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Abstract

A Bayesian approach is used to estimate material parameters of the
underground. The parameters to be estimated are pressure wave velocity,
shear wave velocity and density. The data analyzed are angle gathers. The
underground usually have a layered structure. A stationary log Gaussian
prior model is frequently used, but is not adequate to describe a layered
structure. In the current approach the prior is modeled by a superpo-
sition of a Cauchy and Gaussian processes on a logarithmic scale. The
Cauchy process yields a model for the layering whereas the Gaussian pro-
cesses describe fluctuations within a layer. The physics of the likelihood is
approximated by a linear operator between the logarithm of the material
parameters and the observed seismic traces, the error structure is assumed
to be Gaussian. The final estimate is optimal under the loss criterion of
absolute deviation and is evaluated by Monte Carlo integration.

The current methodology is compared to a pure log Gaussian model.
The material parameters observed in a well at the Sleipner @st field is used
as a test case and synthetic seismic observations are generated. Over all
the velocity estimates in the current model reduces the risk by 7%, and the
average length of the 90% credibility interval is reduced by 7%. In a region
where the true velocity have large fluctuations, the velocity estimate in
the current model improve by 14% and 10%. In a region where the true
velocity is slowly varying, the 90% credibility interval is reduced by 10%.
There are only minor effects of the model concerning the estimate of the
rock density.

The current model is tested for real seismic observations collected in a
marine seismic survey above the Sleipner @st field. The inversion results
are satisfactory, but the information content in the observations is small
due to large errors in the data.

KEY WORDS: Bayesian statistic, Independently scattered random mea-
sures, Deconvolution, Seismic inversion



1 Introduction

The objective of seismic inversion, is to estimate material parameters of the
underground. The observations are obtained by generating an acoustic wave
above the target area and record the signal reflected from the underground.

A simplified model for the wave propagation, is obtained by regarding the re-
flected signal as the response of a locally vertical 1D-earth model, see for example
Sheriff and Geldart (1995). In this model the reflected signal can be approxi-
mated by a convolution of a wavelet and the seismic reflectivity. The seismic
reflectivity is again connected to the material parameters through the Zoeppritz
equation.

The problem of seismic inversion is inherently ill-posed. The high frequency
components of the wave that respond to high frequency changes in the rock
are dampened due to intrinsic absorption, hence an exact stable inversion is
beyond reach. A stable reconstruction of the material parameters, can only be
obtained by providing, directly or indirectly, information about the preferred
solution. The Bayesian formalism is well suited for this task. The Bayesian
choice of prior distribution is a direct way of introducing preferences in the
solution space.

Stationary Gaussian random fields are frequently used to construct prior dis-
tributions, this choice is particularly successful for solving linear inverse prob-
lems, due to the simplicity of the solution, (Tarantola 1987). Buland and Omre
(2002a) treats the current problem in the Gaussian framework. A stationary
Gaussian random field prior, give preference towards smooth solutions. At the
geological scales considered in seismic exploration, the earth frequently have
slow variations within a layered structure. Hence there appears to be a conflict
between a stationary Gaussian random field prior, and the phenomenon under
study.

In the current work, a Bayesian methodology is used to solve the problem of
seismic inversion. This requires a prior distribution for the material parameters
and a likelihood for the observations. To account for the layered structure,
the prior distribution is described by a superposition of Gaussian and Cauchy
random fields. Both these types of random fields can be constructed by the
theory of independently scattered random measures (Rajput and Rosinski 1989).
The likelihood model in the current paper is identical to the one used in Buland
and Omre (2002a).

The objective of modern Bayesian inference is to explore the posterior distribu-
tion, which is formally proportional to the product of the prior and the likeli-
hood. In the current approach this is done by sampling. The samples represent
the space of uncertainty with respect to the inversion. In the current presen-
tation the samples are combined to a single estimate using the loss criterion of
absolute deviation.



There are alternative Bayesian approaches to modeling of layered structures.
Common alternatives are to use a Bernoulli Gauss prior (Mendel 1983), or to
model the layering as a point process and mark each point with a random leap
size (Malinverno and Leaney 2000). There are also non-Bayesian approaches
to inverse problems. Traditional approaches such as quadratic regularization
(Tikhonov 1963) and filtering of singular values (Bertero 1989; Hansen 1998)
are formally equivalent to Gaussian random field priors (Tarantola 1987; Whaba
1990), and suffer the same deficiencies. However, resent development in com-
putational harmonic analysis, allows for reconstruction by wavelet-vaguelette
decomposition (Donoho 1995; Abramovich and Silverman 1998). For a general
class of function spaces, the reconstruction adaptively obtain the minimax rate
of convergence in the zero noise limit within a log term. This approach is not
pursued in the current paper, this is partially because the inverse problem that
arise in the current setting does not have sufficient regularity, i.e. the singular
values does not have a power law decay.

The data collection procedure and geophysical aspects of the the likelihood
model is discussed in Section 2. The statistical construction of the prior and the
likelihood is presented in Section 3. The posterior distribution is developed in
Section 4, together with the sampling algorithm. In Section 5 the methodology
is compared to the standard Gaussian theory in an example where synthetic
seismic is generated based on material parameters observed in a well at the
Sleipner st Field. Section 6 presents inversion of a seismic inline from the
Sleipner @st Field. Lastly, a discussion of the results is included in Section 7.

2 Data collection and geophysical model

The current section gives a brief introduction to practical aspects regarding the
data collection and the geophysical assumptions used in the current work. This
is all standard methodology in the geophysical community. A more detailed
discussion on an introductory level can be found in Sheriff and Geldart (1995).

The material parameters of the earth considered in this work are a being the
pressure wave velocity; 8 being the shear wave velocity; and p being the den-
sity. These parameters are sufficient to characterize an isotropic elastic medium.
Other sets of three parameters are frequently used by geophysicists, but there
is an one to one relation between different choices. Below each point at the
surface, the material parameters are described by the time profile relative to
the reflected wave, {a(t), B(t), p(t)}. Figure 1 display the material parameters
observed in a well at the Sleipner st Field. The observed depth profile is con-
verted to a time profile. The conversion between time and depth is a standard
problem in seismic inversion, but is not discussed here.

