
 

7.10Thihathu
simulating a fix

Reiction sampling inefficient for high dimensional

Monte Carlo integration importancesampling ELI I h xi

Intro to Bayesian inference

Pri

in gate
Jeffreys
Non informative
Improper
Elicitation from expert knowledge

E I at
Project 1 Rejetion sampling from f

0 1

Importance sampling estimate of Elo
x

Part 2
Sampling from high dimensional distributions Bayesposteriors

aeneas

y Observed number of failures of plant 5 1,2
n

ti known operation time of plant i

Model For I Is 2 in

Yild dPoisson dit

Prior hierarchical
Xi a p Gamma xp

Exp 1.0
hyper pion

β Gamma 0.1 1.0



Directed acyclic graph DAG

Squares circles
denotes observed

f
seed is

data parameters

Joint pmf pdf of all random variables given by
general product rule

f x β Xa ha Yai Ya

fla f p I f Xi Kin II fly Xi

t.ie

Posterior proportional to joint

f x β da An Ya Yu

FL f p I f Xi Kin II fly Xi

e p e I e

How do we sample from this



1 IT sE mp fon high dimensional put rat

Idea Construct and simulate Markov chain Xi having

x as its stationary distribution

Estimate Eh X e.g posterior mean SDs by Monte Carlo integration

as

a

Fitment

EE



E.EE II ii
P Xitt tixi A X A Xin Xi 9

P it it Xi xi

Stationary transition probs if P Xi y Xi p y x

going to y given current
state forward transition probs

Theorem An irreducible one class aperiodic god new
P i X i so 1

positive recurrent finite expected
time to return to all states

has a unique limiting distribution e Periodicity 2

x 111 Xi x X 00

satisfying from law of total probatility

G
T y E p y x x for all yes

Σ text 1
ES

Problem statement

TMA4265 Stochastic modelling

Given ply find x

MCMC The opposite
Given H find ply x

Many solutions n s egs and n n 1 unknowns



The backward transition probs are

P Xi it y

Bayestheon

a

p ly

as i no

Def If x y p x y the Markov chain is

time reversible

Time reversibility thus implies the detailed balance eq

T x ply x T x p x y for all x yes

We will restrict solutions p y x to those of

time reversible chairs



1E.it EErn
ply x

QC1 41 1 1 for Jex
1 Q 4 α ylx for y x

where Q ylx is a proposal conditional pmf and

0 α y x 1 is the probabily of accepting
the transition

from x to y

iii i.in i
Q ylx x ylx x Q x y x y T y

Let

If Q x y TG Q ylx x then

1 1 1 and acid 1

and Is If

If Q Ny Ky Q yIx ñG then

and is again satisfied



Alg Hastings 1970

Initialle Xo

for 5 1,2 h

Generate y Q y xi a

a mind
Generate u unit 0 1

if a α

C Y
else

ti t

end for
return 1 a

Metropolis algorithm 1953

Q Ix Q x y symmetric so that α min 1

Independance sampler Tierney 1994

Q yh Q x

suitable if we can find a Q y y



Ex toy X Dois 10 x α I x o

Qly x
for y x 1

0 otherwise

blaming
a c i.IE
min 1 1m Ily o

Ok to propose y's outside support of x



171
acyl given earnt state

chosen by user

Ancept y as next state with probability

alxkl.minf.IE a
otherwise keep current state Toy ex

Converges to T x if chain is acyla
2

0 otherwise

2 Irreducible one communitating class would not work

2 Aperiodi Sufficient but not res essay conditions

p x x 0 for some E S

y x 2 for son ES

3 Recurrent Return to all states with prob 1

Positive recurrent Expected return hitting time finite

Follows from 1 it IS is finite

Not true if TC is improper
chain may behave as

random walk

Guaranteed if TC is proper

w a probability density futin
The transition kernel becomes continuous anddisc

eteandcan.berepresented by the generated pdf
a

ply x Q.ly x alylx S y x 1 fQlylx x ylx dy

where 8 is the delta Dirac function whose integral 86 dx 1

for sets A 70



EEI.IT iEiiii a

α min t

T large large steps but high rejection rate

5 small high rejection rate but small steps

ME
Average α around 20 50 typically best

Independence sampler

Q ylxQlyTds to chain gets stuck if

y min 1
is small

A
Optimal Q y n y for which y x 1

Ex Rao 1973 Recombination data

holy E j
e 1 for O 1

Let denote the MLE Mod Gly and

EEE H.IE
where is the observed Fisher information G off at 0 01
Gly looks Gaussian y N É SETE good choice

