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A preliminary study of the paper “A Cortical Based Model of Perceptual
Completion in the Roto-Translational Space” by G. Citti and A. Sarti [3] is
done. The model completes images according to how the area V1 of the visual
cortex functions, and the space in which the completion is performed, is the
three-dimensional image-oriented manifold.

Various aspects of the model are discussed, including Lie group theory. The
first part of the numerical scheme has been analyzed, and a restriction on the
time step for the forward Euler method is found.

The model is implemented, and various examples are presented.
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1 Introduction

The perceptual completion phenomenon refers to seeing a figure as complete,
when parts of it contains missing information. Objects that are occluding other
objects, or when part of the image falls in a blind area of the visual field are
examples of missing information.

Image reconstruction has been widely studied in the past. Before the digi-
tal age, image reconstruction was done manually by painters, but today, when
computers and digital cameras have been a common property, numerous algo-
rithms have been proposed. Many algorithms are designed for noise removal,
but others can reconstruct large holes based on the image properties near the
hole. Popular ones, such as the Perona-Malik-equation [I], diffuse the original
image, and result in noise removal and image enhancement.

Algorithms exploiting main phenomenological properties described by psy-
chology of Gestalt are also studied. This is classically achieved by minimizing
an elastica functional. In [2], the elastica functional

VI
VI <1+ div ()
fron N

has been minimized. I(x,y) is the function defining the image, p is a constant
and the integral is computed on the whole image domain. In images where
some object is blocking another object, this procedure will not maintain them
both. An example of such an image is shown in Fig.

p
) dzdy, p>1 (1)

Figure 1: The two fishes of Kanizsa.

This image is an interesting example, since it has no clear depth ordering to
distinguish the objects from one another. Such images are difficult to treat,
using numerical algorithms.

The objective of this work is to reproduce and extend some results in the pa-
per “A Cortical Based Model of Perceptual Completion in the Roto-Translational
Space” by G. Citti and A. Sarti [3]. This is a mathematical model based on
psychological and biological models to complete so-called subjective contours,
which arise when we look at, e.g., the figure above. Further, their model has
the property of maintaining both occluded and occluding objects, by “lifting”
the image to three-dimensional space.

The report is organized as follows. Chapter 2 is an introduction to the
model, where the basic properties regarding the neuropsychological aspects are
introduced. In Chapter 3 we establish the mathematical foundation in Lie
group theory, needed to prove that the three-dimensional space the image is



lifted to, is a Lie group. In Chapter 4, we derive and present the complete
mathematical model. Chapter 5 describes the numerical approximations used
in the calculations. It also includes a discussion of the boundary conditions, and
a numerical analysis regarding the stability of the first part of the numerical
scheme. Numerical results for some chosen images are presented in Chapter 6.



2 The model

The image in Figure [2]is named after the Italian psychologist Gaetano Kanizsa.

Figure 2: Kanizsa’s triangle.

In the center of this figure we perceive a white triangle, even though it is not
drawn. This effect is called subjective contours.

Other examples include objects that are occluding other objects, where our
“common sense” can figure out the missing information. Figure [3| shows two
such examples.

Figure 3: Occluding and occluded objects.

On the left of Figure [3| we perceive the two black sections as one amodally
completed surface extending behind the gray occluder. On the right we also
have two objects, but the depth of the two objects is not obvious. The objects
are alternating on which is the modally completed (in front) and the amodally
completed object (in the back).

The last example has some of the same properties as “Kanizsa’s fishes” shown
in Figure [T1]in the introduction. This image shows two fishes that are blocking
each other, i.e., we have two objects that are both occluded and occluding at
the same time. If the two fishes were to be extracted from each other, this
would lead to a process that includes modal and amodal completion at the
same time.

2.1 Psychological and biological model

According to psychologists and biologists, information that is coming in through
our visual system is sent to an area in the back of our brain called the visual
cortex [4].



2.1.1 V1 of the visual cortex

The visual cortex consists of several layers or areas, and the first one, called
V1, is where information is first processed. V1 is also the first place where one
finds simple cells, and these cells alter their properties according to what input
arrives. Among these properties are direction, polarity and elongation [5]. We
are only going to model the direction-property of the simple cells.

2.1.2 Receptive fields of simple cells

The simple cells of V1 present oriented receptive fields and the orientation is
defined by the brightness gradients.

2.1.3 Association fields

If an image contains missing information, our brain tries to complete this infor-
mation. This is done by actively filling in the information based on the simple
cell properties. In regions where there is missing information, the cells direct

themselves based on the neighbouring cells. This is called local association
fields [6].

Figure 4: An association field, from the experiments of Field, Hayes and Hess.

In Figure [d we see an example of an association field. The neighbouring cells
of the cell in the center represent the missing information, and their directions
are restricted.

2.2 Mathematical model

2.2.1 Extract existing information

In this report we will only consider grayscale digital images, and such an image
defines a function:
I:(z,y)— R (2)

Each discrete point, (z;,y;), in the image gives a number which represents the
gray-level.



Next, we extract the normal gradient direction at every point as follows:

VI(z,y)
VI(z,y)|

This is how we model the function of the simple cells in V1, by extracting addi-
tional information. Note that the angle 8 corresponds to the tangent direction
of the level lines of the image I.

We now lift the image to a surface in 3-dimensional space, (z,y,0(x,y)),
which can be seen in Figure [f

= (—sinf, cosb). (3)
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(a) Original image. (b) Lifted image.

