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Frequentist statistius fixed and E random

Properties of MLEs arsgent dead in

such a E E Var E and its

distribution often impossible to

az.in

EE 0 from an estimated
model and estimate ECE by

ETI EE
Bayesian statistis fixed random 2

in

Joint posterior density

TCE α LIE E

difficult to deal with analytinally

Instead sample from ICE using MCMC

Sanity checking Analytin tents simulations

Part 1 The basics

for simulating from common

Tins and discrete distributions

www.amidatea.it
as the next random number

n 1

Ex 2112

X 01236544
FE



Linear congmential generators e g Lehner 1951 glibe gcc

net aXn c mod m

Sinclair 2 81 computer 1981 f ff

me 75 X 74 mod 1

Retol
R default Mersienne Twister 1998

Period of 219937 1

To change
RNG kind

To reseat same sequence many
times

e g for reproducability
set seed 7

am

when Ffx P X is the cdf of X

Alg
u Unit to 1 2

F u n

reta



Proof The calf of X becomes

Elx P X

P F U x

P U F x if F has an inverse F
I

Fu FEI

F x

Ex If X exp X then f x de F x 1 e

if
F u

then

U F x 1 e

In 1 n Xx

In 1 a F u

IRden.tl
For continuous random variables F is known as

the quantile function

Generally including for discrete random variables we usually

define the quantile function as

F p inf ER p F x a

convention followed by functions in R



Ex If X geom q then the pmf is p x 1 1
for x 2,2 and F x P Ex 1 P x

1 P No failures in first trials 1 1 g
t
rightcontinuous

Fat p
1

III
pi.nff.FEE.it

e ital
nfyy.gg

ggggg

F p inf ER p FG
1
19 leftcontinuous

Alg n Unif 10,1

I A
The quantile function
F defined by 1 almost surely a left inverse of F
in that F F X almost surely
but F F U U almost surely



Inversion method only using part

p x pi for Xi 5 1,2 k 4 44 ex

Alg
u n Unif 2

i c 1

F Pa
while us F t

ic n 2 Fki an Flx

FL F Pi
and while

return

Ex X Bern p

u Unit 0 1

if usp
c 1

else
a o

return



Simulating the generating process

Ex negbin rip Ex Poisson x

Ot Exp x

FFFS FFFS FSF FFS

so o
C O

0

while Sar

Exp xu n Unit 0 1

c I t e t at

if ucp if t 1

s e s t 1 break
C 1

end it
end while end do

return return

Ex X bin n p

0

for i 1,2 h

u n Unit 0,1

if ucp
c 1

end it
end for
return
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FEE ITT
BoxMullenmethed
Aim Simulate from the standardnormal

