



































































































































Party anti simulation

Part 2
Simulation MCMC Bages aims to compute T G y

haplane FILE guenter air is MLE E ans y'tapprox

Part 3

Estimate sampling
distribution of given incl bias and SD

using a non parametric or parametric model

bootstrapping Frequentist
E M als after easter

s a.mn t

where F is an unknown calf

Find estimator of

G F

s
E x dfk

fad it is cont

flat if isdiser

EEEEticities
or

G Var X f x EXT IF






































































































































F can be estimated non parametrically by the estimator

É e I

the empirical Cdf Note that can be a vector

FCN

f
The corresponding plus in estimator of 0 is

E

Thus if 0 EX fxdF
É xdÉ xÉCN x ̅ E X

and if VarX f x Ex IF

x x Ex FG

x x ̅

x If Var X






































































































































If SD x

SDIXT SDI X

If f Skew X E XII the plug in estimator

of is

Skew X

What is the sampling distribution of these plug in
estimators if we replace F by É

Approximate method

1 Generate B bootstrap samples

where x

and id É for n L 2 n b 1,2 B

2 Compute corresponding bootstrap replicates of plus in
estimator of 0

Ib

3 Estimate e g E É and SD E or in general
E h El by Monte Carlo integration i e

ÉÉ
and

5067 ftp fEEETT






































































































































Exact method applicable for small n

If the original sample x1 x2 a
consist of

distinct values the number of unordered outcomes

Xy 4 X1 X2 the same as X1 X 1 41 4 is

2
n 2

92378

and the probability of observing me Ma Mn

of each value a is Xn is

I C
me

since me mn multinom n t.tn _it






































































































































Ex 5 7 10 n 3

ÉÉ É T
2 0 1 0 0 1 1 0 3

2

1 2 o 0 1 0 0 1

0 3 0 1 0
has

2 1 1 00 1 0

I 2 1 01 00 24 combination

I 1 0 00
0 0 3

E 10

Original sample with Ken distinct

values can be treated similarly

II distinct outcomes






































































































































Parametebootstapping

Suppose original data 1 1 1,4 Xn F x E Cassidy

where F is known and Q is unknown

Estimate by by given method e s ML and

F x E by F E Algorithm

1 Simulate It F E

2 Compute corresponding bootstrap replicates
of Ebt b 1,2 B by same given method

3 Estimate E h E by Monte Carlo integration

t.EE
an estimator of

Bias E E E G

is

BiasF ECET É

Subtracting the estimated bias from we obtain

a bias counted estimator

É BiastET

Typically has less but not zero bias and

sometimes higher variance






































































































































1 e exponential astman

MLE of d is
x

Observed data gives it 2.0

Let xb and Ñ b 1,2 B denote parametric
bootstrap samples from F d and suppose

Σ 2.24

a An estimate of E I it then ETI Σ 2.24

and an estimateof Bias d ECI d is

ÑÑ EIT 2.24 2 0.24

A bias corrected estimate of d is then

i i pia i 2,1

2 0.24 1.76






































































































































b In this particular example we know analytically that

I Ii IEli 1,1
This implies that

E x ̅ I

Thm

E i.li E 2i eib i

2i EiE i I

25 I
ⁿ i

and

Eli EE i.li E i Eci

d d iii a sad

i e it only less biased than

Similarly we can find Var d via law at total variance

but this will depend on B why

Va A Evald d Va E t.li






































































































































i

1 Generate
B I

2 Compute GB

3 Compute empirical 2 2 and 1 212

quantites of Ebt

Justification Valid if a strictly increasing
transformation 010 exist

such that f E d t has calf 4 21 1 4 2

Then
P ha E 4 ha a 1 α 1

whee ha ti al

Given an existing bootstrap replicates of

E a are given by Et OE
from which hat and he.am can be

estimated by empirical quantiles i e

P has E he an 1 α
and so

P that 1 1 a

Ii 1 12

The empirical quantiles 0
1 and

am of
are explicitly known






































































































































From 1 we have

P ha 016 0 E1 h
_a 1 a

Sinie 21 1 41 27 hay h
a

and so

P hate f d E h
a

1 a

and

P d 0 0 hah G 4 E h
a

1 a

Thus É É _a is a conf.int for Note
that and hate h ate do not need to

be known explicitly

Ex of failure of percentile method

suppose X2 X N m 82

It follows that parametricbootstrap replicates of FYI
i.e F

NX and bootstrap replicates

of 52 i e F Fix so the

percentil method interval is up to Monte Carlo
error E

qe
But the classical exact interval is

EII.IE






































































































































Bitzirrinsemic
Yi I p E

49m.IE IIEiareiid
zero mean constant variance

y Xp E

Least square estimate of f is

angmin Y 411 1 75 X'y
f

Residuals defined as

Y p
Bootstrapping residuals

1 Generate B bootstrap replicates

Est Et if by resampling with

replacement from En

2 Compute y I p
3 Compute bootstrap replicates
by regressing each on

More appropriate for experimental data

Rden






































































































































Bootstrapping pairs

1 Generate B bootstrap samples

y i 1,2 n by sampling

Xi Xi ii 1 n with replacement

2 Compute bootstrap replicates β
by regressing each y on each

More appropriate for observational
data






































































































































Accelerated Bias soure shed Percentile Method BCa
Assume strictly increasing 4 and constants a and b