The seismic data that will be considered in the current presentation is recorded
in the North Sea above the Sleipner @st Field. In a marine seismic survey an



air gun attached to a ship, generates an acoustic wave. The wave propagates
through the earth, and is reflected due to contrasts in the sub sea rock for-
mations. The reflected signal propagates back to the surface and is recorded
in several hydrophones located in a cable being towed by the ship. The hy-
drophones record the amplitude of the reflected pressure field as a function of
time. A seismic trace is a strain or a pressure amplitude as a function of time.
A collection of seismic traces is denoted a gather. The collection of seismic
traces recorded in the hydrophones after one shot with the air gun is denoted
a common shot point gather, for obvious reasons. In a seismic survey several
common shot point gathers are collected, these gathers are further processed.
Buland and Omre (2002a) lists 24 different steps of the processing sequence.
The processed data are in the form of common depth point gathers, CDP gath-
ers for short. In a CDP gather, the seismic signal correspond to the amplitudes
in reflections occurring below one location at the surface, the distance from this
location to the shot location is denoted the offset. The processing objective is
to make the traces in the CDP gather correspond to primary reflections from
a locally vertical 1D-earth model. In a vertical 1D-earth model, the material
parameters of the earth is assumed to vary only with depth. The assumption
of a vertical 1D-earth model is local, hence material parameters below different
locations at the surface may vary at a larger scale.

The seismic signal in CDP gathers used in the inversion, is indexed by angle, 6,
in addition to time, ¢, and are hence denoted angle gathers. The ray path of a
wave is defined as the normal vector of the wave front. The angle reference, 6,
indicate the angle between the ray path and the vertical line in the point where
the reflection occur. Figure 2 show three ray paths that have a common angle
of incidence to the vertical line. The amplitudes from these reflections will have
the same same angle reference in the angle gather. As the time increases in the
angle gather data must be collected at larger offset to keep the angle 6 fixed.
The time reference in the angle gather defines the depth to the reflecting point
in terms of the zero offset reflection time. Figure 3 show three ray paths that
have the same depth to the reflection. The amplitudes from these reflections
will have the same same time reference in the angle gather. The time reference
in the angle gather does not correspond to the physical reflection time. The
physical reflection time increase with an increasing offset since the length of the
ray path increase, see Figure 3.

A seismic inline of 176 angle gathers, each containing seismic traces for nine
angles, were recorded and processed as a part of a seismic survey above the
Sleipner @st Field. Figure 4 shows a time window of the average trace for each
angle gather in this inline. The averaging of traces in a gather is denoted stacking
in the geophysical terminology. In Figure 5 one of the collected angle gathers is
displayed. This gather has approximately the same surface coordinates as the
well for which the material parameters are observed, see Figure 1.

The seismic signal in an angle gather can for each angle, 6, be modeled as a



convolution of a wavelet and seismic reflectivity corresponding to this angle,
d(ea t) = Sg * CPP(Ha t) + em(97 t) ’ (1)

with ¢t being zero offset reflection time; sy being a wavelet specific to the angle
0; cpp(0,t) being the seismic reflectivity for reflections occurring at the angle 0;
and e, (6,t) being model error. For each time coordinate, the seismic reflectivity
measure the strength of the reflection from this particular point. The subscript
of cpp, indicates that this is the reflectivity of a propagated pressure wave to
a reflected pressure wave. There are also reflection coefficients involving shear
waves. Only the pure pressure wave reflections are considered here, since only
pressure measurements are recorded in the hydrophones.

The Zoeppritz equation describes the dependence between the local material
parameters, {a(t), 8(t), p(t)}, and the seismic reflectivity, cpp(6,t), for any an-
gle of the ray path in the 1D-earth model. Stolt and Weglein (1985) introduce
a time continuous weak contrast approximation to the Zoeppritz equation. By
additional assumptions defined below the dependencies of the angle and the
material parameter separates for the seismic reflectivity, yielding the relation,

Ina(t) + as(6)%

d
CPP(Hat) = aa(e)_ dt

- In B(t) + a,,(@)% Inp(t) + eo(6,)  (2)

with e.(6,t) being model error; and

au(0) = %(1+tan2 9),
ag(0) = f;; sin? 9, (3)
a,(0) = % <1 — g(()) sin 0)

with By and oo being constants. The assumption made in Expression (2) is
that the ratio of B(t)/a(t) can be approximated by fy/ag. Buland and Omre
(2002a) demonstrate that the modeling error due to this assumption is small
compared with the typical noise level in real seismic data. Note that the constant
ratio only is assumed in order to approximate Expression (2) and will not carry
through to the final estimates. Buland and Omre (2002a) formulate a slightly
more general approximation by allowing the ratio to have a preselected time
dependence. This type of time dependence could also be included in the current
formulation.

The convolutional model and the weak contrast approximation, see Expression
(1) and (2), has a limited range of validity. The crucial point being that the
seismic preprocessing achieve its goal within a reasonable error. The largest
contrast in the material parameters that is observed in the well at the Sleipner
@st Field occur about 2380 ms and have the magnitude 0.3. This is close to



the limit of both the convolutional model and the weak contrast approximation.
Below this contrast the angle and time index in the angle gather may be disori-
ented since the rays bend at the boundary and this effect is not fully accounted
for in the preprocessing. Also for large angles surface waves may form in the
boundary layer and create additional noise.

The objective is now to reconstruct the material parameters, a(t), 5(t) and p(t)
based on the seismic traces in the corresponding angle gather. The material
parameters below each location is inverted independently.

3 Statistical model

Bayesian inference requires a statistical model for both the prior and the likeli-
hood. The material parameters are defined on a continuous domain and hence
the prior should be modeled by random functions. In addition the prior model
should be sufficiently flexible to capture essential characteristics of the material
parameters. The likelihood includes the physical link between the observations
and the material parameters, and the statistical model for the errors.

3.1 The prior model

The prior model is defined for the logarithm of the material parameters:

[ar(t), BL(t), pr(t)] = [Ina(t), InB(¢), Inp(t)] -

This parameterization guarantees the the material parameters to be positive
and is convenient due to the linear relation to the likelihood, see Expression (2).
The prior model is described by the locationwise relations;

ar(t) =al +bSec(t) + bl er(t) + b2 ea(t) + b2 3(t),
Br(t) = B + b5 ec(t) + bpe1(t) + b3 ea(t) + b3 e3(t) (4)

pr(t) = pd + bS5 ec(t) +b)e1(t) + b2 ea(t) + b3 es(t),

with e¢(t) being a centered Cauchy random process; €1(t), €2(t) and e3(t) being
centered Gaussian random processes; the b’s being scale parameters describing
the locationwise dependencies between the material parameters; and a9, 89,
and p? being Gaussian random variables centered at the median values for
ar(t), Br(t) and pr(t) respectively. All random components on the right hand
side of Expression (4) are assumed to be independent. The Cauchy process ¢ (%)
primarily model the abrupt changes in material parameters, while the Gaussian
processes primarily model the smooth variations.



