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(McOwen 5.1:2)

u =nh on 0Q x (0,00)
u =g onQx{0}

u; =Au inQx(0,00)
(1) {

Note that u(x, t) = v(x, t) + w(x) solve (1) if v and w solve

_ . vy =Av in Q x (0,00)
{ Aw =0 inQ and { v =0 on 6Q x (0,00)
v =g-w onﬁx{O}

w =h onoQ

If {An, pnl;., are eigenvalues and eigenfunctions for —A on Q and g — w = } an¢y, then from

McOwen,
vix, =) ane i,

Note that, for ¢ — oo,

[e.] [e.0]
IU(X, t)| < e—/‘Lit| Z ane—(/ln—/li)f(pnl < e_AitI Z an(pn| -0

n=1 n=1

where A; is the smallest positive eigenvalue and we assumed | Y57, a,¢,| to be bounded. Hence

tlim ux, t) = tle (v(x, )+ wx) =wlx)

(McOwen 5.2:1)

Theorem 1. If g bounded continuous function and

u(x, 1) =fw Kx,y,0g(y)dy

where )
1 -yl
K(x,y, 0= e A4
(4me)2
Then,
i) ue C®(R" x (0,00))
i) uy=Auin R" x (0,00))
iii) limy_gu(x, 1) = g(x)
Proof.
(@) Obs: KisC*®fort>0
n 47 _lx-yP 1 Ix—yF -y
Ki=—————e 4 + e el Z
2 (4np2tl (antz 4t
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1 2(x; —yi) _lxy?
Kyix; = n i yl)e_T{]xi
(4mr)2 4t
1 _£+4(x,‘—y,‘)
(4mp)z 4t 4t

2 _ lx=y%
e 4t

S0, K; =¥/ Kyyz; =0 (£>0)
(b) 2 n
L ! f e az= L (/e‘szds) =1
R" R

/K(x,y,t)dyz ze wdy = — 7
R R™ (47wt) 2 z:;/i\/i T2 T2
(©
1 1 2 —%2 2
g _182 1 e s _la?
f Kx,y,0dy = — e dz< — e zae 2l < - f e 2dz—0
lx-y|>6 =i w2 Jia> % nz Jizl> 30 m2 JRe

. . . L
as t — 0 uniformly in x since [pne™ 2 dz <oo.
(d)

(@]
D%u(x,t) = fRn (D7 K)(x,y,)g()dy

is continuous for all a, hence u € C*°(R x (0,00))

(i1)
ur—Au= fw (Ke(x, 3, 8) = AxK(x,y,0)8(»)dy =0

forall £ > 0since K;(x,y,1) —AxK(x,y,£) =0
(iii) Using (b),
u(x,t)—gx) = fw K(x,y,0)(gy)—-gx)dy

= +f )K(x,y,0)(g(y)—gx))dy
|x—yl<d |x—y|>0

that implies

lu(x, 1) — g(x)| Sf

[x=yl<

K,y 0g(y)—g0)ldy +2lglle Kx,y,0dy
o [x=y|>8

For all € > 0 take 6 > 0 such that |x — y| < § implies |g(x) — g(¥)| < % (g continuous) and

t > 0 small such that f|x—y|>6 K(x,y,0dy < %m by (c). Then,

lulx, 1) —gx)l<e

Remark: (iii) + (i) = u e C(R" x [0,00)).

(|
(McOwen 5.2:2)
u(x, ) =fw K(x,y,)g(y)dy
where g bounded and continuous.
(a)
lu(x, 1) sf K(x,y,0)lg(yldy since K>0
[Rn
< Mgl [ KCx,y01dy
= gl since fK(x,y, Ndy=1
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(b) Assume in addition i, [g(y)|dy < oo, then

1 lx—y1?
lu(x, )| < )t fw e‘T{Ig(y)ldy

n d Jlx— \2
< —fR |g(y),! Y since e_Tf <1
(4mt)2

and the last term goes to zero as t — oo.

(McOwen 5.2:5)

Theorem 2. Assume ue C(UpUT1)nC>Y(Ur)nL®Uy) and u; —Au<0inUr:=Qx (0, T) where
I'r=Qx{0} UoQx(0,T). Then,

sup u = sup u(x,0)
Ur R"

Proof.

1) Lett<T,e>0,k>0:
w(x, ) = ulx, t) —elx> — kt

Obs:
wy—Aw<2ne—k<0
if k> 2ne.
2) Obs:
|xl|i£noo w(x,t) =—oc0
Take R > 0 such that

x| >R=€R?> 2| ulloo + kT +1= w(x, ) < —||ulloo— 1
On the other hand at (x, t) = (0,0)
w(0,0) = u(0,0) = — || ulloo
Conclusion:

supw= Ssup u=_max Uu
U: Br(0)x[0,7) Br(0)x[0,7]

3) Let(x,1t) € ﬁT such that

w(x, ) = maxw
Ur

Ifo<t<rt,then w;,=0and Aw <0. If t =7, then w; = 0 and Aw < 0. Both cases are in
contradiction with the observation in (1). Hence,

max w = max w(x,0)
U, R"

(4) Let (x,t) € Ur: Then (x, t) € U; for some 7 < T and

ulx,t)=wx,t) +e|x|2 +kt< n%gax w(x,0) +e|x|2 + kT < sup u(x,0) +€|x|2 + kT,
n R’l

where the last inequality follows since w < u. Send € — 0, then k — 0:
u(x, t) = sup u(x,0)
[RV!

and hence

sup u < sup u(x,0).
Ur R”
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