Figure 5: Image lifted in the Roto-translational space.

In this manner the image is represented by a two-dimensional manifold in 3-
dimensional space. The 3-dimensional space is called Roto-translational space,
and is denoted R? x S', where S! is the unit circle.

Note that in the representation in Figure angles that differ by 7 are
identified. In this way, only one half of the unit circle is used, i.e., 8 € [0, x].
Later we will see that this procedure can be used in the numerical calculations,
but in the theoretical work we use the "whole" of S!.

If we look at the tangent vector to the level-lines of the image at a point on
the manifold, we note that this tangent vector lies in the plane spanned by the

vectors

X, = (cosf,sinb,0),
_ (4)
X, = (0,0, 1).

The directional derivatives, or the vector fields, associated to the vectors
above are denoted

X1 = cos 00, + sin00,,

Xy = 9. (5)



v

Figure 6: Visualization of the plane spanned by X; and Xo.

These vector fields generates the Lie algebra of the Lie group R? x S, which
we will show later.

The vector field X7, which can be seen in Figure[7] is varying smoothly with
6 while X5 is constant.
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Figure 7: The vector field X; is a function of 6.

2.2.2 Filling in the missing information
Diffusion

The image is now represented as a surface in three-dimensional space. The
second step in the model is a mechanism that propagates extracted information
in an orientation specific way, related to the association fields discussed in



Section 2.1.3] In the mathematical sense, we now diffuse over a certain time
interval with the vector fields defined in Equation [pl from the initial surface.

“Non Maximal Suppression”

After the diffusion, the surface has expanded in the #-direction due to the vector
field X5. Because of this, we need a concentration process to recover a surface.
This is achieved by defining a surface, X, so that the value of the function u
that we diffused will attain its maximum on this surface. The surface can be

expressed as
¥ = {(x,y,0),9u = 0,03u < 0}. (6)

Combined process

The resulting algorithm is then alternating between these two processes, and
should allow us to complete missing information based on the geometry of the
Roto-translational space. As proved in [3], this procedure will converge to a
stationary surface, and no stopping-criterion has to be applied.



3 Lie Groups

In this chapter, we are going to show that the Roto-translational space, R% x S*,
is a Lie group. To this aim, we need some definitions which are all collected
from [7].

3.1 Mathematical foundation

Definition 1. A Lie group is a group G which also carries the structure of a
smooth manifold in such a way that both the group operation

m:GxG— G, m(g,h)=g-h, g,heQq,

and the inversion
i:G—G, ilg)=g"", geaq,

are smooth maps between manifolds.

Definition 2. Let C be a smooth curve on a manifold M, parameterized by
¢ : I — M, where I is a subinterval of R. In local coordinates x = (z!, ..., 2"),
C is given by n smooth functions ¢(e) = (¢'(€), ..., " (€)) of the real variable e.
At each point x = ¢(€) of C the curve has a tangent vector

0

dxn’

. ) ) )
Vo = 30 = 8 (@) 5y + ()
x
Definition 3. The collection of all possible tangent vectors to all possible curves
passing through a point x € M is called the tangent space to M at x, and is
denoted TM|,.

Definition 4. A vector field v on M assigns a tangent vector v|, € TM|,
to each point in M, with v|, varying smoothly from point to point.

Definition 5. An integral curve of a vector field v is a smooth parameterized
curve x = ¢(€) whose tangent vector at any point coincide with the value of v
at the same point: .

¢(6) = V|¢(e)
for all e.

An integral curve from Definition [ is called a maximal integral curve if
it is not contained in any longer integral curve. Le., if ¢ : I — M is any
other integral curve with the same initial value ¢(0) = ¢(0), then I C I and

d(e) = ¢(e) for e e .

Definition 6. If v is a vector field, we denote the parameterized maximal inte-
gral curve passing through x € M by exp(e,x) and call exp the flow generated
by v.

Definition 7. For two vector fields v and w, their Lie bracket is defined
through their action on functions as

v, wl(f) = v(w(f)) = w(v(f))



Definition 8. Let G be a Lie group. For any element g € G, we define the
left multiplication map L, : G — G by

Ly(h)=g-h, Vheg,
where - denotes the group operation in G.

Definition 9. Let M be a smooth manifold, and F' : M — M be a smooth map.
Each parameterized curve C = {¢(€)} on M is mapped by F to a parameterized
curve C = F(C) = {¢ = F(¢(e))} in M. Thus F induces a map from the
tangent vector dg/de to C at the image point F(x) = F(¢(c)) = ¢(e). This
mduced map is called the differential of F, and denoted by

AF(3(6) = S{F(o(e).

If the map F in Definition [9] is one-to-one, the differential then maps the
tangent space to M at x to the tangent space to M at F(x):

dF : TM|, — TM|F($)

Further, in local coordinates, the differential of F' of a vector field v|, =

S E(x)0/0xt is

aF i 0
di(v Z Z & 3:1:3 oxt’

Definition 10. A vector field v|, on G is called left-invariant if
dLg(V‘x) = V’Lg(x)’ Vg,z € G.
Definition 11. The Lie algebra of a Lie group G, denoted g, is the vector
space of all left-invariant vector fields on G.
3.2 Roto-translational space

Our three-dimensional space R? x S! is called Roto-translational space. The
infinite set of points (z,y,6), combined with a composition law that satisfy
certain axioms, is then called a group.