The random processes involved are defined by smoothing of independently scat-
tered random measures (ISRM),

eclt) = / bc(t — h) dC(h) (5)

ei(t) = /¢j(t—h)de(h); je{1,23)

with dC'(h) being the Cauchy measure; dW;(h); j € {1, 2, 3 } being independent
Wiener measures; and ¢;; j € {C, 1, 2, 3} being kernel functions. A short
introduction to ISRM is included in Appendix A, a more rigorous presentation
is found in Rajput and Rosinski (1989). It is assumed that ||¢,||1 < oo and
1¢5ll2 < o005 5 € {1, 2,3}, with " denoting differentiation with respect to time.
This imply that the derivative fields, €}(t); j € { C, 1, 2, 3 }, are stationary. It is
further assumed that [e;(t)dt =0 for j € {C, 1, 2, 3}, the integral being over
the region under consideration, hence all the variability regarding the global
level is represented by o, 8%, p9 .

The prior distribution as defined above, is stationary for the derivatives of the
logarithm of the material parameters, o/ (t), 51 (t) and p’ (t). By integrating
these and center the integrated field, the logarithms of the material parameters
will generally not have a stationary distribution, but have higher variability
at both ends of the interval. To prevent this effect, information regarding the
increase of level in the material parameters could be supplied. For the Sleipner
@st Field this is done by extracting low frequency information from a well and
enforce this as an additional constraint to define the prior.

3.2 The likelihood

The profile of the material parameters, is reconstructed independently below
each location, using the seismic traces in the corresponding angle gather. The
physical link between the observations and the material parameters is defined
by combining Expression (1) and (2). As a result the likelihood is defined by,

dovs(0,1) = aa(0)se * L (t) + ag(0)se * BL(t) + ap(0)se + pL(t) +e(6,t), (6)

with ¢ being the zero offset reflection time; 6 being the angle reference in the
angle gather; dps(6,t) being the observed seismic signal; sy and the a’s being
as in Expression (1) and (3); and e(f,t) being the error term. The error term
represent both observation errors and model errors, and is modeled as a cen-
tered Gaussian random field on [0, 7/2] x R, being independent of the material
parameters. The errors are correlated both in time and angles, but to main-
tain simplicity it is assumed that the dependencies separates in the covariance
function,

Cov{e(bk,ti), e(01,t;)} = o9 (0k) 09(61) va(Ok, 01) ve(ti,t;), (7)



with o4(0) being angle dependent standard deviation; vy(6x, ;) being a corre-
lation function describing the dependencies in angular direction; and v(t;,t;)
being a correlation function describing the dependencies in time direction. Note
that the likelihood only involve the derivative processes, hence it is invariant to
changes in %, 8%, and pY.

The likelihood is linear with respect to the random measures dC(h) and dW;(h);

j€{1, 2,3} in Expression (5). Focusing these random measures in Expression
(6), one may write,

3
dops(6,) = / Ko(®,t—h)do(h + Y / K;(8,t — h)dW;(h) +e(6,) (8)

with dps(6,t) being the observed seismic signal; e(,t) being the error; and

: - : 0
KJ(07t) = (bé aa(e) +b,18a,3(0) +b3)ap(0)) a(se *¢J)a JE {0717 2, 3}3

with sg being the seismic wavelet, see Expression (1); ¢; being kernel functions,
see Expression (5); and the a’s and the b’s being as in Expression (3) and (4).

4 The posterior

The joint posterior distribution of the random measures, dC'(h) and dW;(h);
j € {1, 2,3}, see Expression (5) and (8) are explored in this section. The
logarithm of the material parameters can then be found by a linear transform
of the measures according to Expression (4) and (5). The likelihood is linear,
but the Cauchy measure disturbs the traditional Gaussian-linear machinery.

Formally, let C;, W and D denote the Cauchy measure, the Wiener measures
and the seismic observations respectively. The posterior distribution is explored
by splitting it according to the identity:

p(w, c|d) = p(c|d)p(wld, c). (9)

The factor p(c|d) is the distribution of a Cauchy measure under a linear con-
straint with Gaussian errors. The factor p(wl|d,c) is the distribution of the
Wiener measure under a linear constraint with Gaussian errors. The first factor
can be sampled by McMC algorithms, while the second factor can be evaluated
analytically.

4.1 Discretization of the problem

In order to implement the Bayesian methodology on a computer, the problem
is discretized. This is done by creating discrete equivalents of the relations



above. Having the prior and the likelihood defined on a continuous domain
enables control of discretization and assure consistency if the discretization is
refined. The random measures are discretized into independent random seeds,
see Appendix A. The random processes involved, are then modeled by the
discrete equivalent of Expression (5),

Ec = @C C

e, = ®;W;; j€{1,2,3}, (10)
with @;; j € {C, 1, 2, 3} being a matrix representing the convolving kernels,
¢;, in Expression (5); C being iid Cauchy seeds; and W;; j € {1, 2, 3} being

three independent sets of iid Gaussian seeds. For later reference let 7 and o
denote the scale of Cauchy seeds and Gaussian seeds respectively.

The discrete equivalent of Expression (8), may be written as
d=K.C+KW +e (11)

with d being the discretized seismic signal in the angle gather; C and W7 =
[WT, W1, W3 ] being the random seeds, see Expression (10); K and K =
[KT, KT K7 | being matrices representing the kernels in Expression (8); and
e being the discretized error term. The error vector have a multi Gaussian dis-
tribution centered at zero and covariance X g. Exact definitions of the random
variables d and e and the matrices K and K are given in Appendix B.

The objective is now to sample the posterior distribution of the random seeds
C and W. Given a sample from this distribution, a sample of the material
parameters are obtained by using Expression (4) and (10).

4.2 The posterior Cauchy seed
When the focus is on the Cauchy seed, Expression (11) can be restated as,

d=K.C+eyn

with d, K., C being as in Expression (11); and ey = K W + e, hence the
error structure is altered,

p(en) = Npn (0,2N),

with ¥y = 02K K" 4+ X5 being the covariance matrix. The posterior can hence
be written as:

p(c|d) = const x [H?:l (W)] (12)
xexp{—2(Kcc—d)TEG (Kce—d)} .



The posterior distribution of C' is multi modal. By differentiation of Expression
(12) it is easily found that any local mode ¢ satisfy the relation,

-1
M = (K’gzjlec + D(cLM)) KTsd, (13)
with D(c"™) being a diagonal matrix with D(c"™);; = W The expres-

sion for ¢"™ above should be compared with the corresponding for a Gaussian

prior, for which D(c"™);; = T% The maximum posterior estimator correspond
G

to linear shrinkage in the Gaussian model, whereas in the current model the

maximum posterior correspond to nonlinear shrinkage.

