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a) Let Q be a bounded set, (C(ﬁ) i I flleo = max g |f(x)) is a Banach space.

Proof.
1) | llw is well-defined, indeed:

feC©) =3 x9€Qsuchthat | flloo = | f(x0)|
2) |- lloo is @a norm on C(Q). Trivial, for example,
[fleo=0=|f(x)|=0forallx=f=0

3) Completeness: .
{fi} € C(Q) Cauchy = f;(x) < R Cauchy,

since
1fi(x) = [ =1 fi — filloo-
This implies that there exists y, € R (R is complete) such that

fi(x) =y, forall xeQ

Define the function f as .
fx)=y, foral xeQ,

and note that

{fi}Cauchy = |filo=M<ooVi = |f(x)IsMVx = suplf(x)<M,
Q
and
sup|fj(x) — f(x)] =sup| fj(x) —lim f (x)| =limsup | f;(x) — fx(x)| =lim |l f; = fxll — O
3 a k kg k

as j — 0. Hence,

(@) fj — f uniformly in Q implies fecC Q)
(i) Ifj—flloo—0asj—0

and C(Q) is complete.

b) Let Q be a bounded set, then

(€@ 1fheo=sup{if@I+ /1)

is a Banach space.
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Proof.

1) |- ll1,00 well defined and norm on C 1(Q) as in the previous exercise.
2)

{fi} Cauchy = {f; (x)},{V fi (x)} Cauchy
= exists yy € R, ¥, € R” such that f;(x), Vf;(x) = yx, V%

3) Def. f(x) = yx, §(x) =Y, x€ Q. Asin the previous exercise:

FfeC@, Ifi=flloo—0
gelCI, IVfi—Elo—0
4) Check: Vf=g.Foranye >0,

fx+hej)— f(x)

Y —8j(®)| =IDe; f(x) = D¢, fie(x)| + | De; fic(x) — gj(x)| <€

since the first term on the right-hand side is less than 5 for k large enough and the sec-
ond term is less than £ for i small enough.

5) Conclude fj — fin C 1(Q) and the space is complete.

O
c) Let Q be abounded set,
(c@; <f.g>= [ rg)
Q
is an inner product spcae which is not a Hilbert space.
Proof.
1) <-,->well defined on C(Q) (if Q nice)
2) <-,-> inner product on C(Q). Trivial, e.g.
<f,f>=0:f|f|2dx=0:>f50
2) Not complete. Counter-example in C([—1,1]). Define
0 x<-1
0 x<0 k
f(x)={ 1 x>0 and fk(x):{ x+f —F=x<0
1 x=0,
and observe that
2 ! 2 0 2_ 1
1= fill = [ Af == [ 1= fift = 3 — oo
1 -1 k
since | f — fi|> < 1. Hence || fi. — fIl — 0 but f ¢ C(Q), so C(Q) is not complete.
O

(Young’s inequality) Let a,b >0, p>1 g < oo, + + L =1. Then

P q
P pa
a bsa—+—
p 4
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Proof. Note that the function f(x) = e is convex. Then,

1 Py 1 q
ab = enatinb _ el’ln(a )+ In(b9)

1
=f(Alna’+(1-A)Ina?), A= ;,

<Af(naP)+(1-2A)f(na?), by convexity,
a’” b4
=—+—.

p q

(McOwen 6.1:5) See solutions from last year (2007):
http://www.math.ntnu.no/emner/TMA4305/2007v/Week12.pdf

(McOwen 6.1:15)

A bounded bilinear form on a Hilbert space X is a map B: X x X — R such that

(i) Blax+by,z)=aB(x,z)+bB(y,z)
(i) B(x,ay+bz)=aB(x,y)+bB(x,z)
(i) [B(x, )| =Clx|lyl

foralla,beRand x,y,z€ X.

Thm 1. There exists a unique bounded linear operator A: X — X such that
B(x,y) =< Ax,x>, <-,-> inner productinX,

forallx,ye X.

Proof.
(i) Define F,: X — Ras
Fy(y)=B(x,y) forall yeX.

Note that Fy is linear
Fx(ay + bz) = aFy(y) + bFx(2) (by (ii))
and bounded
[Fx(M1 = 1B, yI=Clxlllyl  (by @ii).
(i) Rieszrepresentation theorem: There exists a unique z, € X such that Fy(y) =< z,,y > for all
y € X. Moreover, || Fxl|l = [l zx]l.
(iii) Define A: X — X by

AX = zy.
Alinear:
< A(ax+Dby),z>=<Zax1 by 2 >= Faxypy(2) = Blax + by, z)
= aFyx(z) + bFy(z) by (i)
=<azy+bzy,z> by definition of z,
@) =<aAx+bAy,z> by definition of A
Take

z=A(ax+by)—l[aAx+bAylin(*) = |Alax+by)-[aAx+bA,ll=0
= Alax+by)=aA;+bA,
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Abounded:

[Fx(y)l |B(x, )|
| Axll = 2]l = | Foll = sup =22 = su y
yz0 Iyl yz0 Nyl

<Clxl by (iii).
Aunique: Assume A is such that B(x, y) =< Ax, y > forall x, y € X. Then

O=<Ax,y>—<ﬁx,y>=<(A—g)x,y>
=>0=|(A-Ax| forallxeX (takey=(A-A)x)
=>(A-A)x=0 forallxeX

>A=A
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