
Fouuei suis
Observation : As for a real Vector space ,

a complex inner product imdnus a norw ow V

Complex inner pwductsawd orthogonal systems via ✓
.Hf II : = <f.f)

Definition :

Complex inner product
tut V be a complex vector space . Then a mapping • We Baue kf.gl/tHfHHgHCaachg Schwarz .
< "

i) : V x V→ Cl is called au inner product
'

imgadits .

if the Sollowimg assumption an satisfied Definition : tut V be a complex vector space
with an inner product .

1) dimäity in the first argument : A sequence lfamiey { olw! is called

< ist µg.b)
= KfW) tpkgiw) orthogonal iflow.fm) = { ! ¥!! II!

for all X
, µ c- 6 and f Diw EV '

orthonormal ig in addition cw =L Olwifw!
2) Conjugale symmetry In--m

< f. g) = GI ttg.ge V
= " %" = t.wethuwtikldmdmI.no?:aj!.on+n .

3) Positive definite . Example : { ei"" Inez is aw orthogonal

< f.f) Z O and Cf ,f) =OH f = 0 . system since

Example : tut v be the space of compea, continuous
( ei"

,
ein" ) = ein" ein [ ei" iimdx

2T puiodic functions .
Thew

<f. g) : = fjdx =

.

ei""" dx = {
"

III. ji+

is a Complex inner product on V .
ich-m)

X= -T



Orthogonal pwjectiowlagaiw)
=! →
( ei
"? """ ) sind -MIT :O.

Questions For a genial
.

f ¢ Vr .
can "

• By the puoiowscaeculdiow we see that find an fw E Vu which is
"

(lose
"

to f?
Or ask deffeuwtlg : Which fwe Vw is the lasest

{ {ez is a orthonormalsystem
'

one to f , ngardimg all choices im Vw we Baue ?
• How to compwk thew e.g. cw or an , bw ?

Example : { sin WX }!
"

U { usw
wo Let's start with the simple example , assinming thatD

is an orthogonal System .

Then f is dteady in V o

( siwwx
,
Swim X ) = ( usw ×

,
los "×)

Assumption for nunainimg lecture : V complex vector space
= {

IT it w = "
witwiumrpwdud-L.it , { du} EV orthogonal system ,

O Use
,

Vv '
-
= { Gw = NÄ

,

du Ion } N- dimensiondsubspau spannend by the

first Nmembers of { du} .
and L Wsw ×

,
siwmx ) = 0 Knin c- W

.

Qwof : See exercise set I , problem 3 . Di Deposition : tut V be complex vector space with
° Last time we com idered the vector spaces an inner product <

"

i)
.
tut { du } be

N aw orthogonal family . As>nun that f is gioeh by
Vw = { JK) = aot E.fan usw× + bwsiw) , f) = £

,
cw@w.Thewcw = Still

an, bw c-E} and llolwll
'

s

'

N
inx Jw particnlar if { du } is anÜ ± { f) = [ cwe cwEG } .

N
n = - µ orthonormal sgkw then cw = ( f , fw).

Note that Üw = Vw thank to Euler
'
s formula.



Observations :doof .. Tala inner product between fand % :

. I. is a linear mapping VJF↳TNJEVN .
< f.¢) = SEI

,

cwolw , fw) ' Tw is a indeed a pwjcdiow ,
that is

= EI
,

cm Lohn ,¢)
Twf = f deiner f is dseady im Vw ,

m
= Adult Thank to the puvious proposition .

-

= cw Lolw , du) . Tw f is orthogonal is the sense that

thank to the orthogonaleIgproperty Tk ( f - Iwf , g) K ge Vu ,
that is

Definition : Tor an orthogonal system { cfw} and the error f -Iwf is orthogonal to Vw .
giuew vector (function f E V , the coeffiueuts

cw: = Hifi are called the ( general)
not ' Since { du!!

,

is a basis for Vw it is

Hot enonjw to slow that < f-Twf , Iow) =0 m=/
. .
N
.