The modes of the posterior distribution, p(c|d), are located close to subspaces
constructed by setting most of the coefficients of C to zero. This is due to the
sparse structure of the Cauchy seed, as is pointed out in Appendix A. This fact
allows for efficient sampling based on the multi directional Gibbs sampler (Liu
and Sabatti 2000). Details of the algorithm is in Appendix C and E.

4.3 The posterior Gaussian seed

When the value of the Cauchy seed is given, C' = ¢, Expression (11) can be
expressed as,
d —_— ch - KW + e.

The conditional posterior can be calculated explicitly ,

p(w|d, c) = N, (u,,, %) ,

with i
p, = 2K (02KKT > E) (d - Kc)

-1
» =l - o*KT <02KKT + 2E> K

Note in particular that the posterior covariance does not depend on the value
of the Cauchy seed, hence if the maximum posterior solution for the seeds is
sought, the search may be done sequentially in Expression (9).

Since the full conditional distribution is Gaussian, there are several standard
ways to sample the posterior distribution in this case. The approach used here
is direct simulations, details of the algorithm is in Appendix E.

Because the Gaussian seeds are easy to sample when the Cauchy seed is given,
several Gaussian seeds are generated for each Cauchy seed.
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5 Comparison to a pure Gaussian model

The model defined in the current work is compared with a model having a
purely Gaussian prior. The test case is based on material parameters observed
in the well at the Sleipner @st Field, see Figure 1, synthetic seismic observations
are generated based on this profile. In Figure 1 the depth profile is converted
to a time profile. The region under consideration is the time interval from
2000 — 2400 ms. The drilling stopped after 2390 ms below this depth the value
of the material parameters is fixed at a constant level.

The prior parameter values are estimated from the well observations. The esti-
mation procedure is described in the next section and Appendix D. The level
and scale parameters, see Expression (4), are listed in Table 1 and 2, the deriva-
tive of the kernels, ¢%; j € {C, 1, 2, 3}, see Expression (5), are displayed in
Figure 6 and 7 for the Cauchy model and the pure Gaussian model respectively.
A random effect could be added to the level parameters, but this serves no pur-
pose in this example since the seismic observations are unaffected by a change
in these parameters.

The likelihood is modeled by the linearized 1D-earth model, see Expression (1),
(2) and (3), using Bo/ap = 0.5. The data is collected for nine equispaced angles
from 5° to 37°. The smoothing wavelet of Expression (1) is assumed to have
the functional form

se(t) = a(v) (1.5 — 21202t exp{ —n2v?t?}, (14)

with a(v) being an amplitude scale; and v = 25 Hz being the peak frequency.
The wavelet is independent of angle and the amplitude is selected such that
lIse|l2 = 1. This is a Ricker like wavelet, see Sheriff and Geldart (1995), modi-
fied such that the low frequency components are larger. This is to avoid large
fluctuations in the low frequent components in the solution, and is done instead
of redefining the prior to contain lowfrequent information.

The error structure have a white and a colored component. The white noise
component contribute 1% of the variance, and the colored component contribute
the remaining 99%. The colored component has the form given in Expression
(7). The random error in time direction is obtained by convolving the seismic
wavelet, see Expression (14), with the Wiener measure, this defines v;(¢;, ;).
The error correlation in the direction of angles is given by,

Vo (Or, 01) = exp{—3|0x — 01| /no} (15)

with g = 60° being the length scale for the correlation. The standard deviation,
o¢(0), is assumed constant as a function of angle and is 0.002. A discussion of
the correlation structure is included in the next section.

The synthetic observations are obtained by applying the linearized forward
model to the parameters from the well logs, and add errors according to the
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likelihood. The synthetic observations are displayed in Figure 8. The signal to
noise ratio, measured as the ratio of the squared L2 norms, is about 64. Un-
der the loss criterion of absolute deviation the estimate is the median of the
marginal posterior distribution for the relevant parameter.

The estimates in the Cauchy model are evaluated using 800 sampled Cauchy
seeds, sampling five Gaussian seeds for each Cauchy seed. The results from
the Gaussian model can be obtained analytically. The estimates and the true
parameter values are displayed in Figure 9 and 10 for the Cauchy model and
the pure Gaussian model respectively. Figure 11 and 12 show the error in the
estimates together with a 90% credibility interval.

Evaluating the estimates by eye, both methods keep the true value reasonable
well within the error margin and captures the main features in the velocities,
a(t) and B(t), whereas neither model resolve the density, p(t), satisfactory. The
biggest visual difference appears at the leap in the parameter values at 2380
ms. For the Cauchy model the leap is present in the estimate, whereas in the
Gaussian model it is smoothed over a region, compare Figure 9 and 10. The
error for the Cauchy model seems unaffected by the leap, but the smoothing in
the pure Gaussian model results in large fluctuations in the error around 2380
ms, compare Figure 11 and 12. A similar effect is observed around the peak at
2310 ms.

When the estimates are evaluated by the criterion of absolute deviation the
Cauchy model produces a better fit for the velocity estimates but there is no
gain for the density. For the material parameters in Figure 1 the risk is estimated
by averaging the loss for 100 errors simulated according to the likelihood. The
overall risk improvement is 7% for the velocity estimates. No improvement is
noted for the rock density. If only the interval from 2000 ms to 2250 ms is
considered there is essentially no difference between the two models. The main
advantage of the Cauchy model is observed in the region 2250 ms to 2400 ms,
where the velocities have large fluctuations. In this region the estimates are
improved by 14 % and 10 % for a(t) and B(t) respectively.

The Cauchy model reduces the average error margin in the 90% credibility
interval by 7% for the velocities a(t) and 3(t). However in the regions with
large fluctuations, the error margins for the Cauchy model is larger than for the
pure Gaussian model. Note in particular the region around 2310 ms where the
credibility interval increases in the Cauchy model. Note also the characteristic
peaks in the credibility intervals in the regions where the leaps are, i.e. around
2310 ms and 2380 ms. This indicate uncertainty in the jump location. In the
top region between 2000 ms to 2250 ms the error margin in the 90% credibility
interval is about 10% shorter in the Cauchy model compared with the pure
Gaussian model.
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6 Sleipner st Field

In this section the seismic inline of 176 angle gathers collected above the Sleip-
ner Ost Field, see Figure 4, is inverted independently in each location. The
inversion of the Sleipner data is based on the procedure defined above, using
the observed part of the well log in Figure 1 to fit parameters in the prior model,
and the colocated angle gather, see Figure 5, to estimate the parameters in the
likelihood. Normal plots of the derivative of the logarithmic material parame-
ters from the well log are displayed in Figure 13. The figure clearly illustrate
the heavy tailed nature of the phenomenon, hence the need for a non-Gaussian
model in this case study.

