
TMA4295 Statistical inference
Exercise 4 - solution

Problem 4.15
X ∼ Poisson(θ) and Y ∼ Poisson(λ)
Z = X + Y ∼ Poisson(θ + λ)

P (X = x|Z = z) =
P (X = x, Y = y)

P (Z = z)
=

θxe−θ

x!
λz−xe−λ

(z−x)!
(θ+λ)ze−(θ+λ)

z!

=

(
z

x

)(
θ

θ + λ

)x(
1− θ

θ + λ

)z−x

which is a binomial with p =
(

θ
θ+λ

)
.

Problem 4.30
Y |X = x ∼ N(x, x2) and X ∼ Uniform(0, 1).

a)

E(Y ) = E(E(Y |X)) = E(X) =
1

2
,

V ar(Y ) = E(V ar(Y |X)) + V ar(E(Y |X)) =
1

12
+

1

3
=

5

12
,

Cov(X,Y ) = E(XY )− E(X)E(Y ) =
1

3
−
(

1

2

)2

=
1

12
.

b) Consider the transformation U = Y
X and V = X, then we have x = v and y = uv and the

Jacobian is v. Since fx,y(x, y) = 1
2x
√
π
exp(−(y−x)

2

2x2 )I(0,1)(x) then

fU,V (u, v) =
1

2v
√
π
e−

(uv−u)2

2u2 I(0,1)(v)v = g(u)h(v).

Problem 4.31
Y |X = x ∼ B(n, x) and X ∼ Uniform(0, 1).

a)
E(Y ) = E(E(Y |X)) = E(nX) =

n

2
,

V ar(Y ) = E(V ar(Y |X)) + V ar(E(Y |X)) = E(nX(1−X)) + V ar(nX) =
n

6
+
n2

12
.

b)

f(x, y) = f(y|x)f(x) =

(
n

y

)
xy(1− x)n−yI(0,1).

c)

fY (y) =

∫ 1

0

f(x, y)dx =

∫ 1

0

(
n

y

)
xy(1− x)n−ydx =

(
n

y

)
Γ(y + 1)Γ(n− y + 1)

Γ(n+ 2)
.

Problem 4.32
Y |Λ ∼ Poisson(Λ) and Λ ∼ Gamma(α, β).
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a)

fY (y) =

∫ ∞
0

f(y|λ)f(λ)dλ =

∫ ∞
0

λye−λ

y!

1

Γ(α)βα
λα−1e−

λ
β dλ

=
1

y!Γ(α)βα

∫ ∞
0

λy+α−1exp

(
−λ
β

1+β

)
dλ =

1

y!Γ(α)βα
Γ(y + α)

(
β

1 + β

)y+α
.

If α is an integer

fY (y) =

(
y + α− 1

y

)(
β

1 + β

)y (
1

1 + β

)α
that is a negative binomial.

E(Y ) = E(E(Y |Λ)) = E(Λ) = αβ,

V ar(Y ) = V ar(E(Y |Λ)) + E(V ar(y|Λ)) = E(Λ) + V ar(Λ) = αβ + αβ2 = αβ(β + 1).

b) Y |N ∼ Binomial(N, p), N |Λ ∼ Poisson(Λ) and Λ ∼ gamma(α, β) from example 4.4.2 we see
that

P (Y = y|λ) =

∞∑
n=y

P (Y = y|N = n, λ)P (N = n|λ) =
(pλ)ye−pλ

y!
,

so we have Y |Λ ∼ Poisson(pΛ), calculations similar to those in a) prove that Y is negative
binomial distributed (if α is a positive integer).

Problem 4.35
X|P ∼ Binomial(n, P ) and P ∼ Beta(α, β)

a)
V ar(X) = E(V ar(X|P )) + V ar(E(X|P )) = E(nP (1− P )) + V ar(nP )

= n(E(P )− E(P 2)) + n2V ar(P ) = nE(P )− nV ar(P )− n(E(P )2) + n2V ar(P )

= nE(P )(1− E(P )) + n(n− 1)V ar(P ).

b)

V ar(Y ) = αβ + αβ2 = µ+
µ2

α
.

Problem 4.36
Xi|Pi ∼ Bernoulli(Pi) i = 1, ..., k
Pi ∼ Beta(α, β).

We first compute
E(Xi) = E(E(Xi|Pi)) = E(Pi) =

α

α+ β
,

V ar(Xi) = E(V ar(Xi|Pi)) + V ar(E(Xi|Pi)) =
αβ

(α+ β)2
.

a) Since Y =
∑k
i=1Xi

E(X) =

k∑
i=1

E(Xi) =
nα

α+ β
.
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b)

V ar(X) =

k∑
i=1

V ar(Xi) =
nαβ

(α+ β)2
.

To find the distribution of Y let’s consider the mgf

MY (t) = E(e
∑
i xit) = E(ex1t)n = E(E(ex1t|p1))n.

Now

E(ex1t|p1) =

1∑
x1=0

ex1t
(
px1
1 (1− p)1−x1

)
= 1− p+ pet

⇒MY (t) = E(1− p+ pet)n =

(
1− α

α+ β
+ et

α

α+ β

)
.

Which is the mgf of a binomial(n, α
α+β ).

c) Xi|Pi ∼ Binomial(ni, Pi) and Pi ∼ Beta(α, β) for i = 1, ..., k.

E(Xi) = E(E(Xi|Pi)) = E(niPi) =
niα

α+ β
,

V ar(Xi) = E(V ar(Xi|Pi)) + V ar(E(Xi|Pi)) =
niαβ(α+ β + ni)

(α+ β)2(α+ β + 1)
,

⇒ E(Y ) =

k∑
i=1

E(Xi) =
α

α+ β

k∑
i=1

ni

V ar(Y ) =

k∑
i=1

V ar(Xi).

Problem 4.58

a)

Cov(X,Y ) =

∫ ∫
(x− µx)(y − µy)f(x, y)dxdy

=

∫
(x− µx)

∫
(y − µy)f(y|x)dyf(x)dx

=

∫
(x− µx)(E(Y |X)− µy)f(x)dx

= Cov(X,E(Y |X)).

b)
Cov(X, (Y − E(Y |X))) = E((X − µx)(Y − E(Y |X)))

=

∫ ∫
(x− µx)(y − E(Y |x))f(y|x)dyf(x)dy

=

∫
(x− µx)

∫
(y − E(Y |x))f(y|x)dyf(x)dx

=

∫
(x− µx)(E(Y |x)− E(Y |x))f(x)dx = 0.
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c)

V ar(Y − E(Y |X)) =

∫ ∫
(y − E(Y |x))2f(x, y)dxdy

=

∫ ∫
(y − E(Y |x))2f(y|x)dyf(x)dx

=

∫
V ar(Y |x)f(x)dx = E(V ar(Y |X)).
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