3.2.1 Extension to matrix group

The group R? x S! has an equivalent matrix form, namely SE(2). This matrix
group is called rigid motion, and is defined as

} ,R €80(2),r € R%}, (7)

where SO(2) is the special orthogonal group. An element in SO(2) can be
expressed asE|
[cos@ — sin 6’}

sin 6 cos@|’

?Brackets are here used to represent matrices and vectors. When Lie brackets are used, this is clear from
the context.



which is a rotation in two-dimensional space, and we see that it is only defined
by the angle 6.

Since our points on the image-oriented manifold is represented by the triplet
(z,y,0), we can also represent this point as an element g € SE(2) as

cosf) —sinf «x
g= |sinf  cosh vy|. (8)
0 0 1

The special orthogonal matrix, denoted R in , is constructed using the vector
X1 and a vector orthogonal to Xj.

3.3 The composition law

Since the group operation for matrix groups is the usual matrix-matrix product,
we can easily find the composition law in the Roto-translational group by using
the matrix representations. For any two points (Za, Ya, 0a), (Tp, Ys, 0p) € RZx St
we find the product through the following transformation:

Tq Tp L
Yo | TR | U | Y 9a B =9c~ | Ye |,
9(1 91, Oc

where g4, g» and g, are the corresponding matrix-elements. The matrix-
elements g, and g; are defined above and we get:

[cosf, —sinf, z, cosl, —sinf,
ge = Gga - gp = |sinf, cosbly Yo | - |sinby costy
0 0 1 0 0 1

(Cacb - Sasb) (_CaSb — Sacb) (Caxb — Sa¥yp + xa)
= (Sacb + Casb) (_Sasb + Cacb) (Saxb + calYp + ya) 5
0 0 1

where s; and ¢; denotes sin 6; and cos 8;, respectively, for ¢ = a, b.
With the trigonometric identities

sin(a + 3) = sinacos B + cos asin 3,
cos(a £ ) = cosacos B F sin asin 3,
the matrix g, simplifies to
cos(0, + 0p) —sin(f, + 6) cosbyzp — sinOuyp + x4

ge = |sin(6, + 6) cos(0y + 0p) sinbOuxy + cosbayp +up | - (10)
0 0 1

Clearly this matrix is also in SE(2), as expected.
If we now convert back to vector-notation we get the composition-law in the
Roto-translational space:

Tq Tp cos b,y — sin by, + 4
Yo | +r| W | = | sinbuzp+ cosbuyp +ya |, (11)
0, 0, 0, + 06,

where we have adopted the notation 4+ from [3] as the group operationﬂ

3The seemingly commutative notation + 5 is used. However, our group operation is non-commutative.



3.3.1 Verification of the group axioms

Now that we have our composition law, we can check if it has the necessary
properties of a group operation. It has to be associative, there has to exist an
identity element and each element should have an inverse.

Associativity means that for elements a,b,c € R? x S'.a +5 (b +rc) =
(a +r b) +r c. This follows from the transformation, since matrix-matrix mul-
tiplication is associative.

Next, the identity element is the trivial triplet (0,0,0), (which gives the iden-
tity matrix in the matrix-group):

(0,0,0) +r (2,y,0) = (x,y,0) = (z,y,0) +r (0,0,0). (12)
Last, the inverse of an arbitrary element g = (z,y,0) is
g~ = (= cos Bz — sin By, sin Oz — cos By, —0). (13)

So equipped with the composition law we have a group structure.

3.3.2 R? x S' is a Lie Group

From above we have that both the group operation and the inversion of elements
are smooth maps. Further, since our group carries the structure of a manifold,
i.e. the image-oriented manifold, R? x S is a Lie group according to Definition

!

3.4 Vector fields and flows

In Section 2.2.1] we introduced the two vector fields X; = cos 09, + sin 60,
and Xy = 0p. These satisfy the conditions in Definition [4] since X is varying
smoothly with 0, and X5 is constant.

The flow map (Definition [6)) applied to the point (zg,yo,6o) of a linear com-
bination of these vector fields is a curve denoted as

v(t) = exp(t, X1 + kX2)(z0, v0, 0o)- (14)

This curve is the solution of the system of ordinary differential equations &(t) =

cosO(t),y(t) =sinf(t),0(t) = k. With k # 0, we get:

z(t) = % (sin(kt + 0p) — sin ) + xo,

y(t) = % (—cos(kt 4 6o) + cos By) + yo, (15)

o(t) = kt + 6.

The parameter k in this representation is the curvature of the integral curve.
With k£ = 0, the solution will be a straight line with constant 6 = 0y. Figure
shows an integral curve starting from (0,0,0) with & = 1.

In Figure [0] we see curves projected to the zy-plane, with k varying. This
plot is very similar to the figure from the experiments of Field, Hayes and Hess
in Figure [l So the vector fields X; and Xy are going to play the role of the
basis for the association fields discussed in Section 2.1.3]

11
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Figure 9: Projected solutions of the integral curves (t) = Xl(v) + k)?g(’)’),
with k£ € [-1,1].



3.5 Lie brackets

The Lie bracket (Definition [7)) of the vector fields X; and Xs can be found
through their action on an arbitrary smooth function u, as

[Xl,Xg]u = Xl(Xgu) - XQ(Xlu)

= (cos 00, + sin 00, )ug — 0y (cos Hu, + sin Guy) (16)
= —Xg’LL,
where we have defined the third vector field X3 as
X3 = —sin00x + cos H0y. (17)
The other commutators are obtained similarly:
X, X3] = — X1,
[X2, X3 1 (18)
[X1, X3] = 0.