By assuming the processes defined as the derivative of the logarithmic material
parameters to be ergodic, averages under the marginal distribution can be eval-
uated by time averages of these processes. The scale parameters in Expression
(4) can hence be estimated by a modified method of moments, keeping the scale
of the Cauchy field at fixed ratios. The final estimates are listed in Table 1.
Details about the estimation procedure are left to Appendix D. The Cauchy
process is primarily modeling the layered structure, hence the smoothing ker-
nel for the derivative process is fixed as a Dirac at the level of grid resolution.
The kernel is displayed in Figure 6 (a). The Gaussian processes, € (t), e5(t)
and €4(t), are then estimated by subtracting an estimate of the Cauchy field,
and decouple the processes by the inverse of the estimated scale matrix for the
Gaussian processes. The correlation function for each of the Gaussian processes
are then fit by eye to an empirical estimate. A more advanced technique com-
bining the methodology of Appendix D with tapering (Fodor and Stark 2000)
could be developed, but is not believed to give any significant advantage in the
current application. The estimated kernels, being the symmetric square root
of the correlation operator, are displayed in Figure 6 (b)-(d). The kernels are
those used in the example of the previous section.

In the likelihood the seismic wavelet and the noise covariance must be estimated.
This is an inverse problem by itself. Buland and Omre (2002b) uses a Bayesian
approach with vague priors to estimate the parameters. A slightly modified
method is used here. Before the estimation is performed the well log and the
seismic traces are aligned in time such that the highest peak of the seismic
traces match the leap in parameter values at 2380 ms. The estimated wavelets
are displayed in Figure 14.

The residuals after the wavelet estimation have two components of error, being
due to observation errors in the well logs and in the seismic data. Only the sum
of the errors is identifiable. Hence a subjective choice must be made regarding
the seismic error structure. The variance of the error is modeled by a colored
component of 99 % and a white component of 1 %. The colored component
of the error is mainly due to effects related to the approximate model and
imperfections of the seismic processing, hence the error is on the same scales as
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the data. The time correlation of the error is hence obtained by convolving an
average wavelet with white noise, this defines v;(t;,t;). The angle correlation
of the error is chosen to be a first order exponential correlation function, see
Expression (15), with length scale 79 = 30°. The standard deviation of the error
og(#) is chosen to be constant and have the value 0.35. This correspond to a
signal to noise ratio ranging from five to two since the energy in the wavelets
vary with angle.

The seismic wavelet contain only intermediate frequencies. This gives large
fluctuations in the sampled values due to uncertainty in the low frequencies. In
Gaussian models it is common to extract the low frequency components from
the well and center the samples and estimates around this mean value. This
approach is not optimal for the Cauchy model since it interfere with the structure
of the prior distribution. In the current approach the low frequency content of
the well is included by extracting the information below 10 Hz from the well
log. The prior distribution is now redefined. The new prior distribution is the
distribution previously defined conditioned to observations of the low frequency
components according to the well observations. Figure 15 show the pointwise
median and 90% credibility interval for the material parameters in the well
location when the low frequency information is included.

The estimates are based on 200 samples of the Cauchy seeds, sampling 10 Gaus-
sian seeds for each Cauchy seed. The mixing of the sampling algorithm is briefly
commented in Appendix C and appears to be satisfactory. A larger number of
samples would have been desirable to reduce the Monte Carlo variation in the
estimates. The parameters are reconstructed in the region between 2050 ms and
2450 ms to avoid boundary effects due to missing observations.

Figure 16 displays the estimates below the well location together with 90% cred-
ibility interval. Comparing this figure with Figure 15 it is seen that the seismic
only carry a moderate amount of information regarding the parameters, however
the estimates contain more details than the prior and the credibility intervals are
generally shorter than in the prior. In Figure 17 the current estimates are com-
pared with the well logs. The estimates have a reasonable good correspondence,
except from the peak at about 2310 ms that bears no effect in the estimate
of a(t). Contrary to the synthetic example, the estimate is smoothed in the
region containing the leap. This is due to uncertainty in the jump location.
Most individual samples have one jump at about the right position, but this
location varies slightly between samples, this reflects the multi modality of the
posterior distribution. When the posterior distribution is multi modal, such as
in the current case, it is in general impossible to find one estimate that both
have a characteristic shape and represent average properties of the posterior.
The global mode of the posterior distribution is an alternative estimator. This
estimator will reproduce a leap in the parameter value, and hence be visually
attractive. It would however have a worse performance if measured by average
quantities.
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Figure 18 show the the 90% credibility interval for the error and the actual error
for the well. The smoothing effect of the estimate around the leap produces a
large error in this location, but even this large error is within the credibility
interval due to the characteristic peak in the credibility interval around the leap.
The peak in the credibility interval indicate the uncertainty in jump location.

The final estimates of a, 8 and p for all the 176 gathers are displayed in Figure
19(a)-(c). The leap value between 2350 ms and 2450 ms dominates the picture,
but other details are also present. The Monte Carlo variation of the estimates
causes some disturbance to the pictures in particular for the density estimate,
see Figure 19(c). For the estimate of 3, see Figure 19(b), the the estimate is
threshold at 3500 m/s in order to represent the contrasts in the estimate bet-
ter, the estimate exceed this value in some areas below the leap these areas are
colored red. the maximum value of 8 is about 4250 m/s and occur in the read
area at the leap boundary for gather 43. Below the leap especially in the lower
left corner of the figure the estimates fluctuate. The basis of these fluctuations
are present i the data, but may be due to imperfections of the preprocessing.
There are several sources of errors. If time axis is shrunk to much in the pre-
processing energy is migrated to higher frequencies, if the effect of geometrical
spreading and absorption is over compensated the signal is amplified, also the
velocity dependence of the references in the angle gather may be problematic.
In general the estimates are reasonable.

7 Discussion with conclusions

The prior model is defined in a consistent way by the use of independent scat-
tered random measures. A superposition of Cauchy and Gaussian processes
models a layered structure with slow variations within each layer. Compared
to the more common Bernoulli Gauss model, the Cauchy model introduces the
layering without introducing dichotomy explicitly, and is defined independent of
grid. The current model is an alternative to modeling the layers by point pro-
cesses. The likelihood model is based on well founded geophysical principles.