Founircoefsieients . Sometimes we wie Älw) - cn . < f-Twf , du> = Lf - 441pm du , Iom)

Definition ( orthogonal pwjatiow)
= < film) - E! 4¥14 < du , du >

jeden} is orthogonal .
Tor fe Vwwe defim the pwjatiow Tiefe Vr by = Lf , du> - ftp.L#w) = 0 .

If : = [ cw cfw with cw:-. < t.tw) Da
w =t

'



Theorem :(Best approximation pwperty) .

/
f-Twf

/
-

utut fe V. Thw Twfsdissüs

Hf -Iwf II =

ging Hf
- g H

.

-

Proof ' Kates the sam as iw decken /
,
but

Proposition : HTWFHE AfD .

we repeat it hen to atmet an important corollary .

- Intuitivelg f = Iwf t f - Iwf and
Lt ge

V Thw

⇒ +s § -Iwf t Twf so Pythagouaw theorem ätb! Ö

Hf - Iwf II
? <fünf , f- iwf ) gius

= Lf - iwf , f- g) + <fünf ,g- Iwf) 4ft = "Turf Nt Hf -Twfll
'
> Hüft!| -

← Vw A pwof in the spirit of the gurion pwof is as follows :
-

= o Tw f is orthogonal

t.sn
.

- ins s "
. ⇐wisst( if not 0 , otherwise trivial since Hf -Twfll

= o is charly the minimimum . )
= (Tw f.Iwf) t < f-Twf , fünf)

aua gut -
,
-

= IITwflf < a Hf -Twfll
?
= b
'

Hf -Twf H E H f- g H no matter what SE Vr t lTwf , f- Iwf) thf -Twf , Iwf)
we chose . Du Finca üw

orthogonal .



Proof : Since Hf H < 00 we Wave

[
= ,

15h) It HSH < 00 for any N > 0,

Covollavy (Bessel's iweguality) tun E.
,

1ft) conoerges to some finde
det { cfw } be an orthonormalsystem ,

then for uumb" which means that I Itu) I→ O w-> 00 ,
any W we Üaue

¥
,

Isdn) I://ftp.
and this IHN → on-> oo.

Doof : Thank to the last pwgositiow we üaoe

" fliz HIFI
= < Eisenschienen )
= E. Er

,
INSTINKT

N n
2 = 8mm

= [ Iflw) I BUNT
h = 1

Corallary ( Reimann - Lebesgue)
Jf Hf H < oo and Kfw} be am orthonormal

famieg ,
then

nein
.

Ilm) = 0 .



Real and complex Fourier suis Definition k complex trigonometrie suis / Fourier series)

Definition ( General touuirsenisforanorthog.sg.hn) tut f be a complex , IT puiodic function and
• unsicher the orthogonal Systemtut { du!! a orthogonal system .

Then the

formal exjusnow { ein }
•

nek
'

[ Älw) % is called a general Fourier senis .

The the formal suis
h= I

Dem:b : since Iwf = ¥
,
Itu) Iq is made up from II

..

§ (w) ei
"

particle sans of the general Fourier suis ,
we 9kW White

is called the ( complex) Fourier senis associated Wittorf,{f ÷ Tnf oo

After the general considerations , we returns to our we weite : f v Z J (w) ein
Original questions .

h = - oo

• We define now V := { f : ET , T]→ G I Ifk 00} Ofkw ,
we deute Itu) for the complex tonner

senis as cw i that is ,

when we asswmed that the Integral I. Iff eeists
.

cw : = § (n) =
Ltte

Suüw functions an said to be "

square - integrale
"

.

He"" II
'

The set V is this the set of all square-integable = Ä f e DX I - i x

functions , which is im fort a weder space ¥1,1
= JTIÄS ich = : cw

(Exercise : Dove this )
.

This vector space is also

dewokd by di (-T.IT)
,
nach

"

2 two
"

.



