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1 Introduction

Semi-Lagragian methods have been shown [1, 4, 2| to play an important role in the compu-
tation of flows of vector fields in exponential integrators designed for convection dominated
problems of the convection-diffusion type. In this paper we examine some of the issues
regarding the order conditions for the semi-Lagrangian exponential integrators, starting
with a preliminary work by the authors in [2].

Suppose from the semi-discretization of a convection-diffusion model one obtains an
ordinary differential equation (with initial data yg) of the form

ye = C(y)y + Ay, y(0) = yo, (1.1)

with y = y(t) € RN for t € [0,T]. The N x N matrices C(y)and A represents the discrete
convection and linear diffusion operators respectively.
The methods then take the following general format

fori=1:sdo

Y; = @iyn +h Y _ ai j0i A,
J

pi = exp(h Y af ;C(V))...exp(h Y af C(Vi)),
P k

Pij = tﬂiﬂﬂj_l
end

Yntl = Pnt1Yn +h Z bz'SDnJrl,z'AY%,
On+1 = exp( hZBJC Yy))...exp hZﬁl (Y%))

Pn+li = Spn—i—lSOi

where {a; ;,b;} are coefficients of a s—stage Runge-Kutta (RK) method and o’ ;. and ﬁl
are coefficients of a commuatator-free (CF) Lie group method (studied in [3, 6]) defined
on a RK method with coefficients {a; j, b;} such that

a;; = Za{,l, b; = Zﬁlj (1.2)



Thus given a partition RK method with Butcher tableaus

C‘A ¢
| b

) (1.3)

T N,

we treat the diffusion with the s—stage RK method {A,b,c} (preferably implicit) and
the convection with a CF method based on the RK {A,b,&}.

Note: Here and in the rest of the literature, we shall write ; (without explicit limits
of summation) to actually mean ijl . All tables have been put in the appendix.

In the study of the under conditions we treat (for the sake of convenience) the numerical
solution y,41 as an extra state value

}/:9-1-1 Ps+1Yn +h Z ajPs+1 ]AY Qsi1,j = b]7
J

with

ps+1 = exp(h Z 04];+1,JC(Y19)) ...exp(h Z a§+1,1C(Yk))a O/;-i-l,l = ﬁf
k k

-1
and @s11,j = Psp19; -

2 Deriving the order conditions

Taking the ¢** derivatives with respect to h of the exact solution to (1.1) and of the stage
values of the numerical solution we obtain the recursive formulas

= q—1\ di~1=* k
y(@ :kz(]( I )W(C(y)JFA)y( ), (2.1)
q-—1 1-k k
V9 = oWy + anw Z ( )Lp(:lj )AYj( ), (2.2)
j k=0
Order conditions for order p = 1,2,3,... are recursively from the equations
Y(qllh =0 _y ’h=07 q:0717"'7p' (23)

We often will simplify higher order conditions using conditions of lower order whenever
neccessary. The computation of the derivatives of Y; requires the use of ¢; and ¢; ; and
their derivatives.

Now let us consider the matrix-valued functions,

Ciy—t:=hY af; ,C(Y), 1=01,....J-1,
k

and

CZ'J,I = —hzailJrlC(Yk), l:O,l,...,J—l
k

We donote by B; j_; either of C; j_; or éi7j_l, forl=0,1,...,J — 1, and consider

Yi(h) :=exp(B; ) - exp(Bij—1) - ... exp(Bi1).



