Second-order ordinary difference equations

admitting Lie-point transformations.^1

Vladimir Dorodnitsyn^# and Roman Kozlov^‡

# Keldysh Institute of Applied Mathematics, Miusskaya Pl.4, Moscow, 125047, Russia; E-mail address: dorod@spp.Keldysh.ru ‡ Department of Mathematical Sciences, NTNU, N-7034, Trondheim, Norway; E-mail address: kozlov@imf.unit.no

October 28, 1998

Abstract

Classification of second order ordinary differential equations admitting groups of point transformations is known from S.Lie [11]. In the present paper we consider the whole set of invariant discrete models, i.e. invariant difference equations and meshes, which correspond to Lie’s classification of ODEs. Applications of the discrete version of the Noether theorem are illustrated by examples.

Introduction

In the paper [11] S.Lie considered the group classification of second–order ODEs admitting point transformations. This classification is based upon the enumeration of all possible Lie algebras of operators acting on the plane (x, y). The classification was done up to similarity of the subgroups, i.e. up to suitable changes of variables. The dimension of the admitted group can be 0, 1, 2, 3 or 8. If the equation admits a 8–dimensional group, then it can be linearized by an appropriate change of variables. Furthermore, in this case the equation is equivalent to the simplest second–order equation y^{′′} = 0. Group classification of second–order ODEs is presented in Table 1 of the Appendix.

In this letter we consider the whole set of invariant discrete models (i.e. invariant difference equations and meshes) that correspond to Lie’s classification of ODEs.

Let x be an independent variable and y a dependent variable. To consider second-order difference equations and lattices in the x-direction we need at least 3-point stencils corresponding to the subspace (x, x_−, x_+, y, y_−, y_+):

               -

6

  ((((((ı

        ıııı

           ııı

t t t y

x

(x_−, y_−) (x, y) (x_+, y_+ )

h^− h^+

1This work was sponsored in part by The Norwegian Research Council under contract no.111038/410, through

the SYNODE project (WWW:http://www.math.ntnu.no/num/synode/) and by Russian Fund for Base Research under research project No 96-01-01742.

The discrete model under consideration can be presented in terms of two difference equations: { F (x, x_−, x_+, y, y_−, y_+) = 0, Ω(x, x_−, x_+, y, y_−, y_+ ) = 0, (1) The first equation presents a second–order difference equation. In the continuous limit it should become a second–order ordinary differential equation at some point of the finite–dimensional space of continuous variables (x, y, y^′, y^{′′}). The second equation gives a lattice (spacing) on which the first equation is considered. It is not necessary for the second equation to be a second–order difference equation in the continuous limit. For example, we can consider the uniform lattice equation h_+ = h_− which ”disappears” in the continuous limit. The difference stencil is a nonlocal object with its own geometrical structure, since we have to include a lattice equation into the formulation of the discrete model. It is the main difference between continuous and finite–difference models in our approach.

In some cases we will prefer the following form of the difference model { x_+ = f(x, x_−, y, y_−), y_+ = g(x, x_−, y, y_−), (2) or { y_x = f(x, h_−, y, y_{x̄}), h_+ = g(x, h_−, y, y_{x̄}), (3) where h_+ = x_+ −x, h_− = x−x_−, y_x =^{y+−y}_{h+} and y_{x̄} =^{y−y}�_h� . We denote the continuous derivatives by y^′ and y^{′′} to distinguish them from the discrete derivatives. We will consider models in more complicated forms than (3) only when these forms are prescribed by complicated structure of the admitted Lie groups.

It has been known for a long time that conservation laws are connected with symmetry properties. E.Noether [13] was the first to combine the methods of variational calculus with the theory of Lie groups for the Euler–Lagrange equations. This connection is exhibited by the well known Noether’s theorem. Some new details were added in [4], [10] and some other papers. We recall here the continuous and difference versions of Noether’s theorem of the forms in which they are applied to second–order ordinary equations (see for the general case [1], [9], [14], [15]).

It is well known that the functional L = ∫ Ω L(x, y, y^′ )dx, Ω ⊂ R^1 achieves its extremal values on the Euler–Lagrange equation δL δy = ∂L ∂y − D ( ∂L ∂y^′ ) = 0.

Let us consider a Lie point symmetry generated by the operator X = ξ(x, y) ∂ ∂x + η(x, y) ∂ ∂y + .... Then the first Noether’s theorem establishes the invariance of a variational functional. The functional L is invariant under the action of a group G of point transformations with infinitesimal operator X if and only if

X(L) + LD(ξ) = 0, where D = ∂ ∂x + y^′ ∂ ∂y + y^{′′} ∂ ∂y^′ + . . . . (4)

The invariance of a functional is connected with the Euler–Lagrange equations and the Noether operator N = ξ + (η − ξy^′ ) ∂ ∂y^′ by means of the Noether identity. The Noether identity: X + D(ξ)≡(η − ξy^′) δ δy + DN. This operators identity (actually stated by N.Ibragimov [9]) makes transparent the content and proof of the Noether theorem.

Noether’s Theorem . For a given functional L the value N (L) is a first integral for the Euler– Lagrange equation^{δL}_{δy} = 0 if and only if the functional is invariant on any solution of the Euler– Lagrange equation. Remark.

It directly follows from the Noether identity that if instead of the invariance condition (4) the divergence condition [4] X(L) + LD(ξ) = D(B), where B = B(x, y, y^′ ) is some function, holds, then there is a first integral (N (L) − B) on the Euler–Lagrange equation.

The variational formulation of discrete equations and a discrete analog of the Noether theorem were developed in [6] and [7]. Here we overview briefly the main results.

Let a finite difference functional

Lh = ∑ Ω h L(x, x_+, y, y_+ )h_+ (5)

be defined on some one dimensional mesh Ω_h with the step h_+ explicitly dependent on the solution:

h_+ = φ(x, y). (6)

We will use discrete Lagrangians in the form L(x, x_+, y, y_+ ), which is equivalent the form L(x, y, y_x).