This means that the vector fields X7, Xo and X3 form a closed set with respect
to the Lie bracket operation. Also, the two first vector fields generate the last.
If we denote by £(X, X2) the set of all linear combinations of X7, X and the
commutators of any order, it is spanned by the three vector fields.

3.6 Left multiplication map

Based on the composition-law of the group R? x S, we can define the left
multiplication map as in Definition [8}

Ly(h)=g+rh, Vg,heR*xS. (19)
Since every element has an inverse, the left multiplication map is one-to-one:

Ly(z) = Ly(y) <=z =v.

3.6.1 Differential of the left multiplication map

The differential of the map L,(z) is denoted dL4(z) and maps the tangent
space at x € R? x S1 to the tangent space at Ly(z) € R? x S1.

Following Definition [9] we also have an explicit expression in local coor-
dinates for the differential of vector fields. In this expression we need the
Jacobian of Lg(x). Since the element g is fixed, the Jacobian (Jacp () =

{OL!()/0a7}} ) is

ij=1
costly, —sinfy, 0
Jacr ;) = | sinfy  cosfy, 0 |. (20)
0 0 1

If we now insert X in the expression of the differential of L,, we get
3 A .
oL, . oL}
dL(xg,yg,eg)(Xl‘(@y,e)) = Z [(Coseamg) ‘(%y’e) ! <Slneayg> ’(%yﬁ)]

j=1
= (cos @ cos by —sinfsinf,) 0, + (cosfsin by + sin b cos b,) 9,
= cos(0 + 0,)0, + sin(0 + 6,)0,,
(21)

13



where the last equality follows from the identities in @ From the composition
law we note that this reduces to

dLg(X1lz) = X1lp,(2), (22)

and that, by Definition [I0] X is a left-invariant vector field.
Similar to above, we find that X5 and X3 are also left invariant vector fields.

3.7 Lie algebra of the Lie group

Since the vector fields X1, X2 and X3 are all smooth, left-invariant vector fields,
and since the dimension of R? x S! is three, these vector fields form a basis of
the Lie algebra, g, of the Roto-translational group by Definition [TI] We denote
this as

g :ﬁ(Xl,Xg). (23)



4 Mathematical Model

Here we build up our mathematical model based on the neurophysiologic as-
pects discussed in Chapter 2] and using the geometric space described by our
Lie algebra of the Roto-translational group discussed in Chapter

4.1 Extraction of existing information

Receptive fields of simple cells are usually modeled as convolution kernels of
filters, such as Gabor filters [§],

1 P2+
G(m,y,@) = Tﬂ_sexp <_ 82 +7’y/8 ;

where

x cos(#) + ysin(h),
y = —xsin(f) + y cos(h),

N
Il

and the parameter s is the standard deviation in the Gaussian envelope. The
authors of [3] have shown that up to a multiplicative constant, the odd part of
this Gabor filter can locally be approximated as

~ —0pexp(— (3% + §°)/s%). (24)

This is equivalent to the directional derivative in the direction (— sin(f), cos(6)),
which is the direction of the vector field we called X3 above.

A three-dimensional function, ug(x,y, @), is constructed, where the two first
dimensions correspond to the image’s domain. We now set each value in ug as

uo(x,y,0) = —X3(0)15, (25)

where I, denotes the discrete convolution of the original image with the con-
volution kernel exp(— (&2 + §2)/s?).
By defining the surface

S = {(2,,0), | Xs(B)T,| = max | Xa(0) L)1}, (26)

we set u = updy. That is, we set u to be ug concentrated on the surface X.

This is how we model the simple cells property to choose the direction that
results in the maximum of activity. It is also equivalent to the procedure we did
in Section [2.2.1] where we found the #-value that corresponded to the normal
gradient direction.

Note that since the function u is constructed using derivatives of the original
image, some information is lost through this transformation. If the original
image contains domains of constant gray level, the interior of these domains
will all be represented with the value 0 in wu, since the derivative here is 0 in
every direction.
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4.2 Completion of the missing information
4.2.1 Diffusion

Now we diffuse our function u(z,y,6) with the vector fields X; and Xo. In
the Roto-translational space, we denote the R-gradient and the sub-Laplacian,
respectively, as

Vi = (X1, X2)7,

27
Ap =V} Vg =X{+ X3, &)

where XZ2 represents the i’th vector field applied to itself. The diffusion then
becomes
uy = Apu = X1 (Xqu) + Xo(Xou) = (X7 + X3)u. (28)

4.2.2 “Non Maximal Suppression”

After we have diffused for a certain time, the surface has expanded in the 6-
direction. Now we apply a concentration process, which the authors of [3] have
called “Non Maximal Suppression”, which is needed to explain the sharp tuning
exhibited by the simple cells in V1.

At each point, (x,y), we want to find the #-value for which our function u
attains its maximum. This can be achieved by demanding that Xou = 0 and
X2 (Xou) < 0 at each point. Our new surface can then be defined with the
function v = Xou as:

Y={(z,y,0) :v=0,Xov <0}, v=Xou. (29)

We note that
Y CH{(x,y,0) : v =0, Xov # 0}, (30)

and by assuming only maxima, they are equal. From [9], ¥ is a regular surface,
and we are guaranteed the existence of a tangent plane at all points in 3.
Further, ¥ is the 0-level set of the function v.