Depending on the choice of B; j_; = C; y_; or C’i,J,l, we have 1; = p; or ‘P@'_17 respectively.
We will also make use of

©i(h) := exp(Bi.) - exp(Bis-1) - ... - exp(Bi 1)

We obtain!
. J_l .
VY = Z Ady (dGXPBi’J_l(Bz,H)) - ;.
=0
So we can write
. Jfl .
Vi = Si(h)y; with S;(h) := ZAdwg <deXpBi,J_l(Bi,J—l)> ,
=0
and as a direct consequence we have
0 _ N~ (T (LT (k)
Y, = Z ( 1 ) <W5i(h)> (U (2.4)

k=0
Now we have the following proposition for finding the derivatives of S;(h) :

Proposition 2.1. Given that Z° = Z°(h) and W = W (k) are two matriz-valued differen-
tiable functions then
dT'
dhr

Ady7Z° = Adw Z", (2.5)

with
Zr=wtw,zr 1+ 771 (2.6)

The proof is by induction.
By differentiating from (2.6) we obtain

Zr =W tW+ww, zr Y 4+ wtw, 2 + 27 (2.7)

and using (2.6) and (2.7), assuming W (0) = I, we obtain

(A2 = ZY0) = [F0).2°0)]+ 2°0)
ZH0) = [=W(0)* +W(0), 2°(0)] + W (0), 2°(0)] + 2°(0)

j—;AszO|h0 — 7%0) = [W(0),Z(0)] + Z*(0)
7200) = [~W(0)2+TW(0), 2" (0)] + [W(0), Z(0)] + Z'(0)

j—;AdWZO’h=0 = Z2°(0) = [W(0),2°(0)] + 2*(0)
(2.8)

z

'We recall that dexp,,(u) := <=1 c—ad, (W) =u+1/2w,u] +1/3w, [w,u]] + ..., adw(u) = [w,u] (

matrix commutator of w and u) and Ady(u) := Yup~".



Further assuming that Z° = dexp_pg(B) for some matrix-valued function B = B(h),
expanding the right-hand side and diffferentiating we obtain

7Z°%(0) = B(0)

7°(0) = B(0)

Z°(0) = B(0) - %[3(0), [B(0), B(0)]] (2.9)
Z°(0) = B*(0) — [B(0), B(0)] + %[B(O),B(O)]

We can now obtain derivatives of S; and ;. By setting W = ¢f and B = Bglil we can
calculate the derivatives of S; using the steps in (2.5)-(2.9). We obtain

( J—1 )
S;(0) = > B/7N0)
=0
S, ~1J-1-1 . )
: = > > (B (0), B/ 0) + B 0)),
dh = =0 r=0
0a J-1J-l-1 ) J—1J-1-1 . 910
CHL = 2 S o B 0 Y Y 1B 0.5 o Y
h=0 =0 r=0 =0 r=0

J-1
+> (B 70) - —[BZJ “0), B/ 0))),
1=0

Analogously the derivatives of S! := Z‘] - 1Ad¢r <deXpB o T(BZ-J,T)) are obtained as
in the forgoing formulae but substituting J — 1 as upper index in the external summation
with J — [ — 1. In table 1 we report the values of the derivatives of ¢; and <pj_1 at h =0,
which are obtained from (2.4) and (2.10) by recursion, starting with ;(0) = I. In table 2
we report the values of the derivatives of ¢; ; at h = 0, which are obtained using table 1

and the formula .

m m m—r —1I\(r

o =3 (1)l (2.11)
r=0

The derivatives of Y;, reported in table 3, are obtained using the results in tables 1 and 2,
and the recursion formula (2.2), starting with Y;(0) = yo.

3 Order conditions for orders 1 — 3

We now present a detailed analysis for deriving the third order conditions.
From (2.4) we obtain that

J—-1 J-1 J-1
0) = Z Bi,J,l(O) = Z C’i,J,l(O) Z Z Oéf’JflC = (Z CALZJC)C (3.1)
=0 =0 =0 k k

Analogously one computes <pj_1(0). These expressions are reported in table 1 and can be
used to obtain



Table 1: Derivatives of ¢; and its inverse at h = 0.

L] 0
0|1
1| C¢
2|2 Zk ai, kC (¢xCyo + crAyo) + &2 C?