Let us have in (x, y, . . . , h_+, h_−) a one-parameter Lie group of point transformations G_1 with the generator X = ξ ∂ ∂x + η ∂ ∂y + . . . + h_+ D_{+h}(ξ) ∂ ∂h_+ + h_− D_{−h}(ξ) ∂ ∂h_− , (7)

where D_{+h} =

S_{+h} −1

h_+ and D_{−h} = 1 − S_{−h} h_− are right and left difference operators, defined by means of right and left shift operators S_{+h} and S_{−h}: f^+ = S_{+h}(f(x, y)) = f(x_+ , y_+ ), f^− = S_{−h}(f(x, y)) = f(x_− , y_−).

Then the invariance condition of (5) on the mesh (6) is given by two equations ξ ∂L ∂x + ξ^+ ∂L ∂x_+ + η ∂L ∂y + η^+ ∂L ∂y_+ + L D_{+h}(ξ) = 0, S_{+h}(ξ) − ξ(1 + φx) − ηφy = 0. In contrast to the continuous case a stationary value of the difference functional is not reached on difference Euler’s equation, but on new difference equations, called quasi extremal equations, which are different for different subgroups. Let us consider the variations of the functional along the orbit of a one–parameter subgroup with the operator coordinates ξ_α and η_α, then the stationary value of the functional is given by the quasi extremal equation

ξ_α ( h_+ ∂L ∂x + h_− ∂L ∂x − + L^− − L ) + η_α ( h_+ ∂L ∂y + h_− ∂L ∂y −) = 0, L^− = S_{−h}(L),

which can be rewritten as ξ_α δL δx + η_α δL δy = 0, (8)

where α = 1, 2, 3, . . . is the number of a subgroup of the admitted Lie groups G_r . There are the following notations used in (8): δL δx = h_+ ∂L ∂x + h_− ∂L ∂x − + L^− − L, (9) δL δy = h_+ ∂L ∂y + h_− ∂L ∂y − . (10)

The quasi extremal equations (8) have the following intersection: δL δx = 0, δL δy = 0.

(11)

It was shown [8] that every quasi extremal equation is invariant with respect to its ”own subgroup”. Next proposition shows that the intersection of quasi extremals admits every subgroup G_1, and thus the whole symmetry group G_r. Proposition Let difference functional (5) be invariant with respect to a group G_1 with the operator X = ξ ∂ ∂x + η ∂ ∂y + ξ^+ ∂ ∂x_+ + η^+ ∂ ∂y_+ . (12)

Then system (11) admits the same symmetry group G_1 (see [2], [8]).

The discrete formulation of Noether’s theorem is based on the following operators identity (see [5], [7], [8] for many–dimensional cases as well): ξ ∂L ∂x + ξ^+ ∂L ∂x_+ + η ∂L ∂y + η^+ ∂L ∂y_+ + L D_{+h}(ξ) = ξ ( ∂L ∂x + h_− h_+ ∂L ∂x − − D_{+h}(L^−) ) +

+η ( ∂L ∂y + h_− h_+ ∂L ∂y −) + D_{+h} ( h_−η ∂L ∂y − + h_−ξ ∂L ∂x − + ξL^− ) (13)

This identity yields the following conservative property of quasi extremal equations. Theorem

Let the difference equation F (z) = 0, (14) be given on a mesh Ω_h (z, h) = 0. (15)

Let the solution of (14) on mesh (15) be a quasi extremal of functional (5) that yield the stationary value while the functional is being transformed by a group G_1. Let ξ and η be coordinate of the operator corresponding to the group G_1. Then the invariance of (5) on equations (14)–(15) is the necessary and sufficient condition for existence of the conservation law D_{+h} ( h_−η ∂L ∂y − + h_−ξ ∂L ∂x − + ξL^− ) = 0 (16)

on equations (14)–(15).

The theorem has the following corollary, which can be viewed as a difference analog of Noether’s theorem. Corollary Let the functional (5) admit an r-parameter group G_r and let the equations ξ^α δL δx + η^α δL δy = 0, α = 1, 2, . . ., r. (17) be r quasi extremal equations. Then the intersection system δL δx = 0, δL δy = 0,

(18)

possesses r conservation laws of type (16) (see [2], [8]).

These results will be illustrated by forthcoming examples.

Invariant difference models

Here we begin the consideration of different groups, which can be admitted by second–order ODEs. For this purpose we will have to compute invariants of groups in spaces (x, y, y^′, y^{′′}) and (x, x_−, x_+, y, y_−, y_+). The procedure of computation of invariants can be found, for example, in [14]. We demonstrate the computational method in the differential case. Given a group defined by operators X_α, α = 1, ..., n: X_α = ξ_α(x, y) ∂ ∂x + η_α(x, y) ∂ ∂y , it is necessary to prolong all operators on the variables of the considered space. With the help of formulas ζ^1_α = D(η_α(x, y)) − y^′D(ξ_α(x, y)), ζ^2_α = D(ζ^1_α) − y^{′′}D(ξ_α(x, y)).

we obtain prolonged operators

X̂_α = X_α + ζ^1_α ∂ ∂y^′ + ζ^2_α ∂ ∂y^{′′} . Now we can find invariants I_β (x, y, y^′, y^{′′}), β = 1, ..., k as all functionally independent solutions of the system of equations X̂_α(I) = 0, α = 1, ..., n. If the system is not singular, one can expect that n + k = 4 because 4 is the dimension of the space. Thus, we expect to find 3 invariants for the 1–parameter group, 2 invariants for 2–parameter groups, 1 invariant for 3–parameter groups and no invariants for the 8–parameter group.