Definition (real Founir sein) The expussiow
Now we unsicher the orthogonal system on TTT) f v ao t E)(awcoswxtbwsiwwx)
{ | } u { coswx!! u { Sinn}n! inskad "

is called the (red) Tourismus of f.
and complete the comespondimg (generell)
Fourier coeffiuiwts : Before we start to too . at a humber of example

we imtwdnu the concept of even and odd functions
a. ⇐ ¥ = # § DX

Definition :(odd anderen functions)

q ÷ Lt =
Jk) losht DX A function f on a symmetrie interne J = [-2,2]

< cosw X
,
cosnx)
-

.

los n de is called even if flx) = fft ) k x e ] , and

= ¥ f (usw+ dy
is Called old if ffx) = - ff) Kxe ] .

anasimi.rs .
"

%:*: ÷:
bw :-. = ÷ HDsind

.

s s s.ms
loew even even

Odd euew odd

Note that if f is real then aw „
b ER .

Exercise
.
Show that
der New odd odd

§ even⇒ GfK) dx odd odd euew

-a

= 2 { fk) dx , fodd ⇒ § flx) dx = 0
.



Example I . Tun

f) = 1×1 on ETF] and puiodicdly extended au
-
_ ¥ (oft -¥ ) = ¥, (Cl)

"
- l)

flx) is au even function

ff-X) 4) cosx Cos 2T

÷
-x x

- I -

COST
"

T los 3T

a. = # ÄKI ' I = ¥ - ( {E)dxt § xdx) bw = ¥ SKI - siwnx
-IT

= ¥ . (¥! t ¥ E) <¥ . II . Note that siwx is an
"

odd
"

function , i.e

siwl-x) = - sink)
,
and so is siwlwx)

Gw = ¥ KI losWX DX fand COSWX are even and this KI sinke) .
Thws

| functions

= ¥ ! -xcosxnxdxtffxcoswxlfjxcosnxdybwj.SK/sinnx = 0 .

How to Complete AÖX cosnxdx ? Integration by parts!
tonne sekis for f) = KI :

£ s
-

Sig f- Et III. HD
"
- l)

.

{xtcoswx = xs [ - Ö sina.znape.tg.tw partia suns Srf "
= § siwnxfa-cos.hr/- / Ger to the Supplemental jupykr notebook .

w a



Example 2
: f) = X ow ET

,
T]

, extended . We can uwnik this Touuir senis as fellows
•

puiodicdlg to eutin red eine . I ""

ü" = [ EI
"

( ei" - ein' )
n = - o in h = , in

+
piiodic extension of f Das

"" °

a discouhinitg ! = EI .

2 sin wx . ⑦

fi b) Exercise. Now computer the real Tounirsenis

Ceo = ¥ S × =

. . . .

- T

a) Complex Fourier senis

co = # ÄX - I dx = 0
aw = ¥ × coswx = . . .

T
- in

bw = ¥ ÄIX sinnt = ¥ [xsiwnxdx
cw = ¥ S x e

- IT = . o o

Integration
↳ ! # ( fein .

.

] einxd× )
and "its that you end up with ④ .

parts .

° When you plot the partick Suns Srf , you
-

in -iwü
= 0

+,

see that appwximale f) quite well for incuannj N
= eigen = - LOSSEN = EI .

except for den to the imkvoal endpoiwts , when-

i in

⇒ f ~ [ EI
"" ein" Swf over süootslslow lange oscillatiow .

This

n = - oo Ihr plunowuna is Called Gibbs phänomen and Canned
k¥0

by the discontinuity of the function.



IT

Example 3 lonsider the Heaviside function bei ¥ Äh sinwxdx = Ssinwxdx
O

O X < 0nun= { = I )
I X Z I

W O

↳wider this as a function ow [T , ;]
=

in# ( los WT - / )
and wund it to R piiodically . =

- ¥ ( ED
"

- / )

- I- _
= ¥ ( It CD

"

) = {
0 " ""

E- w odd
.

÷.tt#T- ⇒ un ) v [ ⇐ IHN
""

) sinnt

Compwk the real Fomin denis

a. = # In du # { Idx = # .