The estimator is evaluated by stochastic simulation. The loss criterion of ab-
solute deviation account for all the generated samples in a robust way. In an
example the Cauchy model is compared to a pure Gaussian model. The test
example is based on real material parameters observed in the Sleipner @st Field
and synthetic seismic data is generated. For the velocities the Cauchy model
is found to reduce the over all risk by 7%. In regions where the material pa-
rameters have large fluctuations the estimates of the velocities improve by 14 %
and 10 %. Over all the error margins in the 90% credibility interval is reduced
by 7%. In regions where the material parameters are slowly varying the 90%
credibility intervals for the velocities are reduced by 10%. The model only have
a minor impact on estimation of the rock density. In general the uncertainty
of the estimates are well represented in the Cauchy model in particular the
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uncertainty in leap locations.

For the Sleipner st Field, the model define a prior distribution that account
for the layered structure. To restore the material parameters, with reasonable
error margins, low frequency information must be included from the well log. In
the current approach this is done by redefining the prior distribution to be the
conditional distribution when given low frequency information from the well log.
The inversion results are satisfactory and the uncertainty is well represented.
The uncertainty is however large due to large errors in the data.

Ideally a model that accounts for lateral dependencies should be developed. In
such a model the well information could be included in a consistent way. The
current model does not immediately generalize to include lateral dependencies.
It is however possible to define a spatial model by superposition of stationary
Cauchy fields in higher dimensions, such a model would however substantially
increase the computational cost and raise additional questions regarding esti-
mation of prior parameters and sampling algorithm.

The Cauchy model might be considered to have too heavy tails, hence unreal-
istically large leaps in the parameter values may occur according to the prior
distribution. The random fields defined above are related to random fields of
type G (Barndorff-Nielsen and Prez-Abreu 2002). Random fields of type G are
very general and offer a broad specter of prior distributions that can be inves-
tigated. In particular multivariate normal inverse Gaussian distributions is a
class of flexible distributions that bridges the gap between multivariate Cauchy
distributions and Gaussian distributions. To utilize such random fields as priors
is a topic for further research.
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A Independently scattered random measures

Independently scattered random measures offers a way of constructing prior dis-
tributions for functions defined on a continuous domain in R?. The presentation
below is motivated from the point of application, a more rigorous presentation
is found in Rajput and Rosinski (1989).

Definition 1 (Independently scattered random measures,(ISRM)) An
independently scattered random measure, Z € R? is a set of random variables
indezxed by the Borel sets in R, such that for any sequence of disjoint Borel
sets {A;}32, in R? the two properties hold.

i) Z(A); 1=1,2,...; are independent,

i) Z(U; Ai) =22 Z(A) a.s.,

with a.s. denoting almost sure convergence of the series.

The Wiener measure and the Cauchy measure will be defined next. Let z
denote equality in distribution, and |- | denote the Lebesgue measure on RY,

The Wiener measure, can be defined by i) and i¢) in addition to

iii)w  Z(A;) 2 Gauss(0, |Ai),

with Gauss(0, 02) being a Gaussian distributed random variable with zero mean
and variance o2. The Wiener measure is a signed random measure on R¢. In
what follows W is used to refer to this measure.

The Cauchy measure, can be defined by 7) and 47) in addition to

i) Z(A;) 2 Cauchy(|As),
with Cauchy(7) being a centered Cauchy distributed random variable with the
scale factor 7. The density of a Cauchy(7) random variable is:
1

T (1 + (%)2)

The Cauchy measure is a signed random measure on R®. In what follows C is
used to refer to this measure.

pe(z;7) = , zER,7>0.

A.1 Stationary random fields defined by ISRM

The stationary fields obtained by convolving a kernel ¢ with the ISRM,

e(t)= [ ¢t —h)dZ(h), (16)
Rd
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is of particular interest in the current application.

The random fields generated by the Wiener measure and the Cauchy measure
will be used for constructing the prior distribution. Let ||¢||; and ||¢||> denote
the L' and L2-norms respectively and assume ||¢||1 + ||¢||2 < 0.

A stationary Gaussian random field is defined by

eq(t) = [ ¢t —h)dW(h).
Rd

According to the standard theory eg(t) have a covariance function uniquely
defined by ¢ (Vanmarcke 1983).

A stationary Cauchy random field is defined by

ec(t) = é(t — h)dC(h).
R4
The term Cauchy field is twofold deserved. Firstly, it is constructed based on
the Cauchy measure, secondly all marginal distributions are Cauchy distributed,

ec(t) 2 Cauchy(||¢||1)-

Linear transforms of stationary fields defined by Expression (16), are given by
transforming the kernel ¢ correspondingly. Let K denote the linear transform
and apply this transform to the random field, then

Ke(t) = K¢(t — h)dZ(h),
Rd
with K¢ being the transformed field; and K¢ being the linear transform applied
to the kernel ¢. Appropriate regularity conditions must apply to ¢ and K in
order to make K¢ well defined. In the current application the linear transforms
of interest are integration, convolution, and differentiation.

A.2 Discretization of ISRM

In the current article independent scattered random measures are used to define
prior distributions for functions on a continuous domain. Having a continuously
defined prior, enables control of the discretization error, and guarantees stability
of the discretization as the resolution increases. An independently scattered
random measure is discretized into independent random seeds by integrating
over small volumes. For t € R% use the multi index notation to denote t, =
a-At = (g Aty, asAty, ..., agAty) for a € Z%, and let |At| denote the Lebesgue
measure of the volume element At.

Discretization of the Wiener measure results in,

to+AL
W, = / AW (h),
to
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with W, being an iid sequence of random variables such that
D
Wq = Gauss(0, |At]).

For the Wiener measure the standard normal seed is scaled by /|At|.

Discretization of the Cauchy measure results in,

to+AL
Cy = / dC (h),
t

[e3

with C, being an iid sequence of random variables such that
D
Cy, = Cauchy(|At|).

For the Cauchy measure the standard Cauchy seed is scaled by |At].

In Figure 20 the Wiener measure and the Cauchy measure are visualized by
discretized realizations. The figure clearly reveal the underlying structure of
the random measures. The Wiener measure distributes the energy equally along
the region, while the Cauchy measure concentrates most of the energy in a few
locations. The focusing of energy is one of the properties that motivated the
use of Cauchy fields in the current application.