4.2.3 Projection on tangent planes

At each point, x, on a two-dimensional manifold M in R? we have a normal-
vector v. If we denote the projection matrix P, as

VRV
e
this matrix will project any vectors at x onto the tangent plane of the surface
at x. Note that the elements of P, can be expressed as
Vil
(Py)ij = 6ij — (M
where §;; is the Kronecker delta function. For a vector field X € R3, we define
the differential operator PxV component-wise as

3 . .
(PxV)i=>_ <5 — )‘(X)'iﬂ) O, - (31)

j=1



4.2.4 Diffusion constrained on the surface

By using our previous notation, we find Px Vg by exchanging the d,; with X
in . Now we use the geometry of our space to derive a level set method in
R? x St

From the level-set function in , we define the unit-vector

~ Vgv (X1v, Xov)
IVro|  /(X10)2 4 (X20)2

14

(32)

Note that we can expand Vg to be a three dimensional vector, Vi = (X1,0, X2)7,
and obtain the same results.

We now know that v (expanded to a three-dimensional vector) is a normal
vector to ¥, and from Section we have that the matrix P, projects vectors
onto the tangent plane in X.

For a function u on X, we define the Eulerian surface gradient as

V,u = P,Vu, (33)

and the Eulerian Laplace-Beltrami operator as the tangential divergence of the
tangential gradient [10]:
Au=V, -V,u. (34)

When going from Eulerian- to Roto-translational-space, we have to change all
the V-operators to Vg = (X1, X2)T. The surface R-divergence of the surface
R-gradient of the function u, is

div¥ (Viu) = (VR - Vihu = (P, V)" - P,Vgu. (35)

A simple calculation shows that

) e
Xv Xv
P, = P(Xw,sz) = XovXiv 1 (X2v)? ’ (36)
~ ot ~ X

and since our projection matrix satisfies P2 = P, = P!, we find that

(X1v)? X1vXov r
d. 5 ” B <1 — ‘le‘g > - ‘IXU‘% X1 X1u
IVR( Ru) - XovXiv (X3v)? X ‘ Xou
— =5 1— Xo[2 2 2

(37)

v 2
- (1= i) 0 = S0

XjvXov
| X|?

X1 (Xou) + <1 - ) Xo(Xou).

When inserting |Xv|? = (X1v)? + (X2v)?, and using the notation X;(X,u) =
Xiju we get the final equation:
Al — div” (VU u) B (XQU)2X11U + (X1U)2X22u B (Xlgu + X21U)X1UX2U
R R R (X10)? 4 (Xav)? (X1v)? + (Xov)?
(38)
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After the diffusion u; = Agu, we then calculate the time evolution

The two equations are then combined in an alternating fashion. First we
diffuse over a certain time interval ¢1, and then integrate over a time
interval to. Then we do it all over again, and solve the pair of equations for a
total of N times.

4.3 Post processing

After applying the mechanisms described above on an image, the completed
image is represented as a three dimensional function. To convert it back to an
image again, we set:

I(a,y) = max (fu(z,y,0)]). (40)

This procedure will give us the direction that results in maximum response in
the simple cells of V1.



5 Numerical Discretization

5.1 Discretized function

Since the images we are considering are digital (and thus discrete), the dimen-
sions in the z- and y-directions are given by the pixel resolutions.

The third dimension is found when A#, the step size in the 6-direction, is
chosen. The interval [0, 2] is divided into approximately 27/A# points.

5.2 Step size

When approximating the equations with finite differences, we need a step size
in all the directions. In the results below, only square images have been con-
sidered, so the step size in the y-direction, Ay, has been set equal to Azx.

There is no natural way to define the step size Az though. The size of a
digital image is only defined by the pixel resolution, and since Ax is supposed
to represent the distance between two pixels, this must be chosen.

In all the results below, the step size in the #-direction has been chosen to be
equal to Az for simplicity. This imposes restrictions on the choice of Az. Since
the dimension in the #-direction and Ax are inverse proportional, Ax must be
chosen wisely.

The time step At is restricted by the Courant-Friedrichs-Lewy condition,
which we will discuss below in Section

5.3 The differential equations

We approximate the equations with finite differences. The derivatives in z, y
and @ are approximated using second order centered differences, and differen-
tiation in time is approximated by a first order forward difference. This means
that we use the forward Euler method for the time integration.

We denote uj,,, as the function u evaluated in the discrete node (z,y,0) =
(IAz,mAy,qAf) at time t = nAt. With an image resolution of L x M pixels,
[ can be in the range [0, ..., L — 1], and m in the range [0, ..., M — 1]. Further,
q is in the range [0,...,Q — 1], where @ = [27/Af] is the dimension in the
f-direction. The various derivatives are approximated as

Dlu?mq = cos Hqéxu?mq + sin Gqéyu?mq,

Doty = 00Uy

Dirujy,, = cos? Gq(ﬁufmq + 28in 04 cos 04020y uy,, + sin’ 0q5§ufmq,

Doy, = 5gufmq,

D1y, = €08 050:00Uy,, + sin 040, 00up,,,,

Dorujy,, = — sin 046,uj,, + €os 040:00Uy,, + €08 00y Ui, , + sin 046,00u,,,,

(41)

where D;u is the approximation of the vector field X; applied to u, and D;ju
is the approximation of the vector field X; applied to X;u. Furthermore, 9;
denotes the second order centered difference in the direction i, for ¢ = x,y, 6.
For example, (5gufmq = 1/Aa:2(u?717m7q — 2up,, + uf+1,m7q).
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The combined numerical scheme is then:
FOR n=0,...,N; — 1, DO:

uttl = ulnmq + At (Dllu?mq + Dggul"mq)

Imq —
END FOR
N N
vlm%q = DQulréq
FOR n = Ny,..., N1+ No — 1, DO:
RN, (Davi,,,)? Durug,, + (D1vj,)? Daguft,, (42)
ima = i (D1t} + (D2tf,)?
DlvganQUﬁnq (Dlgu?mq + Dglu?mq> ]
(Dlvﬁnq)Q + (DQUﬁnq)Q
+1 _ +1
Ulnmq - D2u?mq

END FOR.