Inversion method Y U

Consider instead

Ya I É N 0,1 Then fylya.ve e

Joint pdfof correspondinging polar coordinates

fr o no fy a x
r

y roost

Ye rsint

e

first
sine

rs.it rat

e r cus't risin't

re

FEEL
i e G Unit 0 25 and frfr re



R has calf

Fall e ax e I e

o

with inverse

a I e

24117 Filu r

Alg Box Mullen

u Unif 0,1
G Unit 0 2T

re F 21nF
Y C r cost

rsino

return 41,72

But rnorm uses slightlyslower inversion method based on

minimax rational function approximations of IC
obtained via Remez algorithm



unit 1 1

x unit 1 1

u c

until UC I

return FÉE x x2

Proof
i a

Let V X X

fr it fx xKm JI

T

EE.EE
Thus Flu v2 and so V x x V Fr T Unit 0,1

From Bux Muller method we know that

No 1 Kia R int sine F2I
24 x x



i k f H 2.20

Rejection samp Aim Simulate X flx where the support of f is a b

is an uppe bound of ft

Als repeat
c Unit a bl

a c Unit a c

until u f x

return

Proof Bayes theorem

tmall.PH I gf.fi a fd

Iearrtot is unbounded

into bivariate density with bounded support

Als Simulate x a Unit C where C 6 x O xa f fT
y c

a

return y

Proof Joint density of

Y 2 1 2 42 42

becomes

fly 2 fix x

1 I
K kz



Thus Vf IFF
f't d 1 fly

If f x and f a are bounded

then QC 0 a b b where

a Syp FI NEPHI 1

b x ̅ 121

Fsup I 131

Proof EU ET sup FY fi I a

If 130 then

EVICIT
I T FÉTf CT TEx fET b

If so then



Ex Y Cauchy 0,1 with f y

a f 1

O FCT 1
i

1

Fi xa F

Alg
repeat

In Unit o 11

on

until xi xi 1

y 2 a

return

Improvement If R has density f r 2r for oeral

and nu it E E then X Roost z Rsino

has a u if density on C

But Y two R caniels

So the alg simplifies to

unit E E
y c tan G

return Y
equivalent to the inversion method



Ex Y N 0,1 fly e

a Ipf I 1

FEET
e
21

2in 1

4 In

let 2x FX b a

For O x 1 9 b x has a maximum at

a

2 Inx 1

e

of b e zé f fé b sypÑÉÑ
Als repeat

X unit o 1

unit _fé Re
until 4 51 x

y c 1 1

return y



e x x e 2x e a

2x
3

0

2 0

If

sap x 841 2 e 2 e

by sypx'fI Re

Ex Yn Gamma α fly y é
Mode at

f a 1 in x x 1 0 a 1

if α 1 Thus

a sypfT

fix e Hallux
1 0 as

for all 2 0 Thus

b L A FEE
b IEEE 0

To



Alg repeat
Unit10 a

Unit 0,1

until VIP éT
y C X2 I

return y

Ex Pareto 0,2 f x 31 0

x f x not bounded for α 1

Ratio of uniforms method
not suitable



ᵗf can be seen as a

countable mixture

f x Σ f x y fly f x y

or as an un countable mixture

f x flxly fly dy fix y dy
A

A

If we can simulate from fly and flxly the

we can simulate from fix using

Alg y fly
f x y

return

Ex If AnGamma aip and X d Pois a
then nursbin

Malt Alternatively

My Ca e 11 1 xx x dx

Mx H E Eat x
o

Emu P fix ai

Eette s

My et 1



i.fi

III I
Jet

the mgt of nnessin a p where p Ip
Alg to simulate X nesbi.la p

β Ip 1

Gamma α

pois d

return

EX TN tn Conditional on Viv I is normal

with Var T Kv
2,2 f

and zero mean i e

ft act ge
Pdt't value e

Marginal pot of T is the mixture

fit fine t folder α 1
U



IIIIIII a Σ it feel ziileiexrf IKm.ie m

Charo terization

Any tinea transformation y Axtb
also multivariate normal

Marginal and conditional distributions

at a e at at S Σ E Q E
Then

N A E 12 N 12 222
and

1 It N As E Σ Ma Σ EEE
N
A Qian x a Qi

Proof Suppose w 1org that µ

fa.la.CA exp

exp Q I Q It Quk Q224

exp Mil Qu Mil

exp iQx MIQ Q.mn 1

Equating coefficients Q file Qize

Mile QiQu



Quadratin forms If Σ has full rank ped
p nonzero

eigenvalues then

µ Σ x a Xp
11

x MIP D D P µ

FEE
Simulation

Let Nato In Then y 1 AI N µ AA

Thus if AAT Σ then yr Nd f Σ
Possible choires of A

A PD where PDP Σ is the eigen decomposition of Σ

A chol Σ L lower triangular matrix
In R chol returns

Finding L
We have

Li
in lith Hit 431421 42422 531 151 3 31 232 33

Given Σ firstsolve for Lil then 2211 22 231 43212331

Cost O n



EI.TTIIafTI fea kf cx only f x known

Can simulate from proposal g x

Let c 1 such that f x a gk for all ER

Alg repeat
n g x

u n unit 0,1

c t.fi
until was É
return

Prout

taunt it

fix

Note that overall acceptance probability

P U α f x dx if f x fix



Ex X N 0,1 fix e

Use glx e as proposal

Optimal choice of c and d

Given what is syp

The acceptance probability
conditional on X x is

I t.EE

e
C ai n

and has its maximum of

Eie
at X We need

III
and thus

c fÉe ca

The overall acceptance probabity known since f is known

PCV at e

has its maximum when

int 4 0 4 1

for which c d E'e 1.315 and P Vca 1 0.7602



Implementation hit

repeat α her e

newUnit o 1

log n

U Unit 0 1

if uz 4

α e

U Unit 0 1

until n α

return

Note If only f was known we would

need to maximise by experimental tuning of X



an.nu

fle fix a for Hell 1

where Y

Proposal
g e In for 2 1 i 1,2 in

flat egle In for c 2111
Accept with prob PCU α I x

offs
1 it If I

0 otherwise

Overall acceptance probability

P vi a f E

w̅ 4 0.78

3
I

0.52

I 3 2
0.308

10 0.0025
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Findig good proposal Adaptive rejection sampling

