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Let Q < R" be a bounded domain, g € H'(Q), and define
oA ={ue H'(Q):u-ge Hy(Q)}.
a) Show that < is a weakly closed subset of H 1(Q), i.e. show that
.szf3uj—‘u in HI(Q) = ue .
Hint: H&(Q) Suj—g— u—gin HY Q).
Define F : H' (Q) — R by X
F(u) :fQ(EIVuIZ+fu)dx.

b) Prove that F is coercive on </, i.e. there are constants C; > 0,C» = 0 such that
F(u) = Cllull}{,-C, forall ues.

Hint: Prove that in any normed space (X, | - ||),
1 1
Ix—ylI* = Euxnz— Iyl>  and  |x|*= Enx—yn2 —lyl*> forall x,yeX.

. . . . . 2 2
Hint 2: Triangle inequality + 2ab < % +¢b” for a,b = 0.
Exercise 7.1:6 in McOwen.

Exercise 7.1:8 b in McOwen.
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