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Problem 1

a) The cumulative distribution function becomes

F(z) = / f(u)du = / 2aue~ % dy = [_e*mﬁr — ] _paa®
0 0

0

Finds the corresponding inverse function by solving u = F'(x) with respect to x.

Thus, we can generate a sample from f(z) by
1. Generate u ~ Unif]0, 1].
2. Compute
2= F ) = /=2 n(1 - u).

Q

b) The proposal distribution is given to be
g(x) = e M 2> 0.
The acceptance probability must then be

_ @_20704 Az —ax?
’Y(x) - Cg(l‘) - )\ zre )

where ¢ is a constant that must be decided. Differentiate with respect to = to find the
maximal value of y(z).

2co 2

Y(2) = =

2
[emfaxrz + 2?7 (N — 2az)) | = %e’\xfaxz(l + Az — 2az?).
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Equating this to zero we get
202> — Az —1=0

A+ VA2 + 8
r=—.
4o
Only positive values of z is of interest for us so we get

. A+ VA2 4 8a
N 4o ’

This must give a maximum for v(z) as y(z) > 0 for all z > 0 and 7(0) = 0 = limg o0 ().

Thus, defining
A+ VA2 8a

0 4o

the maximal value for v(z) becomes

2co

’Y(wo) = Txoe

2
Azo—axg )

Equating this maximal value to 1 and solving for ¢ we get

A
c= —
200

—)\mo—l-axg
)

which gives acceptance probability
v(z) = zexp { Az — 20) — afz? — :):(2))} .
Thus, we can generate a sample from f(x) by

1. Generate 2 ~ Exponential(\).

2. Compute
A+ VAT +8a
= 4o
and

v =z exp { M@ — z0) — afx? — xz)} .
3. Generate u ~ Unif|0, 1].

4. If u <« return z as the realisation, otherwise goto 1.
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The expected number of tries per acceptance is equal to ¢, so to find the optimal value for
A we need to maximise ¢ with respect to A. Thus, we need to solve the equation

Jc
5—0

with respect to A.
c¢) One possibility is to adopt the random number generator in item a) and obtain antithetic
variates by defining

Q o

for i = 1,...,n. When Uj; is uniformly distributed on [0,1], 1 — U; will also be uniformly
distributed on [0, 1], so X; and Y; are both distributed according to f(z). Clearly X; and
Y, are negatively correlated. Thus, we can define

~ 1 <&

0= (Xi+Y)

 2n 4
=1

[An alternative solution to the problem is to define a control variate. Again adopting the
random number generator in a) one can use either u — 1 or —In(1 — u) — 1 as a control
variate. Both of these control variates has mean zero.|

Problem 2

a) The graphical model becomes

and the posterior distribution becomes

oc () (ylx)

() = Tl

m(y

n n

1 1 (yi — (v(zg) — v(wi-1)))?
ocp(arl)Hp(arilxi_l)H !W exp{_2 o?(x;) 1 }]

i=2 1=2
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Use the Gibbs sampler algorithm, i.e. use as proposal distribution the full conditional for
a randomly chosen node, x;. For ¢ > 1, the full conditional distribution for x; becomes

waly 2-1) o w(aly) < Lol plrialen) 7 —
e d L [ = (@) —o(@ic)? | (ies = (i) = v(@i))?
p{ 2[ o?(x;) - 0%(Ti+1) }}

For ¢ = 1 the expression becomes

— (v(xe) — v(x1)))?
w(mx1,y>m(x!y)ocpul)p(mul)exp{;(yz i ;&2) (21))) }

As we use a Gibbs sampler the acceptance probability becomes equal to one. Pseudo code
for the algorithm is as follows.

1. Draw initial values for 2% = (29,... 2
2. Iterate fort =1,2,...

(a) Draw what node to update, ¢ ~ Unif(1,...,n).

(b) Draw new value ! ~ m(ztz'!, y) and set af = x§_1 for j # i.

b) First one needs to find the length of the burn-in phase of the chain. This can be done
by output analysis. Assume the Markov chain has (essentially) converged after 7' < M
iterations. The posterior probability for rock type k in node 7 is then estimated by

1 M
Qa; :75 I(zt =k
M -TH14 (@ = k),

where I(-) is the indicator function. The posterior expected fraction of nodes with rock

type k is
1 n
L3 ttar=ay
n -
=1
n M

=1 t=T

and this is estimated by

Finally, the posterior probability for the fraction of nodes with rock type k is larger than a

given threshold r is
1 n
:P<nz;I(J:Z: Ty)
1=
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and the corresponding estimate becomes

M n
_ 1 1 .

Problem 3

a) As the data that are used to estimate the prediction error also have been used to estimate
the regression model the estimated prediction errors will tend to be too small. Thus, the
apparent prediction error is biased and gives a too optimistic estimate for 6.

Cross validation can be used to avoid using the same data to estimate the prediction
error as was used to estimate the regression model. Leave-one-out cross validation is de-
scribed by the following. Let S_; denote the estimator for 8 based on all the data except
data 1, i.e.

f-i = argmin ;(yj —m(b,x;))?
j 1

The leave-one-out cross validation estimator for 8 is then

i (y’L - m(gfi,fb‘i)f ‘
i=1

~
901) =

S

b) Let F denote the (joint) distribution of x and y. The prediction error 6 is then a function
of F', so we write § = 0(F'). To stress the dependence of the apparent error rate on the
data we write

The bias of ga is then defined as

biasF(ga, 0) = EF(HAQ((HH, Y1)y -+ (T, yn)) — O(F).

The ideal bootstrap estimator for the bias is obtained by adopting the plug-in principle,
bias = Ep(fa((@1, 1), - (x5, 53)) — O(F),

where F is a discrete distribution giving probability 1/n to each of (x1,y1),..., (Tn,Yn)-

For each of i = 1,...,n, the number of possible states for (z7,y) is n. Thereby the
number of possible states for ((z7,v7), .- ., (2}, yx5)) is n™ and the above expectation is given
by a sum of n™ terms. Thus, the is not pratical to evaluate the expectation except when n
is small.
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Pseudo code for estimating the ideal bootstrap estimator:

1. Generate B sets of bootstrap samples ((28%,3%*),..., (x2*,4%)),b = 1,..., B, where

(xP*,y*) for b=1,...,B and i = 1,...,n are sampled independently (with replace-
ment) from (z1,y1),...,(Zn, Yn)-

2. Evaluate the bootstrap sample estimates,

n

= {3k s

i=1

and
n

o =30 (s = m(Fal))

=1
forb=1,...,B.

~

3. Approximate the bootstrap expectation Ez(0,((21,7), .- -, (75, v5)) by

and approximate O(ﬁ) by

B K
= 1 1
0F) = 3 | Sl —m(F, 252
b=1 k=1
where (z§*,y5*),k = 1,..., K are sampled independently (with replacement) from

($1,y1), B (xnvyn)

4. Approximate the ideal bootstrap estimator with

biasp = 0,(-) — O(F).

c) The bias corrected estimate for 6 is
e =B (8,0~ 0(F)

As discussed in a), we expect ga to have a strong bias. We can expect the bias corrected
estimator to be approximately unbiased. However, the uncertainty in the estimated bias
gives that Var[f).] is somewhat larger than Var[f,]. In total the bias corrected estimator is
preferable (because the bias of 6, is large).
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