In case of discrete space the procedure to find invariants is quite the same except for the prolongation formula for the operators:

X̂_α = X_α + S_{−h}(ξ_α(x, y)) ∂ ∂x_− + S_{+h}(ξ_α(x, y)) ∂ ∂x_+ + S_{−h}(η_α(x, y)) ∂ ∂y_− + S_{+h}(η_α(x, y)) ∂ ∂y_+ =

= X_α + ξ_α(x_−, y_−) ∂ ∂x_− + ξ_α(x_+, y_+ ) ∂ ∂x_+ + η_α(x_−, y_−) ∂ ∂y_− + η_α(x_+, y_+ ) ∂ ∂y_+ . It is easy to see that there should be 2 more discrete invariants than differential invariants for the same group.

One–parameter group G_1

We start with the simplest case of the admitted group (see [11]) — the one–parameter group with the translation operator X_1 = ∂ ∂x . (19)

In the continuous case an invariant equation can be presented in the form (see [9]):

y^{′′} = F (y, y^′ ), (20)

where F is an arbitrary function. For the discrete formulation of an invariant model we need difference invariants of the operator (19): h_+, h_−, y, y_x, y_{x̄}. The general form of the invariant with respect to operator (19) discrete model is { y_x = f (h_−, h_+, y, y_{x̄}); h_+ = g (h_−, y, y_x, y_{x̄}),

(21)

where f and g are arbitrary functions of their arguments.

As an invariant approximation of (20) we can choose the equation 2 h_+ + h_−

(y_x − y_{x̄}) = F ( y, 1 2 (y_x + y_{x̄}) )

on the regular lattice h_− = h_+ = h = const.

Remark: a regular lattice is not necessary; one can choose any nonregular lattice of type (21).

Two–parameter groups G_2

There are two substantially different two–parameter groups [11]. a) The group with infinitesimal operators

X_1 = ∂ ∂x ; X_2 = ∂ ∂y ; (22)

corresponds to the invariant equation

y^{′′} = F (y^′), (23) where F is an arbitrary function.

The expressions h_+, h_−, y_x, y_{x̄}. form the whole set of difference invariants of operators (22). The general form of the invariant model can be written as y_x = f (h_−, y_{x̄});

h_+ = g (h_−, y_{x̄}).

(24)

As an invariant approximation of equation (23) we can choose 2 h_+ + h_−

(y_x − y_{x̄}) = F ( 1 2 (y_x + y_{x̄}) )

on uniform grid h_− = h_+ = h. b) The group with operators

X_1 = ∂ ∂y ; X_2 = x ∂ ∂x + y ∂ ∂y (25)

yields the following invariant equation y^{′′} = 1 x F (y^′ ), (26)

for an arbitrary function F .

Finite–difference invariants of the operators (25) are

h_+ h_− , x h_− , y_x, y_{x̄} and the invariant model can be presented as

y_x = y_{x̄} + f ( x h_− , y_{x̄} ) ;

h_+ = h_−g ( x h_− , y_{x̄} ) . (27)

As an invariant approximation of (26) we can take 2 h_+ + h_−

(y_x − y_{x̄}) = 1 x F ( 1 2 (y_x + y_{x̄}) )

on the uniform grid h_− = h_+ = h.

Three–parameter groups G_3

There are five different three-dimensional groups which have invariant second–order differential equations.

a) The group with operators

X_1 = ∂ ∂x + ∂ ∂y ; X_2 = x ∂ ∂x + y ∂ ∂y ; X_3 = x^2 ∂ ∂x + y^2 ∂ ∂y ; (28) has y^{′′} + 2 y^′ + Cy^′ √ y^′ + y^{′2} x − y = 0 (29)

as the general form of invariant equation. This equation can be obtained by variation of the Lagrangian function L = Cy^′ + 4 √ y^′ + C 2(x − y) .

It is easy to check that the operators (28) represent variational symmetries of the Lagrangian:

X_1L + LD(ξ_1 ) = 0;

X_2L + LD(ξ_2 ) = 0;

X_3L + LD(ξ_3 ) = C 2 (1 − y^′ ) = D ( C 2 (x − y) ) . Note that X_3 is divergently variational symmetry. Applying the Noether theorem (see [5,9]), we get three first integrals from the Lagrangian :

J_1 = y^′ + C √ y^′ + 1 (x − y) √ y^′ = A^0, J_2 = xy^′ + C^{x+y}_2 √ y^′ + y (x − y) √ y^′ = B^0, J_3 = x^2y^′ + Cxy √ y^′ + y^2 (x − y) √ y^′ = C^0.

According to the structure of the adjoint actions

X_1(X_3) = 2X_2, X_1(X_2) = X_1 integrals J_1 and J_2 can be obtained from the basic integral J_3 (see [9]):

X_1(J_3) = 2J_2, X_1(J_2) = J_1.

The following difference invariants for the set of operators (28) exist:

I_1 = h^2_+y_x (x − y_+ )(x_+ − y)

, I_2 = h^2_−y_{x̄} (x − y_−)(x_− − y) , I_3 = x_+ − y x − y h_− h_− + h_+ . With help of these invariants we get the following form of a discrete model which is invariant for the whole set of operators:

y_x = (x − y)f ( h^2_−y_{x̄} (x − y_−)(x_− − y) )

h^2_+ x + h_+ − y

+ h_+ f ( h^2_−y_{x̄} (x − y_−)(x_− − y) );

h_+ = h_− ( 1 − g ( h^2_−y_{x̄} (x − y_−)(x_− − y) ))

− h_− x − y + g ( h^2_−y_{x̄} (x − y_−)(x_− − y) )

(30)

As an invariant discrete model we can consider the equation (√ I_1 1 1 − I_3 − √ I_2 1 I_3 ) = C 2 (√ I_1 + √ I_2

)_2 or √ h^2_+y_x (x − y_+ )(x_+ − y) x − y x_− − y h_+ + h_− h_+ − √ h^2_−y_{x̄} (x − y_−)(x_− − y) y − x y − x_+ h_− + h_+ h_− =

= C 2 √ h^2_+ y_x (x − y_+ )(x_+ − y) + √ h^2_−y_{x̄} (x − y_−)(x_− − y) 2

on the invariant grid

h^2_+y_x (x − y_+ )(x_+ − y) = h^2_−y_{x̄} (x − y_− )(x_− − y)

= ε^2, 0 < ε ≪ 1.