42 ;] = IZkO‘zJ rOam azJ |[C, C(enC + e A)]+
22 Z}] - le g 1y Dm0y [CM(EC + ¢ A), CT+
o ok iJ 1 2om Ay [C, O (EmC + em A) ]+
Z Zk ozz 7C" (e C + 1A, 6,C + cA)+
3 z Zk azJ zZ ak,;C'(C'(&C + ¢jA))+
Z Zk 0% J— 1620’(0” )+
6 Z Zk 0% Jo1(Cker = 32, ag,;¢;)C'(CA)+
6570 Sk af ;30 ak jC (A0 + ¢ A))+
4@@ Zk ai,k(C’(ékC + CkA))C + 2@@ Zk ai,kC(C'(ékC + CkA)) + 65’03
| (¢, )9(0)
I
-C¢;
-2 Zk &J kC (ékCyo + CkAyo) + 6202
42 ZrJ = Zk ] r+1 > m r+1[C C'(EmC + cmA)|+
257, z;f -1 SRk Yl G [CN(EC + crA), Cl+
Z Zk 04] l+1 Z a] l+1[C C/(CT‘C + CT‘A)]J’_
—32 Zk a] l+1C (xC + A, exC + c A)+
3 —62 Zk oz] l+12 ap ;C"(C'(¢;C + ¢jA))+
3315 Zk % NG C(C72)+
631, Zk % M (@ror = Y05 ar jé)C'(CA)+
6370 S afi iy Y, a,C'(A(EC + ¢, A))+
465 > aik(C' (60 + i A))C + 265 37, a; 1k C(C(6:C + 1 A)) + EC3

N =] O

Yilmo = (O aix)Co + (O aix) Ayo = &Cyo + ci Ayo, (3.2)
k k
see table 3. Also from (2.1) we obtain

9(0) = Cyo + Ayo. (3.3)

Imposing Ys41|n—o = 9(0) we obtain the following order conditions for order 1,
Z ds—l—l,k = 1, Z As41,k = 1.
k k

These correspond to requiring that the two RK methods (1.3) are consistent.
For order 2 from (2.2) we have that

Vilnmo = o1 luzovo + 23 iy (050 + 15(0)AY;(0))
J



Table 2: Derivatives of ¢; ; at h = 0.

(¢i —¢)C
2 Zk(de a]Jg) (Ckc + CkA) (éz - é]) 207
4 z ) r= I(Zk al J—r z az J—l Zk Oéég,r-i-l Zm am—f—l)[c’ Cl(émc + CmA)]+
22 Z;“] l I(Zk Q- rz OézJ l Zkaﬁﬂrl Zm aZIlJrl)[Cl(ékC_'_CkA)’C]_'_
~ i (Ckaf T m O = ok O Y )G, C(EnC A+ e )]+
3Zk(azk a;£)C" (exC + cr A, 6,0 + cp A)+
3| 62 % (Gik D kim — @5k Dy, Ak ) C'(C'(EmC + e A))+
32 k(@ik — ajk)C"(C?)+
(
(¢

6 Zk ajp — aj, k) Z ak,mc (A(emC + )+

4Zk CiQy; kT cja] k)C (ékC + CkA)C + 2 zk(ézdz [ éjflj k)CC (ékC + CkA)—i-
(e — A?’)Cg + 3(ch —¢;8)C3 — 6¢; 3", a4; kO (£ C + cx A)C+

—6¢; Zk CLJJCCC (Ckc + CkA)

with ¢; j(0) = I and goz(,lj) (0) = ¢i(0) — ¢;(0) = (& — ¢;)C. Using Y;(0) from table 3 we
obtain ) )
Vilheo = ") ln—oyo + 2 > ai (& — &;)CAyo + & ACy0 + ¢; A%yo). (3.4)
J
From (2.4) and (2.10) we obtain

dsS;(h
Do = B ) co + (S:(0 1Mo
(3.5)
= QZCL@ kCkC'(Cyo) +2Zaz kekC'(Ayo) + Zaz,j g
reported in table 1. Substituting the results in (3.4) we obtain
Yilhmo = (2 Z ai 1k C'(Cyo) + 2 Z ai kekC' (Ayo) + ¢;C)yo+
(3.6)

