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a) Consider g € H'(Q). The set

b)

o ={ue H'(Q): u-ge H ()}
is weakly closed in H' (Q).
Proof. <f weakly closed in H'(Q2) means that
A 3Ur—u in HY(Q) = ue .
Note that

d3ur—u in HY(Q

U

Hy Q)3 -8 —(w-g in HNQ)
U

H} Q)3 (ur—8), llur—glha<M forall k
U

There exists {uy;, — gt c{ur—ghwe H& (Q) suchthat wug-g—w
But, since (ur; — g) — (u— g) and the weak limit is unique,

u-g=weH Q) > ued

Define
F(u) =f (1|Vu|2+fu)
o 2

Consider a function g € H'(Q) and the set
of ={ue H'(Q):u-ge Hy(Q)}

Then,
Fw) = Cilvli, - C

forall ve o/ anda C; > 0.

Proof. Obs 1: Fore>0and a,beR,

2

(E—Z_J)ZO o 25}_7552+l_72 = Zabsa—+6b2 when a= ,I_o:€b2.
€

a
Ve
Obs 2: lull < lu-gll+lglland gl < lu—gll+llul. So,

lu—gl® = (lul - 1gH* = lul® - 2lulligl+ gl
Hence by Obs 1 with € = %,
lu-gl? = %uunz— Igll?
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Therefore,
[IVuI flV(u g fIVgI (Obs 2 with u + g instead of u)
= 5 1t IIu glll 2= gl (Poincare: II¢>II§ < CallVeli3, ¢ € Hy(Q))
1

1
p— u — p—
41+CQ” It (21+CQ

=

+ 1) ||g||i2 (Obs 2 again).

Let 1 1 1 1
== and K= (— + 1),
41+ Cq 21+Cq
and note that from Obs 1 with e = % we get
If1% e 9 ||f||2 € K ||f||2
us—=+-llul5s —=+- =—luli2+—=
flf | e 2|| I e || ||12 || 1,2 X

Therefore, using the previous two relationships on f [Vul? and f | ful and the fact that u € of,

1
F(u)25f|w|2—f|ful

1 — 1 1
> =Klulf,-Klgli, - ZKnuniz - If13

— N

Kllull} , - Kligli,+— ||f||§)

|
|

See solutions from last year (2007):
http://www.math.ntnu.no/emner/TMA4305/2007v/Week13.pdf

(McOwen 7.1:8 b)
Let Q c R? be bounded. Consider

F(u):fﬂdl+u§+u§,dxdy

where ue H (Q).

A ={ue H Q) :u-ge Hy(}={u=g+v:ve Hy(Q)}

The function u has a critical point of F on < if

F(u+tv) - F(u)

O:D,,F(u)zltl_l}g "

for all v € H'(Q) such that u + tv € o for ¢ small.

Obs: u+ tv € o for ¢ small implies u € Hy (Q).

Let

fp,@)=\/1+p*+q*

and note that f), = /%’ fq= }%, and f, fp, f4 continuous. Formally:

Do =L E( +10)| —fi( + gy + 10,)|
v u_dt urty =0 Qatf Ua 0, Uy + Py =0

_[( (Ux + tvx) Uy + (uy +tvy)vy )|
~Ja flux+tvg,uy+1tvy)  fuyx+ tvy, uy +tvy)/11=0
UxUx + Uyly Vu-Vv

Ja [ ux, uy) Q /1+|Vul?
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These computations are correct if e.g. u, v € C*°(Q) and then they hold by density for u, v € H' (Q).
Hence: u € H'(Q) critical point of F on «f if the Euler-Lagrange equation holds:

Vu-Vv

Q V1+|Vul?

Assume u € C?(Q), integration by parts in the previous expression gives

0=D,(F) = forall  ve H)(Q).

0=- v forall wveH,(Q.

. Vu
fﬂdlv(—m)

The variational lemma then implies

. Vu
div(—————) =0
\/1+|Vu|2
Obs:
Ux; Ux;x; 1
L S RN W S
VIR VI IVuE 1 IVl
U x; 1 1
:L—uxi——322uxjuxjxi
V1+|Vuf? 2(1+|Vu)?z
_ 1+ |Vu|2) Ux; x; _Zux,' uxj uxjxi
1+|Vu2)’
Hence ,
Vu L+ IVul)Au—- L by, Ux; Uy x,

0 = div(

)
V1+IVul? 1+ |Vu?)?

So, since we are in R?,
2, 2 2 2
0=1+u;+ uy)uxx —2uxuylxy+ (1 +uy+ uy)uyy

In other words, the abouve Euler Langrance equation is a weak formulation of a minimal surface
equation!
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