= EI #+ sinken -Dx) .

an = ¥ hlx) loswxdx = # § Cosnxdx
= 0



Complex vs . Kal Touuir suis ' Transition between real and complex Jom

If f is and function , thew cwtc.nu = # ( f (e-
"
I ei" ) de )

•

cw = ¥
.

flx) e-
"" "

dx = ¥ II f coswxdx = an

- ¥ f)ein
Cw - c-n =

- i ¥ ÄISK) siwwxdx = - i bw

-

Cw t c -w
= aw

= ¥ Gfk) ei
" "

dx cw - c-w
= - ibw

-IT

= In Cy =cnn.ibw-2.ms
all sums

C-
w
=hrwtibwinx

- inx 2
(
w e

t C.
n
e

= cwei" teuer
= Z t Ä = Re (z)

are real , so eutin
"

Complex
"

I. s
.

is a real function



(ouoergeuce of Fourier Series • Because of this ,
one Sometimes normales the

Dirichlet Kernel :

Question : Weiutwduud Jamal tonnen suis D) 4) = #Dwk) , ÄÖW de = I
.

f- Ei
.

Älnü
"

ewecawnwik Der Sutter
with Itu) = #ÄSK) " d!:{§ II.wein = Ä

.

eine"
When I for which X does -

Srk) = Eigenheim > fing Eisenheim = ii" Ei q" geometrie suwwitüge
"

2.Ntt

hold ? = iitk.fi#=e-iN+g,iekNtDx )
| - e

. We start bynwitimg Sw f. To do sowedefine
- iwx im ix I

the so- called w- the Dirichlet -Kernel =
e

| - e
"

. E
Dwk) :< Efre"" = It E. fü

" tü" )
iilwtttx

.

""

=

sin ,@ + E) ×)W =

= I t 22 cosnx iE
:

STEIN
> Drk)

4=1

T

Note that S Dw4) dx = 2T AN .

- IT



° Lodi at plots for Dw (e)



• Now we nwnie the particle sum Swflx) an demman ( Commuletioity of convention )
§lleows

{flx) =
.

§ (w) ein"
For too 2T puiodic functions it Does that

I (f * g)k) ÷
.

f G) glx -y)

÷
Etui" =

sausen - es * sei .

ftp.t?..wei
"""

dy Proof : g.

- (f *g) 4) =
.

fly) gcx -g)dy ( snbsttionmee t - × -g
= TON (X-y) + (r) . ,

that ist G) = x - g and

= fly) D) (x-g) dy .
= S flx - tlgcttddgdt S - get) = x - t

tfü)
× -I

This kind of npusewtetiow of some function
= - Gfk-HgA)dt

XTT

via Sui integral is so commow in mathematics =
- FI feat) get) dt ( since Integrated is 2T penödic ,

that it desevoes its oww name .

"

Conoolwfiow
"

.

So it doesn't matter on which interne
=

.

flx-f)glt) dt of lugte 2T we integrale )
Definition : For two 2T- puiodic functions f ' s the

= (g * f) (x) .
Convention f * g is defim.cl by

Cf * g) (x) : = fly) glx -g) dy .



Interlude : kndentandimg Conventions . Note that we always Wave that

" At first , convention night a dfficult operation to groß.
we this pause wie to iwuntigak the meaning of Taking

n

% (x) DX = I VE E ( O
,
I]

conventions fürther .

do the
"

total nass
"

under the integral is always I .
. Let's tab a lab at the meaning of

Now we au a book at g * Bei specificalles
9 * Üc we tooE at

when for O < e E IT we dgine ( g * De) (O)
=

g(y) % (O - g) dy
% ,
Kl sc

KK) = # ' NEac]
= {

o em
since be is now = % Gtb) 4. c. es(g) dy

Definition of Fries = zt {SG) dy
:"
.

.AE#.:::::t:::.I
of hugtiw 2 Er heulend at Oµq/¥¥Ä×) and then we divide by the hust of the iwkrod .