To consider a variational model we choose the Lagrangian L = Cy_x + 4 √ y_x + C 2 √ (x − y)(x_+ − y_+ ) . This Lagrangian is invariant with respect to the operators X_1 and X_2, but is not invariant with respect to the operator X_3:

X_1L + L D_{+h}(ξ_1) = 0;

X_2L + L D_{+h}(ξ_2) = 0;

X_3L + L D_{+h}(ξ_3) = C 4 √ (x − y)(x_+ − y_+ ) D_{+h} ( (y − x)^2 ) . By means of Norther’s theorem we get the following quasi extremal equations for the Lagrangian δL δy : − C + 2(y_x)^{−1/2} √ (x − y)(x_+ − y_+ ) + C + 2(y_{x̄})^{−1/2} √ (x_− − y_−)(x − y) +

+ 1 2(x − y) ( Cy_x + 4 √ y_x + C √ (x − y)(x_+ − y_+ ) h_+ +

Cy_{x̄} + 4 √ y_{x̄} + C √ (x_− − y_−)(x − y) h_− ) = 0; δL δx : − C + 2 √ y_x √ (x − y)(x_+ − y_+ ) + C + 2 √ y_{x̄} √ (x_− − y_−)(x − y) +

− 1 2(x − y) ( Cy_x + 4 √ y_x + C √ (x − y)(x_+ − y_+ ) h_+ +

Cy_{x̄} + 4 √ y_{x̄} + C √ (x_− − y_−)(x − y) h_− ) = 0;

(31)

There are only too independent difference first integrals which hold on the quasi extremal equations (31)

I_1 = y_x + C √ y_x + 1 √ (x − y)(x_+ − y_+ ) √ y_x = A^h,

I_2 = x + x_+ 2 y_x + C x_+ + x + y + y_+ 4 √ y_x + y + y_+ 2 √ (x − y)(x_+ − y_+) √ y_x = B^h. Note that X_1(I_2) = I_1. The complicated form of the first integrals I_1 and I_2 does not allow us to express the general from of the solution for the discrete model specified by the quasi extremal equations (31). In the differential case the first integrals yield the continuous solution ( B^0 − A^0y − C 2 ) ( A^0x − B^0 − C 2 ) = 1, or y = 1 A^0(B^0 + C/2 − A^0x) + 2B^0 − C

2A^0 . Remark This function is a solution of (29) if a square root of the first derivative is chosen as √ y^′ = − 1 B^0 + C/2 − A^0x

b) For the operators

X_1 = ∂ ∂x ; X_2 = 2x ∂ ∂x + y ∂ ∂y ; X_3 = x^2 ∂ ∂x + xy ∂ ∂y ; (32)

there is an invariant equation y^{′′} = y^{−3} . (33) This equation can be obtained from the Lagrangian function (see [3]):

L = y^{′2} − 1 y^2

, (34)

which admits all operators as variational symmetries:

X_1L + LD(ξ_1) = 0,

X_2L + LD(ξ_2) = 0,

X_3L + LD(ξ_3) = 2y^′y = D(y^2 ). There are the following first integrals

J_1 = y^{′2} + 1 y^2

= A^0, J_2 = 2 x y^2

− 2(y − y^′ x)y^′ = 2B^0, J_3 = x^2 y^2

+ (y − xy^′ )^2 = C^0.

The structure of action of the adjoint Lie algebra

X_1(X_3 ) = X_2; X_1(X_2) = 2X_1 allows us to find all integrals from the basic integral J_3:

X_1(J_3) = J_2; X_1(J_2) = 2J_1. The finite–difference invariants of (32) are

h_+ yy_+ , h_− yy_− , y^2 ( 1 h_+ + 1 h_− ) . With the help of these invariants we get the following form of discrete model which is invariant for the whole set of operators:

y_+ = h_+ y f ( h_− yy_− ) ;

h_+ = h_−y^2

−y^2 + h_−g ( h_− yy_− ) (35)

Below we construct discrete analogs of the Lagrangian and all integrals. Let us consider the discrete Lagrangian function L = ( y^2_x − 1 y_+ y ) (36)

which admits all operators (32):

X_1L + L D_{+h}(ξ_1) = 0,

X_2L + L D_{+h}(ξ_2) = 0,

X_3L + L D_{+h}(ξ_3) = D_{+h}(y^2).

The Noether theorem gives us the following Euler equations for this Lagrangian δL δy : 2(y_x − y_{x̄}) = h_+ y^2y_+ + h_− y^2y_− , δL δx : (y_x)^2 + 1 y_+ y

− (y_{x̄})^2 − 1 yy_− = 0.

(37)

On these equations we have conservation of first integrals

I_1 = y_x^2 + 1 yy_+ = A^h, I_2 = x + x_+ yy_+ − (y + y_+ )y_x + (x + x_+ )y_x^2 = 2B^h,

I_3 = xx_+ yy_+ + ( y + y_+ 2 − x + x_+ 2 y_x )_2 = C^h. As in the continuous case the discrete first integrals obey relations

X_1(I_3) = I_2; X_1(I_2) = 2I_1. If we denote h_− yy_− = ε, then it is easy to find the general solution of (37) by means of integrals:

A^hy^2 = (A^hx − B^h)^2 + 1 − ε 2 2 . (38)

This solution differs from the exact solution of the original equation (33)

A^0y^2 = (A^0x − B^0)^2 + 1, by^ε_2^2. Notice that the estimation is homogeneous.

