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|. Cohen-Macaulay rings and modules

1. Dimension and depth
2. Auslander-Buchsbaum the
3. Ways to show a module is

4. The canonical module -

o

Py
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Auslander-Buchsbaum theorem
1057

Maurice Auslander 1926-1994,
Brandeis

David Buchsbaum, 1929-,
Brandeis
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David Hilbert

1862-1943

1. Hilbert basis theorem, 2. Hilbert syzygy theorem,
3. Nullstellensatz

He became a poet,
he lacked imagination

for a mathematician

~ David Hilbert ~
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II. Stanley-Reisner rings: Tour d’horizon

&

1. Term orders and initial ideals

2. Simplicial complexes
3 SheIIabiIity

sand E gon- Relner theorem
— q - ;ﬂ..-‘.{.lt—l.u' T

o = = = = Q>
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Founding fathers Stanley-Reisner theory

Richard Stanley, MIT

Proof of upper bound conjecture
for simplicial spheres, 1975.

Gunnar Flgystad

Melvin Hochster, U. of Michigan
- M

Seminal paper, 1975

ul
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Vic Reiner, Minnesota

Jack Eagon, Michigan
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Letterplace and co-letterplace ideals of posets
2011 and 2015

1 .

V.Ene, J.Herzog, F.Mohammadi: Monomial ideals and toric rings of
Hibi type arising from a finite poset, European Journal of
Combinatorics, 32 (2011).

G.Flgystad, J.Herzog, B.M.Greve: Letterplace and co-letterplace
ideals of posets, Journal of pure and applied algebra (2017).

Gunnar Flgystad Letterplace and co-letterplace ideals from partially ordered s



The twisted cubic

Eisenbud doctrine

matics

n e
| T

art of doing mathe
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Determinantal ideals
Maximal minors

X11 X12 - Xip+m-—1

Xnl Xn2 " Xnpn4m-—-1

@ | = ideal generated by maximal minors, the n-minors
o Initial ideal in(/) generated by

X1i1 X2y * * * Xnip s 1<i<b<---<ipb<n+m-—1.
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Determinantal ideals
Maximal minors

X11 X12 - Xip+m-—1
A: . .

Xnl Xn2 " Xnpn4m-—-1

@ | = ideal generated by maximal minors, the n-minors
o Initial ideal in(/) generated by

X1i1 X2y * * * Xnip s 1<i<b<---<ipb<n+m-—1.

[n] x [m] =% [n] x [n+ m —1]
(i, ) = (i,i4+j—1)
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Determinantal ideals
Maximal minors

X111 X12 - Xi,n+m-1
A— | :

Xnl Xn2 " Xnpn4m-—-1
@ | = ideal generated by maximal minors, the n-minors
o Initial ideal in(/) generated by

X1i1 X2y * * * Xnip s 1<i<b<---<ipb<n+m-—1.
°
[n] x [m] =5 [n] x [n+m — 1]

@ Then in(/) is L"(n,[m]) € K[X{n]x[n+m—1]]
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Determinantal ideals
Minors in general

X11 X12 s X1,n+s—1
B= :

Xn+r—1,1 Xp4r—12 - Xpdr—1,nt+s—1

@ | = ideal generated by the n-minors
o Initial ideal in(/) generated by x; j, Xi, 1, - - - Xi,j, Where

1<ip<b< - <ihb<ntr-1, 1<j3<jo--<Jp<n+ts—1
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Determinantal ideals
Minors in general

X11 X12 s X1,n+s—1
B= :

Xn+r—1,1 Xp4r—12 - Xpdr—1,nt+s—1

@ | = ideal generated by the n-minors
o Initial ideal in(/) generated by x; j, Xi, 1, - - - Xi,j, Where

1<ip<b< - <ihb<ntr-1, 1<j3<jo--<Jp<n+ts—1

[N x [r] x[s] = [n+r—1]x[n+s—1]
(i,a,b) = (i+a—1,i+b—1)
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Determinantal ideals
Minors in general