! So g# Bdo) regiments a sort of an average value
of g tatum over an interna anhand at 0 .



• For a
"

nice
"

function g , we actndly expert Now we sedize that ! (X - y) as a function
thw that (g# D) (O) → glo) ,

Er→ 0
,
that is

average Odins over shaker and sandler inleuodsawtend of y is just
at O sliould Converse to g(O) , if . e.g. g is continuous
at 0

.
This is just the classical fundamental Theorem Bug (X -y) = Ü

,
C- (y -x))

of calculus : Jf g is continuous , than

Öglydy : Gla) -Gtb) when Sly) = gly) .
= o! (y- x)

Now % {gkddy = fz ( Gk) - Gtc))
= 9×04 (y)

= { ( K¥0) t Get) Ei ; ( gla +gyo))
so 44 - b) is just % winona Sint and

= gco) .
then translated to X

.

In pictus
. Now lodö at

⑥ * ein = :c !seinen
. Intwduu minor operator
o : f ↳ of asimdb §" >uns xte

of (y) = ffy) g * % (x) = % S ülydy
×- Er

• Translation operator So g# DEN npusewts a sort of aw average value

§
H Jx f s"" S

% ftp.ggtauwoouawintevvaluwkudatx .
If (y) fly- x )



° ts in the can for X =0 ,
we can show that and not all Odins of glg) an weijhted

g * Weu) → glx) if g is continuous at × . the seine way .

. tut
'

s unsicher ajnon general case After this interlude we reitende .

Nils
)
.

.

!G) = |
We obs"Oed that Ehe partie ums

¥,
Gfk) : Ifk) - Eisen) ei"

c are nothing Use but a comooluhow

off with the (normalized) Dirichlet kernel
n v

Dw (y) : =! Er eins .

n= - N-
gcx)

T

Tor aus N : S Freddy = I

I d d I I - T

- T X-E X XTE T

and for N→ 00
,
the

"

nass

"

Countries

then the Junction Ü
,
(x) does not night all more and more around 0

.

Then it night come
contributions to f dose to × in the "he was'

as a complete surprise , the for
" nice " functions

www.putmaeweight towards the left cowthbwhw .
f we go, that ein GfK) = flx) .

W-306



Warming : The Dirichlet kernel is quite nasty ,
Theorem ( Pointwise conuegeuu of Founirsenis for

dipschitz continuous function)
im perticnlar it is very oscillakrb Ser lars N. tut f be a züpuioaic function which is square

- inkgrabh
Im particulier , then aists example of function f and at × c- C-T.IT ) be a point such that

when f is cowtinous at ×
,
but Swf das / flx - g) - f4) / E M Igf Hye tzü ,Lü)

not comoerge to § at ×.
for some constaut M

.

Then

But if we ersonnen a slijhtey stronger conditions Swf (x) : = Efron ei"→ flx) for N→ oo
.

one can pwve conu ergehe : We S5 that t is
pwof : A defaieedpwof for the mathematical ieukuskd

Lipschitz Continuous in × if can be Sound on the next two pages .

/ f (x - g) - f4) / E M Igl JE tzüilü) Note : Doof is not relevant for kam !

^ In
""

Remarlö : the condition above impeies that f is continoas at X ,
sina.SK -g) → fcx) if y→ 0 .



But thank to our Condition
, we Rave that

Proof : we wanttoshow that JK) -Swf 4) → 0 .
Na

.

„ Iggy , =
lflxt-fk.AT ± MIN ← (

Let's start from there : Is inEl Ising I
Srk) - Swf 4) = fk) - f *ÄH)

for some constawt
,
since we know Losing de li Hospital's

= fa) - ÄSSÄT -g) dg nee ) that

geis 7g = Ging ÷! = d
.

( Usingdemmal)
= fix) - flx-g)Ig) dg So we pwaed with

§!!! ÄÄ"" = izydg.jfk.jizggs.ca - Gfk) =

.

g) sinktE)Ddr
- s)
= I (hsing sin (at b) = "

=

.

