
under Hy we have o = .

. T+Y
g = ——.
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