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The equation

It is given by
Oeu — a(u)0%u = f(u) (Byu)? + g(u)¢

where £ is a space-time white noise and a smooth and non
degenerate.

@ The case a = 1 is well-understood.

@ The main difficulty is the treatment of a(u)0%u and the need
of some renormalisation.

Writing the equation in the divergence form we get:

Ocu — Ox(a(u)dxu) = (f(u) — & () (Oxu)® + g(u)E.



Generalised KPZ equation

Geometric stochastic heat equations

Oeu® = O2u™ + TG, (u) O’ D™ + o ()&,
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A local perturbative expansion

Oeu = 0%u+ F(u) (Oxu)® + g(u)é, v = D2v +&.

The solution u is described by u = v + w but through a Taylor type
expansion:

u= Z CrxUrx + RT,X
TET
where
T is a finite set of decorated trees

ur x are recentered (Gaussian) stochastic processes
¢ x are coefficients of the Taylor expansion

R x is a remainder nicer than the u ..



A local perturbative expansion

Oeu = 0%u+ F(u) (Oxu)® + g(u)é, v = D2v +&.

Thq Recentered stochastic processes a Taylor type
exp

e, = G+E—(G*E(X), iy = (=¥

i

typ = G x (0 G %) — (G * (0xG % £)*)(x)

where

@ 7 is a finite set of decorated trees

® u,, are recentered (Gaussian) stochastic processes
® c. are coefficients of the Taylor expansion

® Ry . is a remainder nicer than the u, ..



Regularity Structures
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Orue = 02u, + (8Xu5)2 + &



Regularity Structures
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Regularity Structures
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Regularity Structures

Me

Eq X Model

Renormalised Model = (uox, tap — C-(3°), ...)
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Main results

A series of papers defines a large class of equations which can be
solved by regularity structures:

@ Martin Hairer (2014), "A theory of regularity structures", Invent. Math.

@ Yvain Bruned, Martin Hairer, Lorenzo Zambotti (2019),
"Algebraic renormalisation of regularity structures", Invent. Math.
@ Ajay Chandra, Martin Hairer (2016),
"An analytic BPHZ theorem for regularity structures", arxiv.

@ Yvain Bruned, Ajay Chandra, llya Chevyrev, Martin Hairer (2017),
"Renormalising SPDEs in regularity structures", to appear in JEMS.

The geometric KPZ is treated in

@ Yvain Bruned, Franck Gabriel, Martin Hairer, Lorenzo Zambotti (2019),
"Geometric stochastic heat equations", arxiv.



Renormalised equation

Theorem (B., Chandra, Chevyrev, Hairer 2017)

There exist some constants (c] .)re7 such that the renormalised
equation for u, is given by

Oeu® = Pul + TG ( )a u Ot + of (u)EF
—+ Z ng Uaaa UE)

TET

Some examples of coefficients:
?70 (,ij)) = af@ga?, ?70(&}?) = UZJf@g(%U,O‘,
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o i%@k =200, rﬁvaj ol oo
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Implicit formulation

Write K€ the kernel given by
(0r — cOP)K® = &
then one sets

la(b. F)(2) = (9K * F)(2)]c_b(r) / 0o KPD) (2 - 5)F(2)dz

The main idea is to enforce a mild formulation and try to find a £
such that

u=I(a(u), l—ﬁ)

where u is the solution of the quasi-generalised KPZ.



Implicit Equation

This equation
O — a(u)OFu = f(u) (Du)? + g(u)é
is equivalent to

u= I(a(u), F)
F= f(u)(@xu)2 + 8(u)€ +2(aa")(u)(Oxu)vex + a'(u)(Oxtr) vy,

where v. = I(a(u), F) and £, & are explicit coefficients depending
on v, and v,c.



Renormalised equation

Theorem (Gerencser, Hairer 2019)

There exist some constants (c] .)re7 such that the renormalised
equation for u. is given by

Te(7)
q

Orue — a(u)O3u. = F(uc) (Oxuc)’ + g(u)E + D <
TET

where g = (1 — a (us) ), Tc is a set of planar trees and T g

depends on V¢, vg,,..




Conjecture/Main result

Theorem

There exist some constants (c .)re7 such that the renormalised
equation for u. is given by

Orue — a(u:)02u. = F(uc) (Oxu) + g(u)E + Y . Tr(7)
TET

where F = (f(u) — a'(u)) (0xu)® + g(v)¢.




Space 7.,

@ Space Tyeo! @ (TroT) = Tl poT-
Let consider

fv = {VO O, VOVOVO O, VOV.V. O, VOVOVO O, V.Vv.oo, VV.OV.O,
VVOQVQO, VV..VOC)7 VV.V.OOa VV.VOO°a Vvv,oo%

VVV.OQO, VOVV.O., VVOV.O., Vvvooo., V.Vv000 }

For example, Voo =% + 18 and T, (Veo) = Vo0

Proposition

One has T,eo = (Fv). In particular, the space of geometric
elements has dimension 14.




Geometric KPZ

Under some geometric conditions, we get

Theorem (B., Gabriel, Hairer, Zambotti 2019)

Let o a mollifier, we set & = p. = &;. Then there exist a unique
T € Tqeo such that the solution u. of

Oeul = OZu + 1%, (ue) Oxul O] + o (ue)&5 + (TR 57)(ue) -

converges in probability to a Markov process u when e goes to zero.
The limit does not depend on the mollifier o. Its law satisfies It6's
isometry and behaves well under the change of coordinates.