In this way we diffuse u for a time NiAt and then apply the “Non Maximal
Suppression” for a time NoAt. This numerical scheme is applied for a total of
N times.

5.4 Boundary conditions

To apply the numerical scheme in , we need boundary conditions. In the
f-direction, it is natural to define periodic boundary conditions.

In the z- and y-directions, the authors of [3] use Neumann boundary con-
ditions. In the results below, regular homogeneous Neumann boundary condi-
tions was first used. This means that we set du/97 = 0 on the boundaries,
where 77 is the outward normal direction. Since the image is a rectangular
(quadratic) domain, the directional derivatives in the normal directions are
easy to obtain.

The Neumann boundary conditions did not give satisfactory results, the im-
age was distorted near the boundaries. Thus the Neumann boundary conditions
were adjusted to the Roto-translational setting. Instead of using outward nor-
mal directional derivatives, we used the vector field X;. This can be expressed
as

X1uom,g = X1ur—1,mq =0, Vm,q,

(43)
Xiugo,q = X1ugnm-1,4 =0, Vi, q.

5.4.1 Discretizing the boundary conditions

When using fictive nodes in the derivation of the derivatives at the boundaries,
the periodic boundary conditions are imposed by setting
U m,—1 = Um,Q—1 VI, m,

(44)

ULm,Q = Ulm,0 VI, m.

Further, for the regular Neumann boundary conditions in x- and y-directions,
we find the fictive nodes from a second ordered centered difference on the



boundaries:

U—1m,g = Ulmyg vm7 q,
ULm,q = UL-2,m,q Vm, q, (45)
Up,—1,g = Ul,1,q VZ, q,

U Mg = U M—24 Vi q.

When imposing “Roto-translational” Neumann boundary conditions, we get
more complicated equations, since the vector field X7 includes derivatives in
both the z- and y-direction. For example, at the left boundary we get

sin 0,

uilymyq = <u07m+17q - uoymflzq) + u17m7Q’ (46)

cos 0
where 6§, = gAfd. Obviously, if the §-value associated to a node is a multiple of
7/2 somewhere on the boundary, some problems will occur. If § = 7/2 in the
example above, the fraction in the equation will have a zero denominator. In
this case, upm—1,g = ©0,m+1,¢ when imposing Xiu = 0 (w11,m,q — U—1,m.q) +
(ul,m—l-l,q - ul,m—l,q)

= 0. Secondly, derivatives in the z-directions have been obtained using a
first order finite difference into the domain, leading to an absence of boundary
conditions.

5.4.2 Corners

We also experienced a problem with boundary conditions at the corners. If
the O-value at a corner in the zy-plane represents a direction that never enters
the domain (see Figure , this can lead to problems. With regular Neumann
boundary conditions this problem does not occur, since the normal direction is
either vertical or horizontal, and both directions can be imposed at corners.

X

Figure 10: X, can point out of the domain.

Also, using second order centered differences for the mixed derivative, gy,
at e.g. the lower left corner, we need the fictive node u_1 _1 4. To avoid these
problems, we use a first order difference approximation for the mixed derivatives
at these nodes.

5.5 The associated diffusion-matrix

The numerical approximation of the diffusion (first part of the scheme in ([#2)))
with the forward Euler method can be seen as an iteration from a starting
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vector. In practice, the solution Uy, 18 n0t a vector, but the iteration can be
viewed in terms of a matrix operating on a vector as

n+1
ulmq

= A, (47)

since the diffusion equation is linear.

To ensure convergence, we have from the Courant-Friedrich-Lewy-condition
(CFL) [1I] that the spectral radius of A must be less than or equal to 1.
Otherwise, the diffusion part of the iteration in can produce wrong results.

The equation of an “inner node”, ujy,q, in the diffusion is as follows

nt+tl _ . n 2 n 2, n
ulmq = Ulmgq + Ay (Xl Ulmg + X2 ulmq)

Ay

~ o 2 n n n

~ Ulmq + F [ COS 9(] (ul+1,m,q — 2ulmq + ul—l,m,q)
xr

1
: n n n n
+ 5 €08 04506, (Ul+1,m+1,q U1 m—1,g T Y1m—1,g ~ Ul—l,m+1,q)

s 2 n n n
+ sin 0‘1 (ul,m-‘rl,q - 2ulmq + ul,m—l,q) }

Ay

n n n
+ p [ul,m,q—H - 2ulmq + ul,m,q—l] .
0

(48)

In Figure we see the “molecule” of this diffusion equation. The value of a
node at the next time step depends on 11 nodes, including itself, at the previous
time step.

Computation molecule

Figure 11: The computation molecule for the diffusion term in the numerical
scheme.

