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Here we prove the Proposition in Section 4.2¢ of McOwen (with an alternative—and correct—proof):
Proposition (Regularity of the potential). Assume f € L'(Q), where Q c R" is a bounded open set, and
define

ey u(x) =fQK(x—y)f(y) dy

for x € R" such that the integral exists (note that it certainly exists for x € R"\ Q). Here K is the usual
fundamental solution of A onR". The following regularity statements hold for u:

(i) ue C®(R"\Q), and u is harmonic in R" \ Q.
(i) If f is bounded on Q, then u is defined everywhere on R", and u € C' (R").
(i) If f € CY(Q), then ue C*(Q). [Hence u€ C*(Q) n C'(Q), using also part (ii).]

Remark 1. The space L'(Q) can be defined in two different ways, depending on whether one knows
about Lebesgue integration or not. In the Lebesgue theory, it is the space of measurable functions
f:Q — Rsuch that [, | f (x)| dx < oo; such functions are called integrable. 1f instead we want to refer
only to the Riemann integral, we could, as a replacement, define LY(Q) as the space of bounded func-
tions f: Q — R such that the set {x € Q : f is discontinuous at x} has measure zero. Then if we assume
additionally that Q has smooth boundary (hence the boundary has measure zero), it is guaranteed that
the Riemann integrals [i, f(x) dx and [, | f(x)| dx exist.

Remark 2. Extend f by zero outside Q; this extension, which we still denote f, is then a compactly
supported distribution on R”, so by the general theory in Section 2.3.d, we know that u = K * f is a
solution of Au = f in @'(R™). It is therefore not surprising that u is harmonic outside Q (cf. part (i) of the
Proposition).

In the proof of the proposition we shall use the following facts.

Fact 1. Suppose g € C!(E), where E c R" is an open set. Suppose further that a and b are two points in
E such that the line segment between a and b is completely contained in E, i.e.,

{a+tb—a):tel0,1]}<E.

Then .
g(b)—g(a)zfo Vg(a+tb-a)-(b-a)dt.

To prove this, just use the fundamental theorem of Calculus to write

' q
g(b)—g(a):/ — [gla+tb-w)] dt,
o dt

and notice that by the chain rule, % [gla+tb-a)]=Vg(a+tb-a) (b-a).
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Fact 2. The following estimates hold:

Cr2(1+|1L ifrn=2
2) [ K(z)|dz < rz( +1logr) 1 n
lzl=r Cr o3
3) f IVK(z)| dz<Cr,
lzl<sr

(4) f |K(z)| dS(z) <
|z|=r

Cr(1+|logr|) ifn=2,
Cr ifn=3,

(5) f I[VK(z)| dS(z) <C,
|zl=r

where C = C(n) denotes constants which only depend on the dimension n. (Note that in the Riemann
theory of integration, these integrals are improper.)

dVK@) = —— * and integrati herical
an X , and mtegratin: ln S erlca
a7 x| a|x |xl grating 1n sp

1
K(2)| d <ff d f dp==r?
flz|<r| (2)l dz |14ﬂp sy p*dp=| pdp

Let us prove these for n = 3. Then K(x) = -

coordinates we get

and . 1 ;
IVK(Z)Iszf f ds(y) p*d :f dp=r.
f\zlsr 0 Jly|=1 4mp? yp-ap 0 P
Also, ) )
f |K(2)| dS(z) = — dS(z) = —(471r )=T1,
‘Z|:r 47Tr |z| r 7‘[
and )
f IVK(2)| dS(z) < T ds(z) =
lzl=r 4Amre Jizi=r

We leave the calculations in other dimensions as exercises.

Proof of part (i). We claim that for any multi-index «,
(6) Oau(x):f O“K)x—y)fn)dy  forallxe R"\Q.
Q

Letus show this for a = e}, the j-th standard basis vector; the general case follows by the same argument,
used repeatedly. First, however, let us note that (6) implies Au(x) = [o(AK)(x—y)f(y)dy = 0 for x €
R™\ Q, since AK = 0 away from the origin.

So now fix x € R” \ Q. For h # 0 define

u(x+ he;j) — u(x)
h

Fix £ > 0. We have to prove there exists § > 0 such that |A;| < € for all 0 < || < §. Then it follows that

h= —fg(ajK)(x—y)f(y)dy.
@) 3ju(x) = fQ ©0;K)(x—f(y)dy,
as desired.

Since R”\ Q is an open and nonempty set, we can find r > 0 such that B, (x) c R" \Q. Thus, e =
|x = y| = r. By the triangle inequality, this gives'

8) yEQ, |hl<r/2 = |x+hej—y|=r/2.

1Wehave|x+hej—y|2|x—y|—|hej|:\x_y\_|h|2r_r/2:r/2‘
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Also, we choose R > 0 so large that | x| + |y| +r/2 < Rfor all y € Q; we can do this because Q is bounded.
So then we have |x+ hej — y| < Rforall y € Q and all |h| < r/2, again using the triangle inequality.

Since 0 K(z) is uniformly continuous in the set /2 < | z| < R, we can now conclude that, given any >0,
there exists 6 > 0 (satisfying also 6 < r/2) such that

9) |0;K)(x+the;j—y)f()—@;K)(x—y)|<¢  forall|hl<6andall yeQ.