exist such that

v.IE I snnCoit 1

Bootstrap replicates of U from F

u FI f tb n oi1 2

Thus
pfite.sn

be 2

3

no iE In
β β quantile of

Similarly from 1 isolating 0 rather than

1 α P U z

size

P E 0 0 2 b 1 94161

P d E b z 1 et






































































































































aol.IE r.i
P GaF d1E1 gza 1 a4 E

we
on.tt kiieIE unt

i e is the upper
limit of a 1 a one sided

conf int for 0 Edis for

1 52 2 b

p s
Two sided confidence limits given by
with a replaced by a 2 and 1 0 2 respectively

Choosing a and b Shao Tn 1996

b I For E where Fox is the cat of

a ff g where yo
des Était

En is estimate based on omniting
th observation and

E i

Rdemof






































































































































man
directly available

Ex Regression I f ftp

i.EE 1s.IEEI 2fH 1Eia 1 Irap5
Then

R FÉ
is approximately pivotal The bootstrap replicates

R

should have approximately same distribution and

observable quantiles REI and R Thus

PIRI CR
a

1 α

and so

E FR an
G E F R

is an approximate 1 a conf int for

RdemoD






































































































































EIiiiiiiiiii.ie win

For 101 1 1 has a causal stationary solution

with stationary mean µ Taking varianie of 1

the stationary varianic go Var ye Var Ye_

satisfies

to d yo r

r I
MLEs of m and 82 assuming N 0,0

obtained by maximising Ya Ya Yn G 0

Let y E i for 1 2,3 n

Bootstrapping residuals For b 1,2 B

1 Create rtm 1 bootstrap
innovations Em Emts Én
by resampling E i in
with replanement

2 Compute Ym EmM and for t n

YÉ i A
3 Refit model to yet y
to obtain bootstrap replicates yet

2b






































































































































t.FI nwmFi mE n i
v

Bootstrap repliiates

v
has known quantiles V12 V1 2 2

This

P V2 2 t.ae 1 a

HIT






































































































































Likelihood fy y 10 of complete data 4 has simple

ftp.p.ubg.at only X M Y is observed where M is a many to fewer

Aim Maximise difficult likelihood fx x o of X

Algorithm Let

Q G G E Inf 6 X x G

Infy y G fy y dy
y Mly

1 E step Find Q G G in closed form

2 M step Set 6
1

argufax Q
G 6

Repeat until convergence

Example ABO bloodtypes Ceppellini et a1 1955

ÉILIFLÉÉ'ÉÉÉÉFÉ
Bo

Model Y Max Mao Moo multinon n p

t.fiiif3t
m

L Po
and Po 1 PA PB






































































































































The complete data log likelihood is

Inf Maa Mao BD Bo AB Moo

h

haha no no man a Pa's 2papfipijfzp.p.fr 2pap
a

ppj

n

haaha punap an n nAA Aothas InPa

2ns Bothan pis 2noothaothbo InPo

Ao go has In 2

E step Given p pipp and the observed data ha up hap no

Q61 1 E nf naa nao.hn no as no ha ha Mars no pA pal po

C 2m Iot a InPa 2 tothan up 2 no.tn othto lnp

n a naa na pÉ p po

na.pt2pitp

nio.netiiiiii
etc sinic Max na n bin nA

and C is a constant w.it Pa pp P but not

w.r.t.pk pit p since the conditional expectation

of the logof the multinomial coefficient
etc depends on

p p p.lt






































































































































M step Maximising Q G went 0 yields

pa.pn.pl

2ntn.tn othar 2ni npotnas 2notnhthio

sample frequencies of A B and 0






































































































































Ex Gaussian mixture

x1 x Xu n f x G Ts MaMe
whee

f x 6 Tk Mk T I 52

Full likelihood is

G IT f x G

M

and lug likelihood

e 6 In T Ma

Can be maximised numerically to find MLES Is in M
Via EM alg Introduce missing component memberships