From , and with A8 = Ax, the iteration matrix A can be split into

At

A. (49)

We can then find the restrictions on At by looking at the eigenvalues of A.



The associated matrix A is a sparse matrix with at most 11 non-zero entries
on a single row. The band width of the matrix depends on the labeling of our
u when we map it from REXM*@Q o RIMQ,

If we label the vector as u = [’LLO,070, U1,0,05 -+ WL—1,0,05 U0,1,05 «+-» ’U,L_Lli), U0,2,0,
UL—1,M—1,05U0,0,15 -+ ...,uL_LM_LQ_l]T, the structure of the matrix A will be
as seen in Figure [12] below.

Non-zero entries in the diffusion matrix

. .
0 5 10 15 20 25 30 35 40 45
nz =336

Figure 12: A visualization of the sparse structure of the matrix A.

Figure [12 shows a dot for each non-zero value in A. This particular matrix
is constructed using only 4 points in the spatial directions, and 3 points along
the #-direction. We notice the symmetry pattern, and that there are missing
some points in the upper left corner because of the sine squared and the mixed
term involving a product with sine, since the associated #-value in this area is
ZEro.

In Table[T], the spectral radius for some different dimensions is shown. When
constructing the matrix Z, homogeneous boundary conditions are imposed for
simplicity.

Dim. in x- and | Dim. in #- | Calculated
y-direction | direction spectral radius
107 7.7218
20 | 13 7.9198
40 | 26 7.9942
60 | 38 7.9974
80 | 51 7.9947
100 | 63 7.9966
120 | 76 7.9993
155 | 98 7.9996

Table 1: Table of calculated spectral radii for different dimensions.

The eigenvalues of A are found to be A € (—8,0). ILe. the spectral radius
seems to converge towards 8 for increasing spatial resolution.
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The eigenvalues of the discrete one-dimensional Laplace operator

are known to be on the form

A= -2 <1—cos<Niil>>. (51)

Here N denotes the dimension, and \; is the i’th eigenvalue (i = 1,..., N). The
eigenvalues are thus in the range (—4,0), and the minimum converges to -4 for
high dimensions. Since we find the spectral radius of our problem to converge
towards 8, this shows clear resemblances with diagonalization techniques used
for solving the two-dimensional Poisson problem [12]. Such techniques involves
a scaling with the summation of two eigenvalues, where each of them is the
corresponding eigenvalues of the one-dimensional discrete Laplace operator in
(50). The minimum of the sum is thus converging towards -8, as in our problem.
From , we see that the eigenvalues of A can be expressed as

cig(A) = eig (1 + At/m?ﬁ) = 1+ At/Azeig (ﬁ) . (52)

The CFL-condition then gives the following restrictions on At:

g2l o

Ax2 -7 53
1—-8—>—1.

8Ax2 -

The first equation is unconditionally satisfied, since both At and Ax have to
be positive. The second is satisfied when At < 0.25Az2.



6 Results
6.1 Stability

Above, we found a restriction on the time step, A¢. In Figure [I3] we see an
image before and after applying the numerical scheme in 10 times with
N1=N2=3and At =0.4.

Criginal Image Image after 10 it. with at toohigh

)

Figure 13: Image before and after 10 iterations with At = 0.4.

The iteration obviously diverged, and the image is no longer recognizable.
All the following results, have thus a time step At = 0.25.

6.2 Dependence on N; and N,

In the numerical scheme, the parameters N; and Ny represent the length we
integrate in time for the diffusion and “Non-maximal Suppression”, respectively.
The authors of [3] do not specify which values they use.

In Figure [14] we see a comparison of different combinations of the parame-
ters. 3 values have been tested for the two parameters, making a total of 9
combinations. All calculations were done with regular Neumann b.c. and 20
iterations.

It looks like there is no clear advantage by choosing a specific combination.
Since the original image contained a hole in the center, we also see how this hole
is closing in the calculations. By following the diagonal downwards, the hole
decreases. This is because we integrate in a longer time interval NAt(Nj+ Na),
and not a reason to favour the lower right combination.

In all the following results, the combination Ny = Ny = 3 has been used.
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6.3 Boundary conditions

Here we compare the different boundary conditions used in the calculations.

6.3.1 Regular Neumann boundary conditions

With regular Neumann boundary conditions, we impose restrictions on the
derivative of the solution at the boundaries. These are set to zero, and the
result can be seen in Figure This figure shows the original image (upper
left corner) with missing information in the center, and the solutions after
different choices of iterations lengths.

Original image 20 iterations
40 iterations 80 iterations

)|

Figure 15: The solution after different number of iterations with Neumann
boundary conditions.

After many iterations the hole closes, but the image is changing character
near the boundaries. Since the computations impose homogeneous Neumann
boundary conditions, the level lines of the image are “straightened out” ac-
cording to which boundary is the closest. In the top and bottom, the curved
level lines are bent to straight vertical lines. On the left, the level lines at the
boundary are bent even more, and are turned into horizontal lines.

The development around the hole looks promising, and after enough itera-
tions, it closes. If we know where the missing information “exists”, and if it is
not near the boundaries, this procedure could work. The known domain could
be kept, and a suitable post processing could insert the missing information
after calculations. A stopping criterion would also have to be imposed, since in
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the limit ¢ — oo, the surface will not converge towards the “correct” stationary
surface.