22@1] ¢ — ¢ CAyO—FcJACyO—FcJA 20,

reported in table 3. Using (2.1) and substituting for y(0) from (3.3) we obtain
yPlh=o = C'(5(0))yo + (C + 4)°y0 = C"((C + A)yo)yo + (C + Ao, (3.7)
where C’(y)(w) is obtained by differentiating C(y) such that

() w))is = Za;yz;j(y)wk, iy = (CWeg v=1" ey
k=1

Taking ¢ = s + 1 and matching coefficients in YZ| h—o and y@ |h=0 we obtain the four order
conditions for order 2,
Z Gs11,5Cj, Z (s41,5Cj,
J J

D asiigl, Y dsi1c
j j



Table 3: Derivatives of Y; at h = 0.

4| Y0)

0| yo

1| (32 ai5)Cyo + (35 aij)Ayo

2|2 Zj di,jcl(éjc + CjA)yO + é?C'QyO + 2¢;¢,C Ayp — 2(2]» améj)CAyO + 2 Zj CLZ'J'A(@]'C + ch)yO

A Y0 Y af ;> aly [C,C (EmC + emA)lyo+
2550 Yo X 0 gy Yo 0y [C" (@ C + e A), Clyot
i]:_o1 >k af,J—l > ap g [C.CN(E&C + e A)lyo+
3 22]:_01 Zk OéﬁJ_lC”(ékC + ¢ A, ¢.C + ckA)yo—l—
6320 2ok af ;30 ak C'(C'(&C + ¢ A))yo+
3 2212—01 >k af,JfléiC/(C”Q)yo‘*‘
3] 6 2212—01 >k O‘f,Jfl(ék‘ck‘ — > ak,j6)C (CA)yo+
6370 Xk af ;105 ajC(A(6C + ¢ A))yo+
4¢; Y aif(C'(&C + cx A))Cyo + 26 Y, aikC(C(6C + cr A))yo + & CPyo
634 @i k(30 i) C(ExC + e A) Ayo + 3 aik)* (X ai ) C* Ayo+
6 Zk &i,k)(_ Zj améjC'QAyo + Zj CLZ'J'CA(éjC + ch)yo+
3 Zj amé?Cszo —6 Zj Qg j Zk &j,kC’(ékC + CkA)Ayo —6 Zj ai7jéjCA(éjC + ch)yo—i—
6 zj Qi j Zm CAL],mAC,(émC + CmA)y(] +3 Zj ai,jé?ACQyo—F
62, aij(ici = D2, 4jmlm) ACAyo + 63 aij 2, ajmA®(EnC + cmA)yo

Note: The matrix-valued function C' = C(y) and it’s derivatives are linear with respect
to y.

For order 3 we proceed as follows:
First from (2.1) we have

Yoo = C”"(y0)((0),5(0))yo+
C' (o) (i1(0))yo + 2C" (40) (7(0))(C (yo) + A)yo+ (3.8)
(Cyo) + A)C" (0)(5(0)yo + (C(yo) + A)*vo,

where we have used C”(y)(w, z) obtained by differentiating C'(y) such that

N N 820‘ )
C" W) (w,2))ij =Y 8ykal;m (W)wkzm,  cij=(CY))i;-

k=1m=1

In short we will write C, C’, C”,... for C(yo), C'(yo0), C"(yo), ... respectively. Substi-
tuting for y(0) and §(0) from (3.3) and (3.7) respeclively, we obtain

Yoo = C"(C+ Ao, (C + A)yo)yo + C'(C'((C + A)yo)yo + (C + A)?yo)yo+
2C"((C' + A)yo)(C + A)yo + (C + A)C'((C + A)yo)yo + (C + A)3(yo- |
3.9

We now consider the third derivative of the numerical solution. From (2.2) we obtain

3 3 2
Yi( )‘h:O apg )‘h:O Yo + 3Zai,j apg )‘h:O Ayo+
J

. . (3.10)
6 Z ag,j 901(1) ‘h:o AYj|p=o +3 Z aijA Y}‘h:O .
J J



We need to find Lpgg)\ h=o0 via (2.4) using the expressions for apl@yhzo and <P,(~1)’h=0 which
have already been found and reported in table 1. Using earlier row entries of table 1 and
(2.11) we also compute <p£2]) = ;(0) + 2@(0)4,0]._1(0) + <pj_1(0), reported in table 2.