Alias method disinte finitesupport

is
a gka.mil I
for 5 1 in

a a

Ym fly where f y
t Y i 5 1,2 in

0 elsewhere

return Ya Ym

The discrete distribution f approximates f in the

sense that its calf

E a P X a FG

Σ for

i X a



I

I d

find

Fla
the calf of X as n o

The second sample ya You can be generated

using the alias method function sample in R

Rdell
Tail behaviours e

14 11 i 2 1

I 5 must befinite



1974 1977

1it sIYiiipmtpcx.itpi.i tin in

Als Ex
p pPrecompute Ui Ki 5 1,2 n

c Pi ki na
5

While vi 1 Uj 1 Kj NA for it
U Vi 1 U

Kini
2 115 1215 1 NA

0.5 NA 1
Operation

u n un't 0,11 4 I NA
ic nu 1 5 0.75 NA 2

yc nu Lnu

it can You2 i

else

a K

return



A

name

piecewise linear log proposal Inlagh
from tangents of Infix at initial

grid points as is n n

do
n glx
a countable finite

extend
a

u unit 10,1

it us α

break
improve Infighi by adding to grid

end do
return

R package ars



Montecanlointegration

A.im Estimate Elh X where fix

Ex E vax.EC E
PCXsal ECEf

a

Simulate x2 x flx and estimate E h XI by

Fx fÉh
Unbiased since

E h Xil ELLA ELIX

By strong law of large numbers

Eh Xi Eh x

as n a



If ÉiiI Ethan f

Alg
Sample x2 x2 Xu g x

Compute

Erin mil I

This estimator is unbiased sinic

ELENA t.EE hMilf

hex skldx
a

hL find E h XI

By the law of large numbers EW E him

Optimal choiceof g x is

sea in
sine this leads to

Val Var Krishnan 0

In practice choose glx such that it is approximately
proportional to h x g x

Rdemo



t.ae
alternative estimator

EI
is not unbiased sine E But as nice

El f sina.fftc.lk

and

hlx.EE IEfhH final cadx

Thus using Slutsky'stheorem

EW sjfII.FI fhHfHdx E hCXI

i e EX is consistent



I te sina.rs
PC.A.to PCB I a

a PCB A Paid

for 5 1,2 n where Aa An is a partition of sample space B

For discrete random variables

For continuous random variables conditional pdf of given Ky

fy 614 fyk f
f x y a

Probabilities are extended to in lude subjective personal degree

of belief in different values of unknown parameters fixed constant

and updated via Bayes theorem

f x α f x e for

p.EE EiEEE
Ex X bin n p n known p unknown e.g profits it g Ef
Prior beliefs about p modelled by assuming that p Beta x β

