



































































































































Party anti simulation

Part 2
Simulation MCMC Bages aims to compute T G y

haplane FILE guenter air is MLE E ans y'tapprox

Part 3

Estimate sampling
distribution of given incl bias and SD

using a non parametric or parametric model

bootstrapping Frequentist
E M als after easter

s a.mn t

where F is an unknown calf

Find estimator of

G F

s
E x dfk

fad it is cont

flat if isdiser

EEEEticities
or

G Var X f x EXT IF






































































































































F can be estimated non parametrically by the estimator

É e I

the empirical Cdf Note that can be a vector

FCN

f
The corresponding plus in estimator of 0 is

E

Thus if 0 EX fxdF
É xdÉ xÉCN x ̅ E X

and if VarX f x Ex IF

x x Ex FG

x x ̅

x If Var X






































































































































If SD x

SDIXT SDI X

If f Skew X E XII the plug in estimator

of is

Skew X

What is the sampling distribution of these plug in
estimators if we replace F by É

Approximate method

1 Generate B bootstrap samples

where x

and id É for n L 2 n b 1,2 B

2 Compute corresponding bootstrap replicates of plus in
estimator of 0

Ib

3 Estimate e g E É and SD E or in general
E h El by Monte Carlo integration i e

ÉÉ
and

5067 ftp fEEETT






































































































































Exact method applicable for small n

If the original sample x1 x2 a
consist of

distinct values the number of unordered outcomes

Xy 4 X1 X2 the same as X1 X 1 41 4 is

2
n 2

92378

and the probability of observing me Ma Mn

of each value a is Xn is

I C
me

since me mn multinom n t.tn _it






































































































































Ex 5 7 10 n 3

ÉÉ É T
2 0 1 0 0 1 1 0 3

2

1 2 o 0 1 0 0 1

0 3 0 1 0
has

2 1 1 00 1 0

I 2 1 01 00 24 combination

I 1 0 00
0 0 3

E 10

Original sample with Ken distinct

values can be treated similarly

II distinct outcomes






































































































































Parametricootstaping

Suppose original data x x Xn F Cassidy

where F is known and is unknown

Estimate by by given method e s ML and

F E by F E Algorithm

1 Simulate id F E

2 Compute corresponding bootstrap replicates
of b 1,2 B by same given method

3 Estimate E h E by Monte Carlo integration






































































































































an estimator of
Bias E ECE G

is

Bias EFT G

Subtracting the estimated bias from we obtain

a bias counted estimator

BISCET

Typically has less but not zero bias and higher variance






































































































































i

1 Generate
B I

2 Compute GB

3 Compute empirical 2 2 and 1 212

quantites of Ebt

Justification Valid if a strictly increasing
transformation 010 exist

such that f E d t has calf 4 21 1 4 2

Then
P ha E 4 ha a 1 α 1

whee ha ti al

Given an existing bootstrap replicates of

E a are given by Et OE
from which hat and he.am can be

estimated by empirical quantiles i e

P has E he an 1 α
and so

P that 1 1 a

Ii 1 12

The empirical quantiles 0
1 and

am of
are explicitly known






































































































































From 1 we have

P ha 916 E ha n 1 a

Sinie 21 1 41 27 ha ha α
and so

P hair 16 d E h
_e

1 a

and

P d 441 4 ACE h 1 a

T.EE
Thus É EI an is a conf int for Note
that and hate h age do not need to

be known explicitly

Ex of failure of percentile method

suppose Xa Xn N µ 82

It follows that parametricbootstrap replicates of f
i e and bootstrap replicates

of 82 i e 8 II so the

percentil method interval is up to Monte Carlo
error

g
But the classical exact interval is

a






































































































































Bitzirrinsemic
Yi I p E

49m.IE IIEiareiid
zero mean constant variance

y Xp E

Least square estimate of f is

angmin Y 411 1 75 X'y
f

Residuals defined as

Y p
Bootstrapping residuals

1 Generate B bootstrap replicates

Est Et if by resampling with

replacement from En

2 Compute y I p
3 Compute bootstrap replicates
by regressing each on

More appropriate for experimental data

Rden






































































































































Bootstrapping pairs

1 Generate B bootstrap samples

y i 1,2 n by sampling

Xi Xi ii 1 n with replacement

2 Compute bootstrap replicates β
by regressing each y on each

More appropriate for observational
data






































































































































Accelerated Bias sour red Percentile Method BCa
Assume striatly increasing 41 and constants a and b