Knoll 96 acceptance lats 1 act 0.07



Numericalissney

Numerical over and underflow in x likelihood prior

Solution Work with log x and log Q y x and compute

min 1 exp lustily los x logQfly los Q y1

Proposal y is outside support of T x

Evaluate logtly to Int

Th finite mixture lugsum exp trick

in x In
EPimIII.eeoverflow

In ai

In e
mama init

In ehamax.ge
nai Inamax

Inamax
nai mama

FE.EE'sundertow



is a components

conditioning on remaining components

1 x X XP

For Q y is a mixture

Componentwise proposals

Q.ly jet p

with acceptance

viii mink

We have 1 y ly icy
T
y

5 etc

so that the acceptane prob simplifies via ranielling terms to

t.si t i iit
i e only factors containy y in IT y etc need to be

evaluated



qq.FI n niti
Componentwise indepence sampler

with optimal choiceof Q

Acceptance prob 1

Ex Simple linear regression 8.1J
Y a b T N at bx F

an NCO
a

b no Wife this is not conjugate
see below

E Gamma x p

Joint posterior

I a b e y α e

Yi a bx

i'ere

Componentwise conditionals

e a b y α a
ᵗʰ te Ely a bxp xp

i e r a b y Gamma x 12 pt y a bxi



Yi bx a

Tla b r y α e
a I Yi a bx

Taa nasty bx trna

Tat ne a ñΣ y bx

e

i e a b r y NG.fm Yi bxi Tatar

T b a a y α e
b rely a bx

e
Tab't 2Tb Ely a eb Ex

e
4b b

i e bla i y NC T.tt Exit

Rdf
As xp 0 TIE e

ˢ
scale prior

As Ta 0 Ma e 1 unit in pain

sensu Bioche Drailhet 2017

With this improperprior credible intervals matches freq conf int



Conjungate normal inversegamma prior on Q and β
T randol plannporia B N G fo.Qiix.io

Eash component of B has a marginal lot scale t distribution

β is multivariate loa scale student t

mail.fi meie'iEfI
β xx β y xp pxy̅ yty

β Q β QupAQ.p.ttQ.Po

β B Q β Pa C

Pap pia.p pkpatpie.pe C

Equating coefficients

Q1 XX Q

Q2βs y Qopo β X Q Xy Qopo

C Yy poopo PIQ.BA
Thus

T β y α β a y ñ ely

if Italian pinterest.itcT

Can easily simulate from this posterior no need for MCMC



Ex cont Power plants

x.p.in in y ie'p e I after t.vn dit

Componentwise conditional

α β I α e

2 anti alpha
yn

For Metropolis random walk proposals e g

anew a β I
N α 5
FE.mg

the acceptance probability is

anew α min 1 exp 2 Edi nlp anew a Mane.JP a

0 9thα 1.0 d β
β α I Y α β e Gamma foitna I Edi

di xp I y α 4 e pain titi

1
e
ft in Gamma tyi Ptt

Sanity check Compare posterior mean α and β to

method of moment estimates integrating out the di's
each yi has a neg bin distribution



Ex Korsbetninger Battle of Visby Archeologial excavation

256 left femurs

237 right femurs

How many people N buried in total

Model
x2 x bin N p

Priory unit NminiNmas

p beta a b

X2 2N x x

rank ieiii.li If
I N NENna p 1 ps

Metropolis within Gibbs hybridsampler single site updates

Gibbs step for p

p IN I beta at x x b 2N x x2

Metropolis for N

N N p I nunit
N d N d random walk

n'in min 2

2 2N

ineffiffiff ital iii a.in



Metropolis with single N p block update

Joint proposal

Q n p Mp I n denienta pjji.fif1ti
Tieftes

This leads to

i Eii
IM nnI iFeE

i i fFind
Tanistermstainsterms

from TC
from QC

Rdemoff
blonk updates much faster convergence



Effecisamplesizesvarineoffmere 8.25
MC estimate of EY Eh x is an Eihki E Y Y
For iid samples

Var Mmc Varly
where

Vantil s E y x ̅

MCMC Estimate inman Eu xi x ̅ has variance

VarAmane Var Yi

IE ECor Yin

vn E p li i1

npo 2h pit 2Pa

1 2 pi

Plugging in

ica

estimation of p we obtain time series SE of Maine
but R package coda instead based on Heidelberger et al 198 1



Effective sample size Ess defined by equating Va

to giving

Ess
1 p

i anti correlation time T

Kass et al 1998

Other diagnostic tools
in R package coda

I



Ex Gibbs sampling random intercept linear mixed model IMM

For 5 1,2 m and 5 1,2 hi i n

Yij M fit Eij 11
in

Eij a id NCo i 21
TMA 4315

and

8 2 No 2 3

Priorymy α 1 improper

T Gamma x β 2 0.01 β 0.01 weakly informate

2 Gamma x p
To eliminate the deterministic relation t and E j

1

and 2 can be replaced by the statement

Yii Miri N m g a

Model DAG directed a cyclic graph

n 3

n 5

i



In general letting E 1
where are parameters

circular nodes and y data square nodes the posterior

ICE E ICE 1 E IT p parent

Component wise conditionals simplify
to

T terms in T containing

p x parents IT p x parents j

je children i

Thus for the above LMM

01 step je
Fulpation ily parent dis

2
5 2 β Gamma at p Σ8

Similarly

H n é e

m r

5 tfy.jo panentsCyT
t β LEE Y n j

e

Gamma β Y m t



I

M Yi 8 m
2 yij j.IM Y fit

mm 2m f E Hi at

n m t x 8 d

Thus mly 2 N Yi Ji ne

Finally ni

α e
8 ÉI t 28 Y.im Y m

n a Ji 228 Y.im C

un r

i e til NC o E



The prior T Gamma α p indep of 2 Gamma x β
translates to the proportion of variance