The second equations of system (37) can be solved for h_+:

h_+ y_+ y = ε, that gives us as a discrete model for (33) equation

2(y_x − y_{x̄}) = h_+ y^2 y_+ + h_− y^2 y_−

(39)

on the invariant nonregular lattice h_− yy_− = h_+ yy_+ = ε, 0 < ε ≪ 1. (40)

In this case the first equation of system (37) can be considered independently in the form:

y_+ y_− (2 − ε^2) = y(y_+ + y_− ), which is a one–dimensional mapping.

It is interesting to note, that the nonregular lattice (40) can be straightened, i.e. there exists a change of variables,^1 which transforms this lattice into uniform one. This transformation is nonlocal:

1This exchange was found by M.Bakirova

h̄ = h_+ yy_+ = h_− yy_− , v(t) = y(x), (41)

where h̄ = t_+ − t = t − t_− is a regular step along the new independent variable t. The transform (41) change the equation (39) into the following difference equation ( v_t vv_+ ) t̄ = 1 v on a regular mesh for t.

In the continuous limit the transform (41) has the following non-point counterpart dx = y^2 dt, v(t) = y(x), which transforms (33) into ( v_t v^2 ) t = 1 v . c) For the operators

X_1 = ∂ ∂x ; X_2 = ∂ ∂y ; X_3 = x ∂ ∂x + (x + y) ∂ ∂y ; (42)

there is an invariant equation

y^{′′} = C exp(−y^′ ). (43) One can find a Lagrangian

L = exp(y^′ ) + Cy, (44) which admits X_1 and X_2 as variational symmetries:

X_1L + LD(ξ_1) = 0;

X_2L + LD(ξ_2) = C = D(Cx);

X_3L + LD(ξ_3) = 2 exp(y^′) + C(2y + x) ≠ 0.

It is possible to show that there is no Lagrangian which admits all operators as variational symmetries. Two different variational symmetries will give two functionally independent first integrals, that is enough to integrate a second-order ODE.

Lemma There is no Lagrangian function L(x, y, y^′) which gives (43) as the extremal equation and is divergently invariant with respect to the whole set of symmetries (42) . Proof If it is not so, then there must exist a Lagrangian L(x, y, y^′) which is divergently invariant for set (42): X(L) + LD_x(ξ) = D_x(B(x, y)) = B_x(x, y) + B_y(x, y)y^′ with some functions B(x, y) which are different for different symmetries. Thus we have ∂ ∂x L = B^1_x(x, y) + B^1_y (x, y)y^′; ∂ ∂y L = B^2_x(x, y) + B^2_y (x, y)y^′ ;

x ∂ ∂x + (x + y) ∂ ∂y L + ∂ ∂y^′ L + L = B^3_x(x, y) + B^3_y (x, y)y^′.

Note that the right hand sides of the equations are linear with respect to y^′ . It gives us

∂^3L ∂^2y^′ ∂x = 0;

∂^3L ∂^2y^′ ∂y = 0;

x ∂^3L ∂^2y^′∂x + (x + y)

∂^3L ∂^2 y^′∂y + ∂^3L ∂^3y^′ + ∂^2L ∂^2y^′

= 0.

We found that the solution of this system has the form L(x, y, y^′) = A(x, y) exp(−y^′ ) + B(x, y)y^′ + C(x, y) It is trivial to show that Lagrangian of this form can not give equation (43) as the extremal equation. 2 With the help of Noether’s theorem we derive the following first integrals from the Lagrangian (44):

J_1 = exp(y^′ )(1 − y^′ ) + Cy = A^0;

J_2 = exp(y^′ ) − Cx = B^0.

We have the following difference invariants for the operators (42)

h_+ h_− , y_x − y_{x̄}, 1 h_− exp (y_{x̄}) .

The general form of the invariant model can be written as

y_x = y_{x̄} + f ( 1 h_− exp (y_{x̄}) ) ;

h_+ = h_−g ( 1 h_− exp (y_{x̄}) ) ; (45)

As an invariant difference approximation of (43) we can consider equation 2 h_− + h_+

(exp (y_x) − exp (y_{x̄})) = C

on some invariant lattice, for example h_+ = h_−.

Let us choose a difference Lagrangian in the following form: L = ( exp (y_x) + C y_+ + y 2 ) , for which X_1L + L D_{+h}(ξ_1) = 0,

X_2L + L D_{+h}(ξ_2) = C = D_{+h}(Cx).

Then the variations of L yield: δL δy : 2 h_− + h_+

(exp (y_x) − exp (y_{x̄})) = C, δL δx : exp (y_x) (y_x − 1) − C y_+ + y 2 + exp (y_{x̄}) (1 − y_{x̄}) + C y + y_− 2 = 0.

(46)

Because the Lagrangian is invariant with respect to the operators X_1 and X_2, Noether’s theorem gives the first integrals

I_1 = exp (y_x) (1 − y_x) + C y_+ + y 2 = A^h, I_2 = exp (y_x) − C x_+ + x 2 = B^h. Let us denote h_− exp (−y_{x̄}) = ε, ε = const, for initial points, then the quasi extremal equations (46) can be integrated with the help of the first integrals ( B^h + Cx 1 − Cε ) ( 1 − ln ( B^h + Cx 1 − Cε )) + C ( y + ε ( B^h + Cx 1 − Cε ) ln ( B^h + Cx 1 − Cε )) = A^h (47)

that corresponds to the solution of the continuous equation

(B^0 + Cx)(1 − ln(B^0 + Cx)) + Cy = A^0. or y = (B^0/C + x)[ln(B^0 + Cx) − 1] + A^0/C, where A^0 and B^0 are arbitrary constants.