exist such that

v 1IT s NO.t A

Bootstrap replicates of U from F

V b Ntia a

Thus
ftp.iitezp

I b r

3

mail Ef.E.it i

β β quantile of

Similarly from 1 isolating 0 rather than

1 α P U α

I a

P E 10 2 b I a 16

P a E b 2 1 a b 2 d G1






































































































































local i
P G é 0181 12 2

1 ad E

E 122,11 ad 1
1 II.IT 6 mcttafft
i e is the upper

limit of a 1 2 one sided

conf int for e Éf for

a

b

β a
Two sided confidence limits given by Ei Gj
with α replaced by α 2 and 1 2 2 respectively

Choosing a and b Shao Tu 1996

b I For E where Fex is the calf of

a where g deal
is estimate based on omniting
th obseration and

E is

Rdemo






































































































































man
directly available

Ex Regression I f ftp

i.EE 1s.IEEI 2fH 1Eia 1 Irap5
Then

R FÉ
is approximately pivotal The bootstrap replicates

R

should have approximately same distribution and

observable quantiles REI and R Thus

PIRI CR
a

1 α

and so

E FR an
G E F R

is an approximate 1 a conf int for

RdemoD






































































































































i even

For 161 1 1 has a causal stationary solution

with stationary mean µ Taking variants of 1

the stationary varianic go Var ye Var ye_

satisfies

to 028 r

8

MLEs of m and 82 assuming EÉ N o o

obtained by maximising Ya Ya Yn 8 0,52

Let E ye ELIE i.e ya M E Y Ya

Bootstrapping residuals For b 2 2 B

1 Create ntm 1 bootstrap
innovations Em Em En
by resampling Eg in
with replanement

2 Compute Yim Eimt and for t mt1 n

YE 815 G
3 Refit model to yet yet
to obtain bootstrap replicates

bᵗ 2b






































































































































i ieii.mn
v

Bootstrap replilates

v

has known quantiles V 2k This

PIV 2 vk.am 1 a

II a a






































































































































Likelihood fy y 10 of complete data Y has simple

ftp.p.nb.ut only
X M Y is observed where M is a many to fewer

Aim Maximise difficult likelihood fx lo of X

Algorithm Let

Q 616 E in f 16 X x G G

finfy y 6 fy y dy
y MG

1 E step Find Q 610

2 M step Set
argyax Q

G 6

Repeat until convergence

Example ABO bloodtypes Ceppellini et al 1955

É

g
hh

Bo

Model Y NAA hao noo multinon n p

if iii I

L Po
and Po 1 PA PB






































































































































E step Given pitpi p and na np hap no

Q 6 E Inf k A X x

I E naal PE nao 2 PAP noo n P Na MB hap n

E 2ham that has lupa 2hBathasthis 1hPa

2no haoths up ha ha man no

2nÉAthat hab lupa 2m that this PB

2no not not up

MIA E naa Na PH p pot

na.FI2pEi
n na

etc sinie Man na n bin nA

M step Maximising Q w.net A yields

pa.pn.p.IT

2nfn.tn thas 2nipth othaB 2n

gene counting






































































































































Ex Gaussian mixture

x1 x Xu n f x G Ts MaMe
whee

f x 6 Tk Mk T I 52

Full likelihood is

G IT f x G

M

and lug likelihood

e 6 In T Ma

Can be maximised numerically to find MLES Is in M
Via EM alg Introduce missing component memberships