In fact, we choose €’ > 0 so small that

(10) e’fQ|f(y)ydyse.

Using Fact 1 we can write

ux+he;)—ulx) Kx+he;i—y)-K(x-v) 1
,i =fQ : ;: yf(y)dy=fgf0 0;K)(x+thej—y) f(y)dtdy,

hence for all 0 < || < §, using also (9) and (10), we get

1
|Ah|:fgf0 [(6,-K)(x+the,-—y)f(y)—(ajK)(x—y)]f(y)dtdy‘

1
S/Qfo @K (x+ the; - y) f(y) - 0;K) (x = )| | f )] dedy

1
se’ff |f(y)|dtdy:£’f |fn|dy=se,
aJo Q

and we are done. O

Proof of part (ii). Now we have the additional assumption that |f(x)| < M for all x € Q. Then u(x) is
defined everywhere (note that in the Riemann theory of integration, (1) will be an improper integral if
x € Q, but a convergent one).

To prove that u € C'(R") we would like to proceed more or less as in the proof of part (i), to show that
(7) holds for all x € R”, but we need to modify the argument slightly to handle the singularity in K(x— y)
when y approaches x (this can happen if x € Q), since then the uniform continuity fails. But this is not
hard: we apply the usual trick of cutting out a small ball around the singularity, and consider that part
of the integral separately, using the estimates in Fact 2.

So fix x € Q (the set R” \ Q is covered by part (i) already), and fix € > 0. Define A, as before, and write

1
Ahzfgfo [0;K)(x+thej— ) f(y) —0;K)(x—y)| f(ndtdy=In+Ip,

where

1
Ih=f f [0;K)(x+thej—y)f(y) - 0;K)(x—y)] f(y dtdy,
QNB;(x) JO

1
Jh=f f [0;K)(x+thej—y)f(y) - 0;K)(x—y)] f(ndtdy,
Q\B,(x) JO

where the small number r > 0 will be chosen in a moment; r will depend on €.
We now estimate, assuming 0 < |h| < r,

1
1| sM/ f [|(0,~K)(x+ the;— )| + |(ajK)(x—y)|] dtdy
r(x)JO N, e’ N——~

=z =z
1 1
sMU f|(6jK)(z)|dtdz+f f|(aj1<)(z’)|dtdz’
lz|=2r JO |zl<r JO
<2M |(0;K)(2)| dz<4MCr,

|z|<2r
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where in the last step we used (3) from Fact 2. We now choose r such that 4MCr =¢/2,i.e.,
£
r= .
8MC
So with this choice, we have |I},| <e/2 forall0< |h| <.

Having fixed r, we now observe that part (i), with Q replaced by Q\ B, (x), gives us: There exists § > 0
(which we can assume is < r) such that | J,| < e/2 forall 0 < |h| < 6.

We conclude that

£ €
|Ah|s|1h|+|]h|s§+§=£ whenever 0 < |h| <6,

and this proves (7). We leave it as an exercise to prove that d;u as given by (7) is in fact a continuous
function on R". O

Proof of part (iii). Now we assume f € C'(Q). In particular, f and Vf are both bounded functions, so
we can find M > 0 such that | f(x)| < M and |V f(x)| = M for all xeQ.

Note that the proof in McOwen is flawed, since the integral on the left side at the bottom of p. 115 is
divergent for all x € Q.

Instead, we argue as follows, to prove that u € C2(Q). First, by part (ii) we already know that u € CHR™),
and that for all x,

(11) 0ju(x) =fQ(6jK)(X—J/)f(J’) dy.

Now fix x € Q. We would like to integrate by parts in the above integral, to get the derivative onto f. As
usual, to avoid the singularity, we cut out a small ball around x. So we write

f(OjK)(x—y)f(y)dyzf (0,K)(x—y)f(y)dy+f
Q Be(x) Q\B¢(x)

0
(-D)=— [Kx-»]|fWdy=1I+],
0y,
for any € > 0 so small that B.(x) < Q. Using (3) from Fact 2, we see that
|I¢| = MCe.

Integrating by parts in J, we get
Je= f Kx-y)0;f(ndy+ f K=y fyv;dsy =JP +J2,
Q\Be(x) |y—x|=¢

where v = (y — x)/|y — x| is the outward unit normal on the sphere B, (x). By (4) from Fact 2 (here the log
can be removed if n = 3),
|]£2)| < MCe (1+ |loge|).

Finally,
]é“:f K(x—y)ajf(y)dy—f K(x-y)0;f(y)dy,
Q B (x)

and by (2) from Fact 2,

K(x—-y)0;f(y)dy
B (x)

Combining the above estimates, and letting € — 0, we conclude that

< MCe*(1+ [logel).

0ju(x) = fg(ajK) x-nfydy= fQK(x -0 f(y)dy.
But now we can apply part (ii) to the integral on the right, and conclude that u € C2%(Q), with
040 u(x) = fQ OkK) (x— )9} f() dy.

(We leave it as an exercise to show that this is a continuous function of x in Q.) O
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