From (2.4) it follows that

2
(.3)‘ _ 475 o 95 (,1)‘ 4 (2)‘ 11
L e o ol N I M (3:11)
We obtain
2
(3)‘ _ d-S;
7i = anzl,_,
2(2 Z &i,kékC’(Cyo) + 2 Z di7kckC/(Ay0)) Z &i,kC +
k k k
2> @i C() ] airéxC'(Cyo) + > aikerC'(Ayo)) + > ainC (> aiy)°C?.
k k k k j
(3.12)
We have
zJ l ZalJ lC
Ci.71(0) = 22 af 1 1C'(E,0 + e A), (3.13)
k
CZJ l —32042J lC/(CkC—i-Ck,CkC—I—Ck)—i-C(Yk( ))
k

We use (2.10) to find %mzo, setting B; j—; = C; j—;, and using the derivatives computed
in (3.13) with Y3(0) from table 3.
Finally we get

l
ZZO‘?J rz Qy Jg— l[C C/(CmC+CmA)] +
k m

2 Z Z O‘ﬁJ—r Z oy [0 (6 C + ¢ A),C] +
k m

T T
Lo
N
Il
=)

af ;_,C"(exC + crA, e, C + ¢ A)  +

w
o~
~ Il
— o

=[]

M
1%

T
o

af ;- lZam C'(6;C +¢jA)) +
(3.14)

T
)

zJ leC,(CQ) +

w
oo~
T I
— o
wM
2,

Ckck — Zak]cj +

(@)
T 1M
Lo
S\

zJ lzakj A(GC +¢A)) +

N
Il
o

(=]
)
wM

ok ;1N ol [0.C(6C + e A)).

N
Il
o

=[]



Using (3.11) we obtain gpg?’) (0) as reported in table 1 and from (3.10) we obtain Y;(g) (0)
reported in table 3.

By imposing Ys(i)l\ n=o = ¥®|4—o we obtain the conditions for order 3 (recalling that
O/;JrLJfl = 3 and 22};01 Bk, = by) reported in table 4.

Table 4: Conditions of order 3

‘ condition elementary differential ‘

commutators
42 Xm0 2k B o Bt
-2 z;]l{o D0 2k ﬂﬁ_r Y om BTGt [C(C),C]
1=0 Zk 5‘?71 Zr ﬁf}fzér =0

4 Zi]:i(}l IZi:lO Zk ﬁ‘];—r Zm ﬁT_lCm+
-2 z;]l{o D or—0 Dk ﬂﬁ_r Y om BT ekt [C'(A),C]
=0 Dk 5‘?71 > By er =0
higher order differentials

3y pbrer =1 c"(C,0)
32]@ bkékck =1 C”(C, A)
35, briper =1 C"(A, A)
32]@ bkckék =1 C”(A, C)
62 5 b D2 e =1 c'(C(0))
62 5 b D dngej =1 c'(C'(4))
3 bkéi =1 C'(C?)
6225 br(@rer — 225 anyés) = 1 C'(CA)
62]9 l}k Zj ak,jéj =1 C,(AC)
GZk bk Zj Qg jCj = 1 C/(AQ)

products of lower order differentials
654 (0, b))k — 65, b S tyute =2 O'(C)A
6> 5 bi(Dob5)ck =632, b5 > ajpce =2 C'(A)A

3—6zjbjéj+3zjbjé?:1 C?A
6> 0j¢; =636 =1 CAC
GZjbjCj—ﬁzjbjéjCj:1 CA2
65, b X tjmm = 1 AC'(C)
6 Zj bj Zm &jmcm =1 AC/(A)
3y, bé5 =1 AC?
625 05(2¢j 2o @jmém) =1 ACA