Hk ) - fcx -g)) Dj G) dy sinacosb +
= in Ny dg In

Cosa sin b )
(Representation ofnonnaized

= §; Isin ( (Ntty) dg t.SI/gI/cosN9dg In

Dirichlet Kernel
,
see
-
-

page l) T.sinZT-i.gg)
"
:

g.(y)|
- We wawttoshbw that bothe I and I → 0 for N→00.

Let's pause for a moment and have a closer lodö at Looking closer at I , we teaeize that it is ( modulo a factor 2T)
g
(y) : =

Sk ) - flx-g)
° the real part of the Tonsur coeffiüewt cm associated with ge :

A-way from the origin ,
this function is

"

nice
"

since 2T . = Re ( cm(ge)) . Similarlg
sin
}

is not Zero on C -T
, F) \ {0} . The question is gp.FI

= Im ( cm (ge)) .
Because of the nice belüaior of g ,

whelher glg) beows up for y→ 0 sind #¥300. boten
g, and g, an square

- iwtegteble ( lgetek < 00 ,
Sorg→ 0.

Ägide <oo ) so by Bessel 's inequality and our

Observations ow p .} ,
Cw (g) → 0 , cwCg) → 0 for

v.→ oo and so do I and I
. Der



Theorem ( Poiwtwise conuugeua of tonner seuis for
function with jumps ) .

tut f be püawise continuous ly dfjeuwtiable function
on Lü ,T] , when botÜ the left and night
duivdioe aist at any point of discoutinuity.

Iff is continuous at a point × ,
thew

ftp.offkt-E Elw) ei" = fa) .

Wz-DO

If f is not continuous at × , the Fourier suis

comuuges to mean
-Value of the left-hand- sich and

night - Band- sicher limit off at × ,
i.e.

,

a.

jew) ein!

t.FI#)whenftKI=lIIo+f4tNif.kI--fIyo+flx- ü)
.

Jf f is C
'

Ecowtinuouslg differentiale) ow
(-TT ) ( excludiwg endpoint) thew flx) §in) ein

"

K x E C-T,T) . Iff is (
^

on the antik real - line and 2-Tpenödic ,
then

the tonner suis conoeges to f also at -T and IT.

Proof : Owütled
.



- Note that the last I Theorems wen about Fomin series on Ed
,
L]

pointWise comoageua .
But if we can also talk We how unsicher J = E-2,2] imstead of [-T ,

T ]
.

Tluw [-T.IT] ,
siw × [-22] singt ×

•about conoeyeua in the Hill = Iii DÄ
{ ein f.

„

and { cos nix !! {sin II)
This is aw integral how and doesn't lodi at °

my
are orthogonal systems with respect to the solar product

pointwise comoergehce . ( fis ) = § fk) DX
.

V = { f : ETH]→ ¢ , HGH Ä) < 00} Exercise : Veifg this .

= 24ft ,T)) =

"

Spaces of all sghae-iwksrable-wcomspondn.mg complex Fourier series is dfimod by
functions

,
HSK are called Ü - how

f un war
ein with cw = # fitteste" dg ,

Theorem 3

Similarly we Baue

zetfe 24ft ,TI) the Swf > Iwf → f
ge a

.
+ [(an cos nä + basin "¥) with

in the di - norm
,
that is

him Hf - Swf H = 0
.

a. = # { tg) da , aw
= f- IHN cos Is dg

✓→00

Doof : Omitted DGB
bn = f- Ifly) siwhisndy .

Todo : Add out line go the mathematical
inteuskd

,
unds approximation haut by Weierstraß.



3. Gewand oddr extension Definition :
"

oddutvidelse
"

Definition :
Ht :

"¥11;];D ,
we define its oddeetmsionfo

and its even extension £ by
A function for a symmetrie interne 3=2-2,2] f. (×) = { flx

) × c- [0,2)
- ffx) XE C-2,0 ) ,

is called even if flx ) = fft ) KX c- 3 , and

is Called old if ffx) = - ff) Kee ] . f. 4) = {
Jk) XE [Old )

fft) XE C-d.O)
.