The solution (47) exists on the spacing given by the system of quasi extremal equations (46). This system gives space points x_i and values of the function y_i in these points. These values will obey (47).

d) For the set of operators

X_1 = ∂ ∂x ; X_2 = ∂ ∂y ; X_3 = x ∂ ∂x + ky ∂ ∂y , k ≠ 0, 1 2 , 1, 2 (48)

there is an invariant equation of the form y^{′′} = Cy^{′ k−2k−1} . (49) This equation can be obtained from the Lagrangian L = (k − 1)^2 k (y^′)^{kk−1} + Cy (50)

which admits X_1 and X_2 as variational symmetries:

X_1L + LD(ξ_1 ) = 0;

X_2L + LD(ξ_2 ) = C = D(Cx);

X_3L + LD(ξ_3 ) = (k + 1)L ≠ 0.

As in the previous point it is possible to show that there is no Lagrangian which is divergently invariant with respect to all three symmetries.

With the help of Noether’s theorem, first integrals

J_1 =

(1 − k) k (y^′)^{kk−1} + Cy = A^0, J_2 = (k − 1)(y^′)^{1k−1} − Cx = B^0;

can be obtained.

The finite–difference invariants of (48)

h_+ h_− , y_xh_−^{(1−k)}, y_{x̄}h_−^{(1−k)} gives us the general form of the invariant model for the operators (48):

y_x = h_−^{(k−1)}f ( y_{x̄}h_−^{(1−k)} ) ; h_+ = h_−g ( y_{x̄}h_−^{(1−k)} ) ; (51)

As a discrete approximation for (49) we can take the equation

2(k − 1) h_− + h_+ ( (y_x)^{1k−1} − (y_{x̄})^{1k−1} ) = C on the invariant lattice h_+ = h_−.

We can also construct difference analogs of Lagrangian (50) and first integrals. We choose L = ( (1 − k)^2 k (y_x)^{kk−1} + C y_+ + y 2 )

as a discrete Lagrangian: X_1L + L D_{+h}(ξ_1) = 0,

X_2L + L D_{+h}(ξ_2) = C = D_{+h}(Cx).

Applying Noether’s theorem, we get quasi extremal equations δL δy : 2(k − 1) h_− + h_+ ( (y_x)^{1k−1} − (y_{x̄})^{1k−1} ) = C, δL δx : (k − 1) k ( (y_x)^{kk−1} − (y_{x̄})^{kk−1} ) − C y_+ + y 2 + C y + y_− 2 = 0,

(52)

on which there are the following first integrals

I_1 =

(1 − k) k (y_x)^{kk−1} + C y_+ + y 2 = A^h,

I_2 = (k − 1) (y_x)^{1k−1} − C x_+ + x 2 = B^h. Let us denote (y_{x̄})^{11−k} h_− = 2(k − 1)ε for the starting points of computations. In this spacing we can find the solution of the quasi extremal equations Cy − 1 k ( 1 k − 1 )_{(k−1)} (B^h + Cx)^k (1 − Cε)^k + C(k + 1)ε

(k − 1)^k(1 − Cε)^k (B^h + Cx)^k

= A^h, (53)

corresponding to the continuous solution of (49) Cy − 1 k ( 1 k − 1 )_{(k−1)} (B^0 + Cx)^k = A^0.

The solution (53) exists on the grid defined by system (52).

e) The last case of three–parameter groups is defined by the operators

X_1 = ∂ ∂x ; X_2 = ∂ ∂y ; X_3 = (kx + y) ∂ ∂x + (ky − x) ∂ ∂y . (54)

The corresponding invariant equation is:

y^{′′} = C(1 + (y^′)^2)^{3/2} exp(k arctan(y^′ )). (55) There are two first integrals

I_1 = Cy + exp(−k arctan(y^′ )) √ 1 + (y^′)^2 1 + ky^′ 1 + k^2

= A^0, I_2 = exp(−k arctan(y^′ )) √ 1 + (y^′)^2 y^′ − k 1 + k^2 − Cx = B^0 , which correspond operators X_1 and X_2.

There are the following finite–difference invariants for the operators (54):

h_+ √ 1 + y^2_x exp (k arctan y_x), h_− √ 1 + y^2_{x̄} exp (k arctan y_{x̄}), (arctan(y_x) − arctan(y_{x̄})).

The general form of the invariant model is

arctan(y_x) = arctan(y_{x̄}) + f ( h_− √ 1 + y^2_{x̄} exp (k arctan(y_{x̄})) ) ;

h_+ = √ 1 + y^2_x exp (−k arctan(y_x))g ( h_− √ 1 + y^2_{x̄} exp (k arctan(y_{x̄})) ) ; (56)

As an invariant discrete model for (55) we can choose the discrete equation

2 (y_x − y_{x̄}) h_+ + h_− = C h_+ + h_−

(1 + y_xy_{x̄}) ( h_+ √ 1 + y^2_x exp (k arctan(y_x)) + h_− √ 1 + y^2_{x̄} exp (k arctan(y_{x̄})) )

on the grid

h_+ = ε √ 1 + y^2_x exp (−k arctan(y_x)), h_− = ε √ 1 + y^2_{x̄} exp (−k arctan(y_{x̄})), 0 < ε ≪ 1.

The solution in the continuous case can be presented in an implicit way

exp ( k arctan ( (A^0 − Cy)k + (B^0 + Cx) (A^0 − Cy) − (B^0 + Cx)k )) √ 1 + k^2 √ (A^0 − Cy)^2 + (B^0 + Cx)^2 = 1 (57)

Consideration of the groups of this case with arbitrary parameter k is difficult. We consider the Lagrangian formulation only for the value k = 0.