6 Zj bj Zm aj7mém =1 AQC

6 Z? bj Zm aj7mcm =1 A3

4 Extra coupling conditions for order 4

We consider coefficients of elementary differentials preceeded by an A in both the expres-
sions for the fourth derivatives (¢ = 4) of the exact and numerical solutions (2.1) and (2.2)

respectively. That means matching the terms in Ay®) ‘h:O and 4> 5 a; ;i (O)AY]»(?’) (0),



since ¢; j(0) = I. We obtain

AyP| = AIC(C,0)+C"(CA) + C"(A4,C) + C"(4,4) + C'(C'(C) + C(C'(4))
+ CO'(C* 4 C'(CA) + C'(AC) + C'(A%) +207(0)C + 20" (C)A + 2C" (A)C
+ 2C"(A)A+CC'(C) + CC'(A) + AC'(C) + AC'(A) + (C + A)*|yo
(4.1)
We substitute for ¢; ;(0) and Y( (0)in 4>, >, a”gpu AY(3)( 0), and select elementary

diffentials whose coefficients Contaln the CF coefficients o ol g1 = 6?}_1. These include
ACC' (C)yy, ACC'(A)yo, AC'(C)Cyy, AC'(A)Cyp, arising from the terms

J l
16 Z Z Z Z ai7ja?,J—ra??JflA[C7 C,(émc + CmA)]yO +
7 1 r=0 k m

J-1 1

8.
il

1

(]

—
o

> aijol ol AlCC(@C + ey +
=0r=0 kK m
J-1 1
—4 Z Z aLja;‘?,J,la;,J,lA[C, C'"(eC+ e, Ay +
j 1=0r=0 k
16 Z Z ai,jéj&j7kAC/(ékC + CkA)CyO +8 Z Z ai,jéj&j7kACC/(ékC + ckA)yO
Jj k j k

Comparing coefficients of elementary differentials ACC’(C)yo, ACC'(A)yy, AC'(C)Cyo, AC'(A)Cyp

we obtain respectively the order conditions

—1 1 J—1 1
k m A
By Y 22D ai sy itn =83 ) D D D iy ity
Jj =0r j I=0r=0 k m
(4.3)
J-1 1
k A JUPE
RO DD IDIP DU PRI FRE LD DY NIV R
j 1=07r=0 k ik

J-1 1 -1

l
16> > 33> aiaf e =8 ) Y > aijal ek
m k m

<

j 1=0r=0 k 7 1=0r=0
(4.4)
J—1 1
k A A
=AY DD D w0l +8Y Y aiseaskek =1,
7 1=0 r=0 Fk ik
J—1 1 J—1 1
k m ~ k m A
—16D 00D DD ol abm + 8D D DD aigal 0 itk
G 1=07r=0 k m 7 I=0r=0 k m
J-1 1
k A A A
+4 Z Z ai,joszfloz;’J,lcr + 16 Z Z a;,;CjQ; kCr = 2,
7 1=0 r=0 &k ik
(4.5)

10



J—-1 1 J—-1 1
k k
=160 D D D aigafy o em +8) Y Y Y Y aigal ol
j 1=0r=0 k m J 1=0r=0 k m
J—-1 1
k A A
+4) ] > il 0 e +16) Y aiéiage, = 1,
j 1=07r=0 k Jj ok

(4.6)
Simplifying (4.3)-(4.6) via the use of third order conditions we obtain the order conditions
(4.7)-(4.10). Assuming that the RK tableaus (1.3) fulfill the order conditions for a classical
partitioned RK method of order 4, and that the b’s are different from the l;’s, ie., b # Bj
for some j =1,...,s, then the order conditions in (4.7)-(4.10) will result in a new or extra
set of coupling conditions (involving the o and (3 coefficients) for our method, which are
not included in the set of order conditions for the classical partioned RK methods and CF
methods. This is not the case for orders 1 through 3 where all our order conditions are
only a subset of those for the partioned RK and CF methods.