B Details regarding discretization of the prob-
lem

The observations are collected for the angles 6;; k = 1,...,m; for each angle
the functions are discretized into vectors of length n. For a given angle 6
Expression (6) then translates into

dy = ao(0x)SkDar + ag(0x) Sk DB + a,(0x)SkDpy, + ek, (17)

with dj being the discretized seismic traces; the a’s being as for Expression (3);
S being a matrix representing convolution with the wavelet sg,; D being a
matrix representing differentiation; ar,, B; and p; being discretization of the
material parameters; and ey being the discrete error at angle 6;. The full error

T

vector eT = [eT ..., el ] have a multivariate Gaussian distribution,

p(e) = Npm (0,2 g)

with ¥ g being the covariance matrix. Due to the separability, see Expression
(7), the covariance matrix have the form X5 = ¥y ® Xy, with ¥y and 3; being
m X m and n X n matrices describing the error covariance and correlation in
direction of angles and time respectively; and ® being the Kronecker tensor
product.
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Focusing on the random seeds C' and W ;; j € {1, 2, 3 } in Expression (10), the
likelihood is linear,

d=K.C+KW +e (18)

with d¥ = [dT,...,dY] being the discretized seismic traces; C and W7T
[WT, W3, W3] being the random seeds; K. being a nm x n matrix;

being a mn x 3n matrix; and e being the error term as defined above. K T
[KT, K3, K3 ]. The matrices K;; j € {C, 1,2, 3} all have the same form,
the relation is

IR

Clle 1D @J
K j= )
al, S D®,;
with S being the matrix representing convolution with the wavelet at at angle
0x;D being a matrix representing differentiation; ®; being matrices representing
the kernel functions, see Expression (10); and

af, = aa(0k)b + ap(B0)bh + ap(8r)b), 5 €{C, 1,23},

with the a’s on the right hand side being as in Expression (3); and the b’s being
as in Expression (4).

C The multi directional Gibbs sampler

The multi directional Gibbs sampler is a particular case of the generalized Gibbs
sampler (Liu and Sabatti 2000). The generalized Gibbs sampler is a Markov
chain based method for sampling a distribution. A Markov chain having the
target distribution as stationary distribution is constructed by defining the up-
dating rules.

Let ¢*'® be the current state of the chain; {v'}/; be an over complete pool of
basis vectors; and s be a scalar. For the purpose of describing the algorithm,
let p(-) be the target density. The multi directional Gibbs sampler is described
by the updating rule:

1. Draw [* uniformly from {1, ..., L}
2. Draw s* from ¢(s) o p(c”® + s - v'")

3. Let ¢*" = ¢ + g* - v

In the current application of the multi directional Gibbs sampler, the unit vec-
tors are chosen as translations of the vectors in Figure 21. The density values
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of g(s) is known to proportionality by Expression (12),

]' 1
as) o | I oy | el g (s - (@ - Ko™,
{i:vl"#0} T <1 + (u—) )

T

with .
ot = W) KIS K]

and
2 5—1 r*
l.l/l* = O‘l* EN KC‘U .

The likelihood give essential bounds for the posterior range. The univariate
density g¢(s) is calculated on a dense grid centered at pl(d — Koc*®) and
stretching 50+ to each side. Note that o; and p,; are specific to each unit vector
v', and that their expressions only depend on the angles for which the traces
are observed. Since the same set of angles are used for all gathers, o;« and p;.
only need to be calculated once for the total study.

In the current work the simulation is initiated in a local mode. The local mode is
found by iterating Expression (13). After a burn in of 20 random scans through
the pool of basis vectors, a sample is extracted at the end of every 2end random
scan through the pool of basis vectors. The mixing for the Cauchy seed in the
Sleipner @st Field is displayed in Figure 22. The Cauchy seed is visualized
in the figure. The middle plot show the sampled seed value that correspond
to the leap value at 2380 ms. The seeds form the two nearest neighbors at
both sides are in the plots above and below, respectively. In the figure three
samples are extracted in each random scan through the pool of basis vectors.
The figure clearly show how the sampling algorithm move between different
modes corresponding to different locations for the leap in the parameter values.

D Estimation of prior scale parameters

In this appendix a methodology for estimating the scale parameters of Expres-
sion (4) is supplied. The scaling of the Gaussian processes is the square root
of the pointwise covariance matrix for the logarithm of the material parameters
given the Cauchy process. This part requires six parameters to be estimated.
Let B¢ denote a symmetric matrix with the values of the scaling of the Gaussian
field. For the Cauchy process three parameters must be estimated.

If all nine parameters are to be determined, the estimates are unstable. This is
seen by the fact that if all random processes are Gaussian, only six parameters
can be identified. To further reduce the number of parameters, the ratios of
the parameters for the Cauchy process are held fixed; [5S, bg, bg] = yvT with
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vT =[1.0, 1.0, 0.15], only the global scale « is estimated. According to geo-
physical literature it is reasonable to assume that the first two components are
of approximately of the same size, the third component is selected to be about
size of (pr,(2500) — p1,(2000)) /(L (2500) — ar, (2000)). The scale parameters are
estimated by a modified method of moments, by computing the sample averages
and tune the scale parameters so that the population averages match the sample
averages for a given set of functions.

For a stationary random process, {e(t), t € R}, define ¢; = tti"JrAt e(s)ds. The
random variables ¢; are then identically distributed. Let € denote a generic
random variable being distributed according to the law of ¢; . If {e(t), t € R},
is ergodic, the sample averages of ¢; approaches the marginal distribution of ¢
as the number of observations increases and the step length, At, is kept fixed.
Using this notation for the random fields involved in the current problem, the

functions used in the method of moments are,
I(lveg +egl > K)
and
ay,
Br | lek, B, pLH(ee +eq| < K),
/
Pr

with v being the global scale for the Cauchy process; K being a fixed constant;
I(-) being an indicator function for an event; e, being as for Expression (4);
and ¢f; being a linear combination of the Gaussian processes, ¢}, ¢, and €}, see
Expression (4). In the current setting, K = 0.0495 and

vl + e = 0.60ak, +0.32 8, + 0.54

The estimates must be solved numerically. Since the main focus is not on these
parameters, approximate values for the population averages are computed, by
using the approximations

P(lvec +ecl > K) = P(lec| > K/7)
and 9
Y
P(|e, K/y) ~ —.
(el > K/) ~ =
The approximations improves as K increases.

E Simplifications by using the Fourier transform

The expressions stated in the previous sections are valid for more general models
than the particular that is specified. In the specified model, several expressions
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simplify since the Fourier transform simultaneously diagonalize the stationary
operators considered. To use the simplified formulas the convolutions must be
defined cyclic. This is done by tapering the data and extend the vectors by zero
padding to avoid boundary problems.