21 22 2n f 2 ta IT I 2 2 2 ñ I z 2

Letting

flxitz k d x Ma
X1 Xu has the correctmarginal distribution

Conditional on xi and 0 n MY

W fl i k
f t f

i e

m

and

1 wi






































































































































The likelihood based on complete data is

t f xilai 0 f 2 16

and

1 0 In f x 2 G Inflzi t

E step

Q 0 E Inflx 2,6 In f 2 16

EIW.fi Inf ilzi k G lnf zi kl6

i
WiI xi MI in

M step

E milan n

for K 1,2

I I
CI wi C1 Y 0

Σ vi 1 n T 0

Efi






































































































































Convergence EM algg only guaranteedto find localoptima orsaddlepointof f x 0

Proof that f x 0 f x 10

Let X 2 M Y be a one to one mapping between X2 and

Since

fz 21 1 f
2

In 10 In fy 16 In fz 2 G

and

E Inf x G E kf 216 E In fan 21 6 x.tk
i e

Inf x G I Q 616 H G

It follows that

H G 16 H a

E Infz 2 G Info 2 6 6

El h at

in El É a Jensen

I t.nl ld

e
0

for any

I






































































































































Thus sinie Q e 0

Inf x 6 Q E o 416 e

Q 6 G

In f






































































































































Summayfarth

Example Suppose has density

f x α cosh a e

Find alg to simulate

fix α e

α e

2x
e

2x

e

11 i

e

1 1 I

x f x

when
f x y m

e

Y

and
f y for y 1

A's Generate u u if 0,1

If us

y 1

else
1

Generate N y 1

Exercise Find als to simulate from

f x α cosh x e

where KEIN






































































































































Example Estimate da

Monte Carlo

dx E hex

where skip 1 and h x I 3

Monte Carlo integration

EX I h Σ Flx
3

Improvement using importance sampling Use proposal

g to 0C 3

since glx is approx prop to f x h x

The calf of X is then

Gia at

and can be generated using the inversion method

U G x

U 1 e
3

1 e

e 1 UCI e
s

In 2 UCI e

Importance sampling estimate

Fifa Ed him Al é






































































































































Further improvement using antithetic sampling

III I
e e

where In 1 U 1 e t

and
In 1 1 v I e

Variance reduced by a factor of Itp
where

p.com hcxilft hcxilfIy
cor

x Ii xi
R demo 0.9978






































































































































ÉI r a sample of arrival time Yanni Y

from a renewal process on 0 I where the iid

interarrival times have density

f1 1 e

Prior
Gamma aorbo

α exp s

Construct a MCMC al to sample from d α Ya Y

The density of ya ya yn is given by
ya f ya ya fly ya_ P Yux T

where y is the pdf of the residual time

equal to TEkipedia
ya f

where m E X and F is the expectation and

Idf of the intera rival times

An alternative approach is to introduce latent

arrival times y and yet and sample from
x α Yo Ynt Ya Yn

Given yo and yet we observe the arrival process
instead on the interval Yo Ya and the

density of yo Yutt simplifies to

y flyily i P yntasyn.tl

IT ly y i e
d

1 FCO






































































































































Gibbs sampler y

Sample yo from y α

1 Generate s Gamma x x

2 A sept 5 it 513 Ya

3 Set yo Ya S

Sample Yn't from ya yn α d using similar methe

Block Metropolis within Gibbs for x X

x α N α Random walk
proposal

conditional on α and y sample d from
d α E α i fly α d

1 e IT Cy y e
Yi Yi 1

α 190
1 n 2

e
X b Ynt Yo

that is

d α y Gamma a Cut 2 α bot Yuti Y

so the joint proposal is

Q 2 x a x y 01 T a






































































































































Accept α d with prob

an c

4141
HE

Similarly in project 2 and for latent Gaussian
models in general

a single block proposal

an

fi
I argzaxtGIE y

is feasible see discussion section to Rue et al 2009 p 356






































































































































EIIIE.tn s suppose t.int's
cased

indep and Y Pois β in Pois Ii
Berger

Complete data likelihood

41 EE

I β I 1,1 β 1 Σ xity In Exilly
MLES

a

AD o

β Ex pfy i t Ey

β

Suppose is missing

E step Given 6 β I

Q β p E e β I 1.1 1 ix 11 2 β

1 1 Ti EY Inti EY 1 β

where E X Ya ya β I

p






































































































































M step
Maximising QC w.int β

an E yields

put
En

to ii 2

his

Exercise
Can we find the MLE via the observed data

likelihood

ur.at

show that the MLEs are

Ñ to 2

a

Proof Profile likelihood for β I_g Log of

first term only term contains T2

lip a _ME ya lupt n'a

is maximised when


















































8 o

β 0

i

Thus the profile likelihood

4 E I II

complete data likelihood

for observations
5 2,3 n