For this value of the parameter we have the group

Y_1 = ∂ ∂x ; Y_2 = ∂ ∂y ; Y_3 = y ∂ ∂x − x ∂ ∂y . (58)

and the corresponding invariant equation

y^{′′} = C(1 + (y^′ )^2)^{3/2}. (59) can be obtained from the Lagrangian L = √ 1 + (y^′)^2 + Cy (60) which respects all symmetries:

Y_1L + LD(ξ_1 ) = 0;

Y_2L + LD(ξ_2 ) = C = D_x(Cx);

Y_3L + LD(ξ_3 ) = C(yy^′ − x) = D_x ( C y^2 − x^2 2 ) . With the help of Noether’s theorem we get first integrals

J_1 = 1 √ 1 + (y^′)^2

+ Cy, J_2 = y^′ √ 1 + (y^′ )^2 − Cx, J_3 = y − xy^′ √ 1 + (y^′)^2 + C x^2 + y^2 2 . According to the structure of adjoint actions

X_1(X_3 ) = −X_2, X_2(X_3 ) = X_1 integrals J_1 and J_2 can be obtained from the basic integral J_3:

X_1(J_3) = −J_2, X_2(J_3) = J_1.

In the discrete case we can choose Lagrangian L = (√ 1 + y^2_x + C y_+ + y 2 ) (61)

which admits all operators (58):

X_1L + L D_{+h}(ξ_1) = 0,

X_2L + L D_{+h}(ξ_2) = C = D_{+h}(Cx),

X_3L + L D_{+h}(ξ_3) = D_{+h} ( C y^2 − x^2 2 ) . The Noether theorem gives us the following Euler equations for this Lagrangian δL δy : 2 h_+ + h_− ( y_x √ 1 + y^2_x − y_{x̄} √ 1 + y^2_{x̄} ) = C, δL δx : − 1 √ 1 + y^2_x − C y_+ + y 2 + 1 √ 1 + y^2_{x̄} + C y + y_− 2 = 0.

(62)

On these equations we have conservation of the first integrals

I_1 = 1 √ 1 + y^2_x + C y_+ + y 2 = A_h I_2 = y_x √ 1 + y^2_x − C x_+ + x 2 = B_h

I_3 = 1 √ 1 + y^2_x ( y_+ + y 2 − x_+ + x 2 y_x ) + C ( y_+ y 2 + x_+x 2 ) = C_h For discrete first integrals we have the same relations

X_1(I_3) = −I_2, X_2(I_3) = I_1 as for continuous ones.

If we use the notation h_+ =^ε√_{1+y2x} , then the system (62) can be integrated by means of the first integrals. We get the solution

(A_h − Cy)^2 + (B_h + Cx)^2 = 1 + ( Cε 2 )_2

on the grid defined by (62). If we compare this solution with the solution of the original differential equation corresponding to k = 0 (given by (57)), we note that the difference is equal to (_{Cε} 2 )_2 . Eight–parameter groups G_8

Up to equivalence transformations there exists one eight–parameter group with operators

X_1 = ∂ ∂x , X_2 = ∂ ∂y , X_3 = x ∂ ∂y , X_4 = x ∂ ∂x , X_5 = y ∂ ∂x ,

X_6 = y ∂ ∂y , X_7 = x^2 ∂ ∂x + xy ∂ ∂y , X_8 = xy ∂ ∂x + y^2 ∂ ∂y (63)

which has an invariant equation y^{′′} = 0. (64) It is important to note that equation (64) is only an invariant manifold for the operators (63) and it can not be expressed in terms of invariants (there are no invariants in the space (x, y, y^′, y^{′′}) for the operators (63)).

In the finite-difference subspace (x, h_+, h_−, y, y_+, y_−) there are no invariants as well. There is only one invariant manifold y_x − y_{x̄} = 0. (65) The invariant mesh can be expressed by a duplicated equation but in other variables: h_− y − y_− = h_+ y − y_+ . (66)

Concluding remarks

We have presented the whole set of invariant models among second–order difference equations, that corresponds to Lie’s classification of second–order ODEs [11]. We believe that existence of other invariant difference models which have no continuous counterparts is very unlikely, although theoretically possible.

Incorporation of a mesh equation into the discrete model is an essential part of our approach. Not considering both equations (one equation represents a difference analog of the continuous equation from Lie’s classification and the other yields a mesh) it would not be possible to construct discrete counterparts of Lie’s equations. Indeed, without the lattice equation and transformations of independent variables it is possible to consider only one–variable groups. The only finite– dimensional groups which can be realized in this case up to an arbitrary change of variables are the group generated by the operators (see [12])

X_1 = ∂ ∂y , X_2 = y ∂ ∂y , X_3 = y^2 ∂ ∂y and its subgroups, since there exist groups G_1, G_2, G_3 only. This set of groups definitely does not correspond to Lie’s group classification of second–order ODEs.

Acknowledgments.

The authors thank Brynjulf Owren who has read an early version of the preprint for many useful remarks.

References

[1] W.F.Ames, R.L.Anderson, V.A.Dorodnitsyn, E.V.Ferapontov, R.K.Gazizov, N.H.Ibragimov and S.R.Svirshchevskii, CRC Handbook of Lie Group Analysis of Differential Equations, Volume I: Symmetries, Exact Solutions and Conservation Laws, CRC Press, 1994.

[2] Yu.Artamonov, Master Thesis, Moscow State University, Physical Dept., 1995 (in Russian).

[3] M.I.Bakirova, V.A.Dorodnitsyn, R.V.Kozlov, Symmetry preserving difference schemes for some heat transfer equations, J.Phys. A: Math.Gen., 30, 8139-8155, 1997.

[4] E.Bessel-Hagen, Uber die Erhaltungssatze der Elektrodynamik. Math.Ann., 84 (1921), p. 258-276.

[5] V.Dorodnitsyn, Transformation groups in mesh spaces J. Sov. Math., 55, N1, 1490, 1991.