explained by the random intercept

w̅
F y E

I Beta α α

with large mass near 0 and 1 for small α

II
Since the likelihood tends to a positive limit as

random intercept varian e 0 the large mass

near zero will be present also in the posterior
Sending 0 the posterior is improper as

noted by Hobert Casella 1996

Fuglstad et al 2020 instead propose independent

priors on 9 T2 of and I 8 of
making of and t a priori dependent



39 years of dataPr
1951 1989

DAG
Estimate seasonal

It 3 31 trend

11 I

I
oak update of flap5 via Metropolis Hastings
Using proposal

Ye bin ne a p 1
1 14

i e target density
e he he N 0 Tu unconditional on

leads to

Tn invGamma a β
1 111.5

int



BUGS Gibbs sampling often slow
WinBUGS
JAGS

Stan Hamiltonian MCMC

Laplaceapproximatin
feii.fm ITH E x i

é da f e de where I agnax f e
12

e 12
2
4 5

Ex n P n 1 e dx fix x ninx

f x I I

e d f x

f I
a

p e
fli If x ̅ x x ̅

f i n l Inn
o

e
f

2n f if
e I
2n f Stirling's approximation



arena

T Q often high dimensional
and Gaussian

Model for obser atrial conditional on and

ñ III E
Ex Random intercept logist regression GLAM

For 1 1 m jet hi

Yij f bin n p logit Di
when

Dij Po
t Ji

and
g nN 0

Ex Project 2A

To do inference Bayesian or maximum likelihood we

need the marginal likelihood

y E ST E de

IT G 11,0 de f
Q Emily.li esd

e
f t

d

e
fliff 1,6 x x ̅ Hilo x x ̅ a

de

Tly x ̅ 6 2T ICA JIG

Exact if I 1,1 0 Gaussian in



14 is Gaussian with precision matrix Q and Q

is sparse
eg it is a GaussianMarkov random field and

Ya Ya y are conditional independent then

H EI is also sparse
which simplifies speeds up numerial

optimization to find x ̅ E and computation of

HELEN

Required in INLA Computation of Fly E hand coded

for specific model classes

TRIMS computes an R funtion computing

x ̅ E via numerical optimization and Ile

via AD from a C R functia computing
f x y E supplied by the user

Automatic sparsity detection

MLES computed by optimising

y E numerically outer optimization

Stan TMB star Hamiltonian MCMC sampling

from TCE.ly α FCY.IE E



ix sina.stexrlx.nl x
For

I
find f x and If

8 1 0,05 L

8 0,1 of

10.0.5

we X x 1 8 x t 9 1,0 at 0 1,05

X2 X 05

We sin x c s as to 0,0 15

W W W 8 we II w

i

i
Software implementation

work with new class

of dual number w 1 and define
new methods basin functions and operators

for this class Kemp



I.tt np fIn sinsoreachoiandxi
Laplace of marginal likelihood

ily e x 6 25 I ice

Approximate joint posterior of hyperparanelas
can then be written

ICE y a y E ICE Buyer

y 6 ICE 2nF x ̅

If ruea.io.es

where y G is the Gaussian approx of T E

Hyperparameter marginals
given by

a G 1 face 1 de

are computed by numerical integration
stratetic placement

of evaluation grid points E with weights

D2 D2 followed by numerical integration of
interpulant G

F TEN



Latent variable marginal posterious
In general

Ix y
a ily to 1 de T x 1 E Δ

Gaussian approximation
of we

TCxi 1 Ta xi 1,9

Eipiane approximation of
I want I i

wilt e E.li f Iste i
where I argy

ñ 111,6 Eq e it

Evaluated at 5 1 2 choose by Gauss Hermite quadrethe
rule why representing final density by

TLA x E 1 N xi mile E exp cubic spline x

Simplified Laplace
See section 3.2.3 in Rue et al 2009



i i
o

y Number of purses snatch on day i

Model y x Pois di
where
In d go m

t x t.ee
and

AR 1

i e the stationary solution of
X p in E

where a N o 5 Stationary variance satisfy

K Va x Var pxin e p var x _a É p k at

th
i

p

K E 1 p
Joint density of in

x E xalo i i anti n

w

anco k

multivariate normal

Joint likelihood density of y

y I E x e I raila ait t y i f



Specifying priors in
INLA via hyperarggment to fl

Specified on internal parameters e g for f model art

on Default
In k loggamma 1 5e 5

Q2 In Ip normal 0 0.15

fixed TRUE

T.IE inancaaFordetail see

Fixed effect priors via control fixed

1

Sanity check

Marginal variance of each y predicted by model is

Var y E Var y Va Ely 14

E ett Var em

em e
m k

ek 2

Does it match varly.fi s