Wen Odd

:
"

s

-
Observation . For the product I I > ×

f. g of two functions , we live
- d) d

f- g f. g
loew even even

to

Odd euew odd

euer odd odd Note : Botho fe auch fo erntend f from
odd odd even the original domain of definition [0,2) to

that
.



Observations : we can now computer the Fonuir series Parseval
'

identity
for Go and fe .

Sina fo = füfow (Orb ) they Theorem
Fouuirsenis hust concierge to f.
For f. weine that Assume that If If4)Idx ex ists and is finde ,

an =}
.

} f. lgicosnmndy = 0
i. e. f e di ( l-2,2)) . det

2 ° inXI

bw = f. (g) sinn dg = !! fly) sinEs dy f u [ cwe
"

{ 2 W= - 00

W

so weobtain a Sinus sends for f. v aot [(awwwie tbwsinnig × ) . ThewW= I

For fe we get

a. = # [fis) dg . f- [ ftgdy % ÄH Idx = ?!!) =

a.tz Ela! t bi)

an = #§ f. (g) CosEy dy = ¥ § fly) cosmic dg ,
PWOF : We only pwve the first identg , the secoudcaw

2 2 bedeutend in the some way or via the relations
between an ,bw and Cw and C-w .

bn =L! f. (g) sinn dg = 0
. Sinn fe 244)) ,

we know that

This we obtaiw a cosinus suis for f : line Hf-Swf H =D and theuforelinu Hsv FH = HFH ,
W-300 N-300

Exercise - Complete the cosinussenis to flx) = × on ( O
-
i). or equioahwtly , lwiuyoo IISrf II = HFH

'
= §Iff de.

Hiwt : This should be seine as the Fourier series for f (e) = Ix !
Sie also Example 2.23 in Morten's lecture notes .



<

←
law infinite dimensions space)

5µF
Now

,
-- Tortilla)

,
the orthonormalsystem {ü},

" { 5- II.§ (E)cwei"E)fügen ein'E) µ Masse simieawee an {e.)ii. iwan .

Application : Computational infinite Series
w d

= [ cwiw Sei" ö" Tala
w# = {

' xzo Heaviside
function .

hin = -W - J O X <O
-

✓
22 . Snw

a. (×) u t t ± EI ¥, sinken -DX
= Z Ich I. 2.2 2

W = -

NÄF11ft = § lffdx.gg
"4) " Smooth in × -E satisfging assumption
of Thw

-~ ,

Renate

Pascual 's identity is just an infinite dimension
"" " =WE) = # t ¥ - Ei

,
¥
,

sinken-Dj)
Version of what we dieady Raue seew for RT .

~
"

Ä -
v sin (J ) ,

siw ( JT) , siwlbü)Here we while I = (x. . . . . Aw) which is just the o rote

Koordinate representation of ± { t ¥ ?
,
¥ - CD

I = II Xiei ,
ei an our standard mit basis
reden

.

Thw ( l - Jt ¥ - ¥ t . .
. ) = FE ( I - E) = Iy .

Now Hill = E) = E.xi .



Spectrum of puiodic functions Amplitude spectrum
•

Weslertedwittra22paiodicfunctiowfsf2.d7sC.k_d@a.a:
" iliiiiii

when ILW) = # § flx) ii " dx EG .

^ n
^ n n n

| - I I
2nd | fundamental frequency 2nd

So we can now associates with f a sequence harmonie first liarmonics = Ioctauel Üarmonic
.

-
e. 2 octave

of pairs ( cm , I. Inez which is Called
Phase spectrum ßthe spectrum of f.

- T

" Note that Elw) > cw!! eaw also be if,µ←,wilden as cw = lcnle when
I I - µ ¥ 1¥22 22 22 22 22

1cal ER is the amplitude auch
.

- T

D-
„
c- ET.IT ) is the phase

° g) = #aamentae is called the fundamental
paiod frequency .