J—1 1 J—1 1
k N k A
53)3)3) 3 FEINEINEEL 3)3)3) 3) ST I
I=0r m j 1=0r=0 k£ m
(4.7)
J—-1 1
k ~
AN Yol =0
J
J—1 1 J—1 1
k m
162200 2 0 aigeyrefimitm =80 DD DD i) -1k
j I=0r=0 k£ m j 1=0r=0 kK m
(4.8)
J—1

l
D 3) ) 3) DN I
7 k

=0 r=0

“2

J-1 1 J-1 1
k ~
RT5 50 3 3 9 ST TNTFAIES 35 3 5 9 BT A IS
j 1=0r=0 k m j =0r=0 kK m
J-1 1
+4Z Za,]a]J 105 g6 =0,
J =0 r=0 &k
(4.9)
J-1 1 J-1 1
k k
R Sh 30303y BT HCIPINES 3 3 3 3p BT FRE S
j 1=0r=0 k m j 1=0r=0 k m
J-1 1
+4 > ai oy 05 ger =0,
j 1=0r=0 &k
(4.10)
where ¢ = s + 1 so that a; ; = asy1; =05, j=1,...,s.

In figure 1(a) we have a numerical test showing the order in time for a fourth order
method (DIRK-CF4). This method is constructed using the additive partioned IMEX RK
method of Kennedy and Carpenter [5] (here named as IMEX4) wherein we derive from
the corresponding explicit tableau the commutator-free coefficients via (1.2) satifying the
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CF order conditions as described by Owren [6]. It is mportant to note, however, that our
new method DIRK-CF4 automatically satisfy the coupling conditions (4.7)-(4.10) as part
of the partioned RK order conditions since in this choice of IMEX RK scheme the b’s and
b’s are the same (see [5]). The figure also shows a comparison between the DIRK-CF4 and
its counterpart IMEX4. The numerical experiment is performed on the viscous Burgers
equation

Ut + Uy = VUgy

over a domain [0,1] with initial condition u(z,0) = wug(z) = sin(rz), and Dirichlet ho-
mogenoues boundary conditions. We integrate on the interval [0,7] (T = 1,» = 0.05 in
this case) with time steps in the range {At =27"|n =4,5,...,9}. The spatial discretiza-
tion is the standard centered differences on a uniform grid of mesh step Az = 1/32. The
error is measured as a grid-point error in the 2—norm, and the reference (exact) solution
is computed as in [2]. Figure 1(b) shows the numerical order tests performed for some of
the first to third order methods derived in [2].

10 T 100
-4
107 f 1072}
-%
S 10° S
N o ~N o 10
- N N
T @ 2 5
o & =
E o s & R 20 )
o 2108* 3 ) mloe V" 0 Atvs At
S —Atvs At S o Atvs AP
— Atvs At? —6— CF-DIRK1
-10[ i 8 | - » = CF-DIRK2
10 10
DIRKCF4 - ¥ - CF-DIRK2L
- = =IMEX4 - @ = CF-DIRK3G
10712 -3 ‘72 -1 10710 -3 ‘—2 -1
10 10 10 10 10 10
time stepsize, At= 1/2k, k=948,...,4 time stepsize, At= 1/2k, k=9,8,...,4
a) Order 4 b) Orders 1,2,3
b b

Figure 1: Numerical order tests using Burgers equation, u; + uu, = vug,, on Dirichlet
homogeneous BCs, x € [0,1],v = 0.05,u¢ = sintz,T = 1, Az = 1/32. Plot of
the 2— norm error as a function of At = 27", n = 4,5,...,9. (a)Order test for
the fourth order DIRK-CF4 and IMEX4 (b) Order test for first order DIRK-CF1,
second order DIRK-CF2 and DIRK-CF2L, third order DIRK-CF3G.
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