Let X7 denote the orthogonal Fourier transform, and X denote its inverse.
Now introduce the relations,

Sr=XAXT, ke{1,2,..,m},
®;=XANXT, je{C1,2, 3},
=X o3,
>t = XALXT,
X®" = Ixm ® X,
xTem — 1 mXT,

with the A’s being diagonal matrices; ® being the Kronecker tensor product;
and

7] (7

0-11 ) o-lm
»’ = :
0 (7

Om1 Omm

According to these identities;
>y =0’KK" +3g = X®"DyXT®™

with

Dy, ... Dy,
Dy=| i .
D, ... Dy
with Dy; being diagonal matrices having the form:

3
Dy = o A' + 0% ala] A A} (A7),
j=1

The inverse of 3 can be calculated by solving a m x m system for each Fourier
component separately. When 35 have a small white noise component the in-
version is stable. The inverse of Dy have the same structure as Dy,

Dt ... D™
Dy~'= : . :
p™t ... p™m

with D* being diagonal matrices.
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For the sampling the Cauchy seed, o;~ and p;., need to be computed. First
simplify the matrix K ZEJ_VlK ¢ using the notation above,

KISV K. = XTALXT
with
m m
= ZZ af af ALAT D" (AC)?,
k: =

hence:
o = [AgXTo" |3,

*
”'ll;' chold — 012* (XT’Ul )TA%IXTcold ’

. m m DklAC
prd =k (XTo! ZZ kTR xTdy |

with d; being the discretized traces at angle 0.

For the normal seed computations, the important quantities are p, and X,,.

These are split into the components corresponding to each of the normal seeds,
my
B, = | p3
21
and,
X7 XYy X3
Yo=| My My Xy
Y3 Y3y Mg

By the above notation,
m m
=o?X Z Z al DM AIA; X7 (d) — (K oc™)y),

with (K cc*'?); being the vector containing the, (I —1)n+1, (I —1)n+2,...,In,
components of K.c*'¢, further

m
By =0%0;-1-0'X (Z ZaiafpklAinA;AlS) xT
k=11=1
with 5ij =1 lf’l,=_], and 5ij =Olf25£],

The random seeds can hence be sampled by sampling the frequencies of W1, Wy, W4
simultaneously. For each of the n frequencies, a 3 X 3 matrix must be factored.
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Tables and figures

material level scale scale scale scale
parameter EC €1 €1 €3
Q 7.9941 0.0059 0.0183 —0.0014 0.0004
I} 7.2651 0.0059 —0.0014 0.0303 —0.0014
P 7.7629 0.0009 0.0004 —0.0014 0.0106

Table 1: Level and scale parameters for the Cauchy model. The table relates to
Expression (4).

material level scale scale scale scale
parameter EC €1 €1 £3
Q 7.9941 0.0000 0.0319 0.0102 0.0032
J5} 7.2651 0.0000 0.0102 0.0449 0.0007
P 7.7629 0.0000 0.0032 0.0007 0.0120

Table 2: Level and scale parameters for the pure Gaussian model. The table
relates to Expression (4).
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alpha beta
2000 . 2000 . n 2000

2050 1 2050F 1 2050}

2100 1 2100} 1 21001

2150 1 21501 1 2150

22001 1 22001 1 22001

22501 1 22501 1 2250r

2300 1 2300F 1 2300f

2350 1 2350F 1 2350}

| | 2400 | | |
2000 4000 6000 1000 2000 3000 2000 2200 2400 2600

Figure 1: Well logs. The material parameters observed in a well at the Sleipner
@st Field. The observed depth profile is converted to a time profile. The drilling
stopped at 2390 ms below this depth the value is fixed at a constant level.
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Figure 2: Angle gather-common angle. The ray paths all have a common angle
to the vertical line, and hence a common angle in the angle gather
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Figure 3: Angle gather-common time. The ray paths all have a common depth
of reflection, and hence the same time reference in the angle gather.
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Figure 5: Angle gather number 67. The seismic traces in this angle gather is
recorded in the well location.
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1 1 \
0.5p 1 0.5¢

Figure 6: Smoothing kernels for the Cauchy model. The kernels are relates to
the random components of Expression (4). The functions shown are, ¢ (t) (a);

¢1(t) (b); #5(t) (c) and ¢3(t) (d), respectively.
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1 1 \
0.5¢ 1 0.5r

Figure 7: Smoothing kernels for the pure Gaussian model. The kernels are
relates to the random components of Expression (4). The functions shown are,

¢o(t) (a); ¢1(t) (b); #5(t) (c) and ¢3(t) (d), respectively.
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Figure 8: Synthetic observations. The CDP gather inverted in the example in
Section 6. The observations are generated by the linearized model and errors
where added according to the likelihood.
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Figure 9: Inversion results for the Cauchy model. The median and is plotted
together with the true parameter values.
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Figure 10: Inversion results for the pure Gaussian model. The median is plotted
together with the true parameter values.
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Figure 11: Errors for the Cauchy model. The 90% credibility interval for the
error predicted by the simulations displayed together with the actual error.
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Figure 12: Errors for the pure Gaussian model. The 90% credibility interval for
the error predicted by the simulations displayed together with the actual error.
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Figure 13: Normal plots for the derivative of the logarithm of the material
parameters.
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Figure 14: The wavelets for the inversion. The wavelets where estimated from
the well log displayed in Figure 1 and the angle gather displayed in Figure 5.
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Figure 15: The prior distribution gather 67. The prior median and pointwise
90% credibility interval.
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Figure 16: The posterior distribution gather 67. The posterior median and
pointwise 90% credibility interval.
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Figure 17: The inversion results for Sleipner @st gather number 67. The figure
display the inverted path together with the values observed in the well in red.
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Figure 18: Errors for for Sleipner @st gather number 67. The 90% credibility
interval for the error predicted by the simulations displayed together with the
actual error.
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Figure 19: The inversion results for Sleipner st data. The estimated values
being the posterior medians for (a) «; (b) B; and (c) p, respectively.
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Figure 20: Comparison of the Winer measure and the Cauchy measure. The
measures are discretized by integrating over intervals of length 1/1024. (a)
One random sample of the discretized Wiener measure. The Gaussian seed
have the scaling factor 1/4/1024. (b) One random sample of the discretized
Cauchy measure. The Cauchy seed have the scaling factor 7./1024. The factor
Te = 0.416 adjust the scale so that the the measure of the total region [0, 1]
have the same 90’th percentile for the two measures.
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Figure 21: Directions for multi directional Gibbs sampler. The pool of basis vec-
tors used in the multi directional Gibbs sampler, are translations of the functions
above. The resolution of the figure is such that each plateau correspond to the
size of one vector component.
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Figure 22: Mixing of multi directional Gibbs sampling, for the Sleipner st
Field. Time traces for the the Cauchy seed. The sampled seed value that
correspond to the leap value at 2380 ms is in the middle plot, the two nearest
neighbors at both sides are above and below. Note that the scale of the figure
is for the Cauchy seed. To get the scale that apply to the derivative of the
logarithm of the material parameters, the seed should be divided by 2 due to
the kernel in Figure 6(a) and multiplied by the second column in Table 1, due
to the relation in Expression (4).
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