X11 X12 s X1,n+s—1
B = '
Xn+r—1,1 Xp4r—12 - Xpdr—1,nt+s—1
@ | = ideal generated by the n-minors
o Initial ideal in(/) generated by x; j, Xi, 1, - - - Xi,j, Where
1<ip<b< - <ihb<ntr-1, 1<j3<jo--<Jp<n+ts—1
°
[N x [r] x[s] = [n+r—1]x[n+s—1]
(i,a,b) —~ (i+a—1,i+b—1)
e Then in(l) = L%(n,[r] x [s])
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Intial ideals of determinantal ideals

Skew-symmetric matrices, 1994:
Jiirgen Herzog, Essen,

Generic matrices, 1992:
Bernd Sturmfels, Max Planck,
Leipzig,

Ngo Viet Trung, Hanoi,
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X11 X12 s X1,n+1

X X:
C = 12 22

X1,n+1 X2.n+1  *°°  Xp41,n+1

o | = ideal generated by the 2-minors

o Initial ideal in(/) generated by xj, j Xi,j, Where iy < i» and
A <j2(and it <ji and i < o)

2] x Hom([2], [n]) -+ Hom([2], [n + 1])
(1, il, 12) — (i1, l2)
(2,01, i) = (i + 1,02 + 1)
o in(/) = LP(2,Hom([2], [n]))
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Determinantal ideals of generic skew-symmetric matrix
Pfaffians

0 X2 X1
—X12 0 X2, r
D= ) |, r=2n+1
_X17r _X2 r « e 0

)

o |/ = ideal generated by 2n-Pfaffians
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Determinantal ideals of generic skew-symmetric matrix
Pfaffians

0 X2 X1
—X12 0 X2, r
D= ) |, r=2n+1
_X17r _X2 r « e 0

)

o |/ = ideal generated by 2n-Pfaffians
e in(l)=L(n,V)
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IV. Simplicial spheres

@ Many more LP and Co-LP ideals from. poset ideals in
Hom(P,[n])

Guiding questions

Staircase complex and the canonical module

Lots of balls and spheres

()

Bier spheres

©

Examples
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V. Generalizations, duality of strongly stable ideals
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VI. Deforming letterplace ideals

(=)
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L(ZV) = (a1a2, a1bp, a1, bi1bo, c1 )




Deformations of L(2, %)

a<band a<c

L(ZV) = (a1a2,a1b2, a1, b1 by, c12) J
12,
aiap — Ugbict + UsUcpUpe degu, =a1+a — b — ¢
arby — UaUaclch — UalzpCe deg Uge =C + C — ap
diC2 — UalgplUpe — Uauacbl deg Ugp = bl + b2 — a2
C1C — aUae — boupe degucp, = by + b — o
biby — axuzp — CoUipe degupe =1+ — by
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Deformations of L(2, %)

a<band a<c

L(ZV) = (a1a2,a1b2, a1, b1 by, c12) J

J(2,.‘o'.) :

aiay — Usbicy + UsupUpe deg u,=ay+a —b—q
arby — UalUaclUcp — UalypCl deg Usye =CL+ C — az
a1C2 — UalzplUpe — Ualachy degu,p = by + by — @
C1C2 — a2Uzc — boupe deg ucp = b1 + b2 — @
b1by — axusp — Coupe degupc =c1+c2— b2

L(Q,V) is the intial ideal of the 4-Pfaffians of generic 5 x 5
skew-symmetric matrices.
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J(2,%)

The generators of J(2, .V.) are the 4-Pfaffians of:

0 Upc Co bl an
—Upc 0 Uac ua_l 1
—Q —Uac 0 Uap bo
—by —ua_lal —Uyp 0 Ucp
—an —C1 — b2 —Upc 0
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L(2, 48"

a<b a<c,anda<d

—upp bt —ucp —Ugp
M(a): —Uac —Upc 1 —Udc| >
—Upg —Upd —Ucqg di

J(2,W)):

biby — axu, p — o p — datig
C1C — axly c — b2ub,c - d2ud,c

didz — a2ty g — boup g — CoUc g

b

aiby — u,D(a

d

D(a)
ajc — uD(a)c
D(a)

ald2 — Uy

ajap — u,D(a)?

o
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J(2,%)

Is there a natural geometric description of the variety defined by
these equations?
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The six lectures

y-Reisner rings

lace and co-letterplace ideals Wi

b
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The six lectures

lace and co-letterplace ideals

uality of strongly stable ide}al:s"
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