Thus the prior density is

ftp ff g E'ci pYap Cpr for o p 1

The likelihood 410 x fix e Y p l p



Given the data X x the posterior density

f p x α fix plff

α p l ps p l p

p up
Atn I

i.e.pl x Beta x x p
n x

For n 10 0 and α p 1 p unit 0,1 and

p X O Beta 1,11

with posterior expectation and standard deviation

E p 4 0
1 21

42 0.083 SD p 4 0 0.076

In contrast MLE of p and MLE of its SE is

p 0 SEP FIRM o

Othersummaries of flp x Bayesian point estimates

The mude Mod t
argyax f

Glx

The median

Credible intervals Q x Q x1 s t

P Oct12 0,67 X x 1 α

e
Minimises Q Q



In contrast a confidence inter al x X is defined sit

P Glx o E x G 1 α

Note that LTP

SPI.fi fthidx fefff.EfGldo
i e frequentist coverage of Bayesian credible

interval is 1 α

on average

Sequential updating

tgI.cond.tn on to

flola α f a G

LIFE
step 2

1 ÉÉolf e x2 x

T.EE
1

Same result as

f x2 x α f x2 x f f G

f x2 2,6 f x e f o



prior beliefs

Conjugate priors
A family G of distributions is conjugate
with respect to

a likelihood G x f x e

it both prior f a and posterior flt x

is in G

Ex I L p 4 p l p p Beta xp is

conjugate to p
G since p Beta atx.pt n x

if p Beta ap
Note Simplifies sequential updating

Ex 2 X N N T know m unknuan

In up
Llm x f x m α e

Conjugate prior is m
NMo To

flat α e
21mnot

since the posterior is then

fly x α f xlr flu

If m 1m mi
e

It IM 21 1m
e

e

m Fit
E re



i e nh Nlm where

t.IE 6
and a

f
average of and a weighted
by respective precisions

same famil G

PIE

Ex 3 r N M T µ known 52 unknown

4 a α try_ e
2

Reparameterizing in terms of precision T f
L R x α at e

a

Conjugate prior is a Gamma α

f a α e
β

since

f a x it e
At'E a

i e
a Gamma at p

Accordingly conjugate family for T is the inversegamma

Y i
Exp Gamma

Exponential family likelihoods at way have a conjugateprior GL2.3.1



resenting complete lack of prior knowledge about

objectivity via pdf f t floldt e g f t L for oct 6

Ex 2 cont funny r 52 anion

M NMo To
1a

at the posterior

fly x ftp.e
t Ib

If we instead use the improper prior
Za

f m α 1
as prior for µ and assume that

f mix α flxlm f m 2b

still holds we obtain

fly x α e 1 2c

i e the same result as limiting posterior 1b above

But note that

flnim.it 0

which differ from f m in La

If a sequence of proper priors converges g
vaguely

see Birche Dmithet 2016 for def to an improper prior flo

then the limiting posterior as in 1b

can be obtained istead via fro x α f x f a as in 2

where flo is the g vague limiting improper prior

Some improper priors leads to credible intervals with exact frequentist coverage
matching priors



I fm I oup fCpl 1fnocpc1

G 1n Ipp It
has a non uniform density

f e f p to go
to 0 0

i e logist 1 So in terms of the prior
is not non informative

An alternate improper prior is f 6 α 1 for no CE co

which leads to

f p flo f Ip p p
p l p

the Haldane prior which can be seen as a q vague limit of

a Beta air as a p 0 For the X pubin nip

likelihood this leads to

p X x Beta x n x

and thus

Elp X x

I
for 02 x n For o the posterior

flp x α p l p
is improper and similarly for x n



www.t.reparaneterizatin

Def flo α J E

when JG Ef 4h10 X E 8140 Info x

is the Fisher information alternativeequivalent def

Proof of invariance 1 dimensional case

The log likelihood after reparameterization to g
h t where

h is one to one and differentiable is

l 8 lo Ecg where left Int t

Help x 11041 off

rely 1.1087 t less If
and

418 El fly x
5 a of

since the score function selond term in has zero expectation

Hence prior based on Jg y for the reparameterized model

fly V27 few
is equal to the prior implied the transformation formula

and

Jo in first parameterization



Proof in p dimensional case

g g G g
CRP RP

8,818 X 1108
FF FF

THE Ef
ftp.T ppTp

t.la

fool Jury 1 1 s.ca 141

88 felt



Ex Xabin n p L p lap n x 1 l p

p

IF
Slp El fit f f pity

Jeffrey prior
f p J p α p l p p l p

i e
p Beta E

also called the arcsine distribution Ffp siiY P_
Sanity check of invarianceproperty

Reparametized model
G nfp

I n 1 1 p

nin

Q n n i e

f t JG x f
Via transformation formula at

f o f p He p Cl p a
a

If we instead were to observe Yngeon p where p is the same

parameter the Jeffrey's prior our prior beliefs about p
would have needed to be different

Criticism Absurd that prior beliefs is
determined via the likelihood

by the type of date we happen to have obtained



estimate h x by making terms negatively correlatedIT IT InÑÑ

y

g

ECI ME U hCEf I IHhEnn
It follows that h F Ui h F 1 Ui

Hence 1 remains unbiased and converges a s to EhX

Also at least if h and hence hof is non tonic

Cor h F v h F 11 4 1 0
in

see GH p 187 188 for a proof
Hence

Var EI In Var hail ftp.n2Cor
h Xi h xf

In Varbly Itp

Van h Xi

the variance of an ordinary
Monte Carlo estimate based on

sample of size 2n if p corr h x h x 0

Ex 1 Find E F where X exp 1

Rde

Ex 2 Find E h x where X NO 1 h
2

Letting Xi X Xi inversion method not needed

Rdemo

Similar ideas can be in conjunition with Markov chain
MonteCarlo MCMC part 2



Summarspatfiismets
Sampling

fanTransformation Miri Box yes Fast
sniff.tt iftomatnfrom simpler location scale

RV families

fatp s cava

y

fÉÉ

similar
to fix sit fix glx
is bounded

weighted know No approximate

resampling

Adaptive rejection f x log concave No only in one

sampling
dimension

Ratio of uniforms Support of FG No Fast
unbounded

1
If sampling fromMixtures

unanimann

Alias method Ps finite

Simulatinggenerating Sanitychecking Slow
process



Estimatingexpectator h x1

Integration Washeen
to Normalized cons

d

fAEY Ef.in

y.n
Eit arrn Yes Estadter ftp.uol.is

if
iÉÉf

in quasiane fishrain
I I 1 f E

I 1 f
consistent Biased

Antithetic
sampling