[6] V.Dorodnitsyn, Finite-difference models entirely inheriting symmetry of original differential equations Modern Group Analysis: Advanced Analytical and Computational Methods in Mathematical Physics (Kluwer Academic Publishers), 191, 1993.

[7] V.A.Dorodnitsyn, Finite-difference analog of the Noether theorem, Doklady Akademii Nauk, 328, N 6, 678, 1993 (in Russian).

[8] V.Dorodnitsyn, Conservation laws for difference equation, Proceedings of the Workshop MOGRAN’97 , 1998, to appear.

[9] N.H.Ibragimov, Transformation groups applied to mathematical physics, Dovdrecht: D. Reidel, 1985.

[10] N.H.Ibragimov, Invariant variational problems and conservation laws, Teor. Mat. Fiz., 1(3),1969, 350. (English translation in Theor. Math. Phys., 1(3), 1969, 267.)

[11] S.Lie, Die infinitesimalen Beruhrungstransformationen der Mechanik, Leipz. Berichte, 1889.

[12] S.Lie, Vorlesungen uber Differentialgleichungen mit bekannten infinitesimalen Transformationen, B.G.Teubner, Leipzig, 1891.

[13] E.Noether, Invariante Variathionsprobleme, Konig. Gesell. Wissen., Gottingen, Math.-Phys. Kl., Heft 2, 235.

[14] P.J.Olver, Application of Lie groups to the differential equations, New-York: Springer-Verlag, 1986.

[15] L.V.Ovsiannikov, Group analysis of differential equations, New York: Academic Press, 1982.

Appendix

Table 1. Group classification of second–order equations^2

Group Equation Mesh

G_1 X_1 = ∂ ∂x y^{′′} = F (y, y^′ )

a) X_1 = ∂ ∂x , X_2 = ∂ ∂y y^{′′} = F (y^′)

G_2

b) X_1 = ∂ ∂y , X_2 = x ∂ ∂x + y ∂ ∂y y^{′′} = 1 x F (y^′)

a) X_1 = ∂ ∂x + ∂ ∂y , X_2 = x ∂ ∂x + y ∂ ∂y , X_3 = x^2 ∂ ∂x + y^2 ∂ ∂y y^{′′} + 2 y^′ + Cy^′ √ y^′ + y^{′2} x − y = 0

b) X_1 = ∂ ∂x , X_2 = 2x ∂ ∂x + y ∂ ∂y , X_3 = x^2 ∂ ∂x + xy ∂ ∂y y^{′′} = y^{−3}

c) X_1 = ∂ ∂x , X_2 = ∂ ∂y , X_3 = x ∂ ∂x + (x + y) ∂ ∂y y^{′′} = C exp(−y^′ ) G_3

d) X_1 = ∂ ∂x , X_2 = ∂ ∂y , X_3 = x ∂ ∂x + ky ∂ ∂y , k ≠ 0, 1 2 , 1, 2 y^{′′} = Cy^{′ k−2k−1}

e) X_1 = ∂ ∂x , X_2 = ∂ ∂y , X_3 = (kx + y) ∂ ∂x + (ky − x) ∂ ∂y y^{′′} = C(1 + (y^′)^2)^{3/2} exp(k arctan(y^′ ))

G_8

X_1 = ∂ ∂x , X_2 = ∂ ∂y , X_3 = x ∂ ∂y , X_4 = x ∂ ∂x , X_5 = y ∂ ∂x ,

X_6 = y ∂ ∂y , X_7 = x^2 ∂ ∂x + xy ∂ ∂y , X_8 = xy ∂ ∂x + y^2 ∂ ∂y y^{′′} = 0

2S.Lie carried out the classification in the complex space, using complex substititions and complex bases of algebras as needed. Therefore his classification does not contain the point G3 e).

Table 2. Group classification of second–order difference equations and meshes.

Group Equation Mesh

G_1 2 h_+ + h_−

(y_x − y_{x̄}) = F ( y, 1 2 (y_x + y_{x̄}) ) h_− = h_+

a) 2 h_+ + h_−

(y_x − y_{x̄}) = F ( 1 2 (y_x + y_{x̄}) ) h_− = h_+

G_2 b) 2 h_+ + h_−

(y_x − y_{x̄}) = 1 x F ( 1 2 (y_x + y_{x̄}) ) h_− = h_+

a)

(√ h2+yx (x−y+)(x+−y) x−y x�−y^{h+ +h} � h+ − √_{h2} �^{yx̄} (x−y�)(x�−y) y−x y−x+ h� +h+_h � ) =

= C 2 (√ h2+yx (x−y+)(x+ −y) + √_{h2} �^{yx̄} (x−y�)(x�−y) )_2 h^2_+y_x (x − y_+ )(x_+ − y)

= ε^2,

h^2_−y_{x̄} (x − y_− )(x_− − y)

= ε^2

b) 2(y_x − y_{x̄}) = h_+ y^2y_+ + h_− y^2y_− h^− yy_− = h^+ yy_+ = ε

c) 2 h_− + h_+

(exp (y_x) − exp (y_{x̄})) = C h_+ = h_− G_3

d) 2(k − 1) h_− + h_+ ( (y_x)^{1k−1} − (y_{x̄})^{1k−1} ) = C h_+ = h_−

e) 2 (y_x − y_{x̄}) h_+ + h_− = C h_+ + h_−

(1 + y_xy_{x̄}) ×

× ( h_+ √ 1 + y^2_x exp (k arctan(y_x)) + h_− √ 1 + y^2_{x̄} exp (k arctan(y_{x̄})) ) h_+ = ε √ 1 + y^2_x exp (−k arctan(y_x)),

h_− = ε √ 1 + y^2_{x̄} exp (−k arctan(y_{x̄}))

G_8 y_x − y_{x̄} = 0 h_− y − y_− = h_+ y − y_+