21 22 2n f 2 ta IT I 2 2 2 ñ I z 2

Letting

flxitz k d x Ma
X1 Xu has the correctmarginal distribution

Conditional on xi and 0 n MY

W fl i k
f t f

i e

m

and

1 wi






































































































































The likelihood based on complete data is

t f xilai 0 f 2 16

and

1 0 In f x 2 G Inflzi t

E step

Q 0 E Inflx 2,6 In f 2 16

EIW.fi Inf ilzi k G lnf zi kl6

i
WiI xi MI in

M step

E milan n

for K 1,2

I I
CI wi C1 Y 0

Σ vi 1 n T 0

Efi






































































































































Convergence EM alg only guaranteedto find localoptima orsaddlepointof f x 0

Proof that f x 0 f x 10

Let X 2 M Y be a one to one mapping between X 2 and

Since

fzix a it fxz

In f 10 In fx z 16 In fax 2 x G

and

E Inf x G E kfx z 4216 E hfzylzlx.tl x f
i e

Inf 1 16 Q G G H G

It follows that

HCG 16 H a

E Infzy 2
G Inf 2 6 6ᵗʰ

E In x f Es slows the sea net

in E LEE no sensors.net

SEE.ttytaxH t

me
0

for any

I






































































































































Thus sinie Q e 0

Inf x 6 Q E o 416 e

Q 6 G

In f






































































































































Summary.part1Projesttiproblemzgrd

matFlnyl.P
es n e

F x x I I Xie n sie y

Ex Given In N2 M E use Monte Carl

integration to estimate

m E h X E In we i ele

simulate 2 via Box Muller and transform

to
1 1 A

where A is cholesky factor or given by eig.decomp

Simulate Is Xe Xm and estimate in by

ME in ih I

Antithetic sampling Let X p AZ and use

Ma E I 4 x






































































































































I
Randomized
Quasi Monte Carlo see e g Lemieux 2009 Springer

Univariate version

For 1 1,2 M

Generate v TTI
For j 1,2 I

Set wi V mod 1

Set xi F wig

Set

Frame t.EIE.in F ui d

TQMcI
Multivariate version

Generate 1 11 Liz 1in

using a Sobol sequence

In R gring sobol

IRdemo






































































































































Inversion method for traniated densities

suppose that
nF with quantile function F

1 a b can the be simulated by

Un unit Fla F b

c F V

the following also relates to project 1 problem 6Iiiiiiiiiiiiii.in
P likeXn m 1

i e

P a X w 1 1

then X m
almost surely

Def If
E IX m1 0

then X m in mean square

I






































































































































Importance sampling self normalizing version

Recall If X fix then

although not unbiased

ETT Ehl
cand not in

mean ss

where x are iid samples from g x

Potential application
Given priv a o model f x t and

MCMC samples 02 On from

posterior T G x α f x b e how

can we estimate the model evidence

f x f x G I G do denominator in Bayes tha

E f x 0 G G

important quiffs in model selection

Inefficien naive Monte Ca l estimate

Geneate 01 A t

compute

Fr fix t 1
Alternatively self norm import samp

Draw Ea On Glx via Mcmc

Compute

amok






































































































































fix Flick

t Ion fix

the strongly critisized harmonic mean estimator

Newton Raftery 1994 of model evidence flx

Toy example
If N G 1 likelihood

Q N 0 3 prior

Given 1 the true mold evidence

since the marginal density of x N 0 4

f s fe fee
The posterior

01 1 w

It follows that each term fly in Fx has finite

El a fffofftifw.de

ÉTÉ 10

d






































































































































but their second moments

Effectal ftp.e
ta tijget ie

a

TATE
0 1

2
30 74

e do N

A

Thus
1

does not converge in mean square to

More generally if using the prior G N 0,82 the

variance is infinite if

2 1 125 o

2 so

202 2 r 30

j 2

I






































































































































E.FI IiiEie
sm

Xa exp
d

i a e non conjungate log normal prior

Posterior

d a e

ex

e

1.1

Fa
Proposal n

on d thus we

alik e

sampler
This leads to

e

Should work well as long as a x is vague
small






































































































































EI.IE
mn

1 Xn fix

F x 1 e Weibull f x abx
b

e

b

on
a a b x I a o b o

Posterior

a b e α a b it e

a Ex
b

Full conditionals

a b 1 ah te
a Ext

b a 1 α b
b

e
a Ext

Block proposal

Q a b la b e j an e

a'Σ

ia
This leads to






































































































































f f É f
Ix

iate

b

Similarly in project 2 and for latent Gaussian
models in general

a single block proposal

aceta
I

around mude

x ̅ argyax y

is feasible see discussion section to Rue et al 2009 p 356






































































































































EIIIE.tn s suppose t.int's
cased

indep and Y Pois β in Pois Ii
Berger

Complete data likelihood

41 EE

I β I 1,1 β 1 Σ xity In Exilly
MLES

a

AD o

β Ex pfy i t Ey

β

Suppose is missing

E step Given 6 β I

Q β p E e β I 1.1 1 ix 11 2 β

1 1 Ti EY Inti EY 1 β

where E X Ya ya β I

p






































































































































M step
Maximising QC w.int β

an E yields

put
En

to ii 2

his

Exercise
Can we find the MLE via the observed data

likelihood

ur.at

show that the MLEs are

Ñ to 2

a

Proof Profile likelihood for β I_g Log of

first term only term contains T2

lip a _ME ya lupt n'a

is maximised when


















































8 o

β 0

i

Thus the profile likelihood

4 E I II

complete data likelihood

for observations
5 2,3 n