6.3.2 “Roto-translational” Neumann boundary conditions

Calculations on the same image as above, but with X;u = 0 imposed on the
boundaries are shown in Figure[I6] The original image is shown complete, but
the calculations started with a hole in the center. The behaviour around the
hole is, as expeced, similar to the case above. Around the boundaries though,
we now get better results, and the curved lines are maintained.

Original image 20 iterations
40 iterations 80 iterations

)

Figure 16: Solution with “Roto-translational” Neumann boundary conditions.

After many iterations, there are still some minor differences between the
original and the calculated image. We observe thicker lines on the calculated
one. Also, the right corners differ, and could be a consequence of the low order
finite differences used here.

Since this type of boundary conditions gives the best results for this image,
it has been used throughout the rest of the images below.

6.4 Completion of selected images

6.4.1 Image containing hole

The first example is an image already visited above in the report. In Figure
[[7] we see the original on the left, and how this image is represented as the



function u in on the right, both with a hole in the center. Our perception
of what is missing is clear; the level lines should be continuous through the
hole. We notice that we get more waves on the right, because the derivative is
zero both on the “peaks” (white) and in the “valleys” (black).

Original image Original image represented in u

)

Figure 17: Original image (left), and original image represented in Roto-
translational space.

In Figure [I6] above, we have already seen that the algorithm completes the
missing information. Figure [I8] shows a surface plot of the three dimensional
array after a calculation with 20 iterations. The height corresponds to the 6-
value of maximum activity, and the colour represent the value (gray level) of
that node.

6.4.2 Occluding object

The next example we are going to consider is when one object is occluding
another object. In Figure [L9 we see the original image (left), and how this
is represented as the function w. The two white sections are perceived as one
object extending behind the gray bar.

Figure 20] shows the result after applying the algorithm for 4 different it-
eration lengths. We see that the level lines for the original white object are
diffusing through the occluder. For long iteration lengths, level lines from each
side meet in the center, but the result is a bit blurred. By increasing the
resolution in #, this can be improved.

In Figure we see a slice plot of the three dimensional array after 100
iterations. The plot shows three different planes, which corresponds to different
f-values. The colors represent the values in these zy-planes. In this way it
shows where the different objects of the image are located in the #-range. Since
the derivatives in directions that differ by m have the same magnitude, but
opposite signs, the three planes shown are for 6 < 7.

We see that the gray bar is now located at the plane § = 0 (parallel to the
x-axis). The white object “lives” above at higher #-values, and in this way, both
the objects are maintained. The gray bar is also located in the planes where 6
is a multiple of 7, since its directed along the x-axis.
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Image represented in 3D
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Figure 18: Slice plot of the image in three-dimensions after 20 iterations.

Original image Original image represented in u

Figure 19: Original image (left), and original image in Roto-translational
space.



After 20 iterations After 40 iterations

After 60 iterations After 80 iterations

Figure 20: Image after 20, 40, 60 and 80 iterations.

6.4.3 Kanizsa's fishes

The last example is “Kanizsa’s fishes”, which can be seen in Figure 22} This is
an image showing two fishes, where both of them block eachother. We see that
only the contours are shown in the Roto-translational representation.

Calculated results by applying the algorithm for 10 and 50 iterations can be
seen in Figure 23] The right side of each fish head is completed first, since the
tails here are thinnest. After 50 iterations, the whole heads are completed. This
is how the original image is interpreted (at least the authors interpretation),
that both fishes block each others tails and not the opposite.

In Figure [24]a slice plot of the three dimensional array is shown for “Kanizsa’s
fishes” after 120 iterations. Here we see that the heads of the fishes are repre-
sented at the level § < 7/2, while the tails are located higher.

By iterating long enough, the processes should complete the tails, as well
as the heads. The combined diffusion/“Non-maximal Suppression”-process can
operate independently on objects separated in three dimensions.
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Slice plot after 100 iterations
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Figure 21: Slice plot of the three-dimensional array.



Original image Image representation in Roto—translational space

o

Figure 22: Original and Roto-translational representation of Kanizsa’s fishes.

After 10 iterations After 50 iterations

4

-

Figure 23: Kanizsa’s fishes after 10 and 50 iterations.
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Figure 24: Slice plot of Kanizsa’s fishes after 120 iterations.



7 Conlusion

The perceptual completion model in [3] has been studied and the numerical
scheme was implemented. The various aspects in the model have been dis-
cussed, and some theory was established.

The diffusion in the first part of numerical scheme was analyzed more exten-
sively, and stability conditions were found. Based on the results, the second
part of the scheme, which approximates the solution of a non-linear differential
equation, seems to work. This can imply that the restriction we found on the
time step from the diffusion part is a conservative estimate, also valid for this
part.

Chosen images were completed and discussed. These are great examples of
the perceptual completion phenomena, and a verification that the model works.

The overall strategy regarding the implementation was simplicity. For in-
stance, a simple forward Euler method was used for time integration. The
step sizes have also been chosen to maintain a small to mediocre problem-size.
Some difficulties regarding the boundary conditions were observed, but still,
the model work very well.

Future work could include more advanced numerics, for instance a more
sophisticated time integrator. Further, the Lie group structure of the problem
can be exploited. Since the second part of the algorithm is a time evolution
constrained on a surface, this can be solved using a Lie group method.

An entirely different approach could involve a generated grid suited for the
space in which we complete the images. In [I3] a grid is generated based on
the structure of the Heisenberg group, and, if possible, a similar extension to
the Roto-translational group could be beneficial.
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