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sina.gulardiffnsigms-d.es#uhinfue:a-stalleproun ,xeGr3
dXEbf¥dt+dhNoiseh

* 2- Brownian motion)

Questions :

• Whyaoewe interested ?
• How to solve them ?

• Qualitative aspects ?



sina.gulardiffusimsasprocessesinkandanlkdu.isinai'srandomwalkarandomenvirnment
lhijljeziid , catered , values inthzhz) ¥ii,
*Gntiitnlsniies;D - zig. Pls in Daze.



sina.gulardiffusimsasprocessesinkandanlledu.is
;mai'srandomwalkarandomemifmhtg#cater.w. ,→W
Gj ) jeziidiateiedivaluesintta.FI randanperturbation

PGnti-itnlsr.i.KD-z.iq. Pls in zieihiimie

Gntinuousanalogueiloroxdiffusimdt
.ES#ttdWtwhitenoise-.B'
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sina.gulardiffusimsasprocessesinkandanlkdu.isinai'srandomwalkarandomenvirnment
lhijljeziid , centered , values inthzhz) ¥ii,
*Gntiitnlsniies;D - Ies; Pls in Ijaz .eu.

Gntinuousanalogueiloroxdiffusimdltlgfhtdttdhh• scaling limit if 5i'smaee '
I told B.m

.

• easier to analyse because of
whitening' staling invariance

• a
-

Ikea converges ,a→ -



sina.gulardiffusimsasprocesses.in/2andanMedia-

sina.israndomwalkarandomenvironmentk.gljeziidiateiedivaluesintta.la) ¥ii,
*Gntiitnlsniies;D -1¥ Pls i.igD=z .eu.

catinuousanalogue.Broxdiffusim-flat.me
tenet:aEhF.tn?wiaiogdtt--9Hddt+dWf.scalinylimitifhi'smaee'

I told B.m
.

• easier to analyse because of
whitening staling invariance

vays a -Hea converges ,a→a



Singulardiffusimsasrandompolymermeasuesl
2andomdirctedpolymermeaswe_ Alberts - Khan'm - Quartet 'M

,
Delarue -Did 've

dP=tzeep(Folks ,Bs)ds)dWewiaor
measureEspace- timwehitenoise

⇒ umderlpthe coordinateprocess solves

DXE ttixttdttdwt
+ solution to KPZ

,
non - differentiable



Singulardiffusimsasrandompolymermeasuesl
2andomdirctedpolymermeasw Alberts - Khan'm - Quartet 'M

,
Delarue -Dicey

dP=tzeep(Jo9G,Bs)ds)dWwiaor
measure+

space
- timweaitenoise Id

⇒math:S.EE?tEf::F*z.nm.oieaataeee7
Connoisseur - Cheuk't : similar story for space white noise ,d --12,3 .



Singulardiffusimsasstoehasticcharacters.tn#IKPZegu
.

: Ah -- - ¥2,ht 1a#ht t f) ,
htt -E

Gubindh:P!A
⇒ htt ,⇒ = syp Ee

,IIMs ,xvsldsthKID

DXI -- vtdttdwt

Optimal 2x htt ,XI )
+ distributional drift

→ leads to good to bounds for h



Smgulardiffusimsasstoehasticcharacteristi#I
Kpzegu .

: Ali - ¥Q×ht1aHhYtf) ,
htt -I

Gubindli.P.tt
⇒ hltrt-sypEe.II.GG/sldsthkIBdXI--vtdttdWtbpect:

Optimal 2. htt ,XI ) • Feynman - kaetype
+ distributional drift representations forgenaallm.ae

singular SPIES (parabolic)

→ leads to ↳ bounds for h
• Nonlinear egnviagood BSDES

,
McKean - Vlasov

,

stock
-
control



What's new here ?
-

• Extension of Camnisrwo - Cheuk
'

18 to Livy noise

•

"

Quantitative
" heat kernel bounds for singular diffusion in the

"

Young regime
"



solutiontheoiesfrsingulardiffusi.ms
• Id / gradient drift : Ito -Mckean construction / Dirichlet forms
Brox

'

86 /Mathieu
'

94

• Id via martingale problem / Tiomkin transform
Flandoli - Russo - Wolf

'

03 / Bars - Chen '

01

> DXEbl Hdt tdwt
⇒ formally : f Hd -f Ko) - §Lfkids --Mart .

↳Lf - bluff Fixx f
f- smooth ⇒ Lf distribution



solutiontheoiesfrsingulardiffusious.ae/ gradient drift : Ito -Mckean construction / Dirichlet forms
Brox

'

86 /Mathieu
'

94

• Id via martingale problem / Tiomkin transform
Flandoli - Russo - Wolf

'

03 / Bars - Chen '

01

> DXEb#Xtldttdwt
⇒ formally : f Hd -f Ko) - §Lfkids --Mart .

↳Lf - btrxfthaxxf
Idea : findno¥ f s -

t
. Lf Ecb - f smooth ⇒ Lf distribution

E.
g. solve Lf = g ( linear ODE in Id)



• d> 1 and be
+f-9

,
acts ( Young regime) :

Flandoli - hsoglio -Russo
'

17 via regularity analysis for
Feu - Lu *f ,

uld -- 4

• d-- 1 and be CCR + ,
C
' )

,
as Zz ( roughpath regime) :

Delarue-Diel '16 via rough path analysis of Itu - Lu tf
( similar to Hainer 's rough stochastically day would be

• dat and be CURT ,
C-9 ,
a} (rough regime) subcritical

Cannizzaro - Charlie viaparacotoolbddistrit . (Rs ?)



Etzioni
DE -- ett ,Hdt -id Lt

t a- stable big process , generator -f-sik

Formal martingale problem :

f ft Htt - florid - IGstaffs ,Nds -- Mart .
-

-

-frills ,
Ar - tsik)f



Etzioni
DE -- ett Heldt -id Lt

ta- stable Leiy process , generator -f-s)%

Formal martingale problem :

f ft Htt - florid - IGstaffs ,kids = hat .
-

-

-frills ,
Ar - tsik)f

→ Kolmogorov backward equation : eC-
t
⇒ guess u eca

- r
⇒ rueca

-t - 1

guise
a) u =-et,u + f ⇒III.r? ⇒ rest



Hirise

dfe.BA#dttdLttx-stahleLeiyproass,generator--fs5
Formal martingale problem :

Young regime ,

tthoeya-Buthashy-Mytniiio.ffttht-flord-ftfhtyjffs.ws-

-

Mart
.

Ligatures

~dekaynal-Meno-zsiyg-fdstbfs.H.p-fs.TK/fLeiyBroxwouldbe
"

g.cc#zsHa→

waits:÷÷:*: em:÷÷÷÷÷÷:÷



Paracontrolled ansate ipaapodads
-

T T

@EtsMu-t7u.btf-t7uozbtftt7uc0b7IEahec.ru
(better) isolates

singularpart
of theproduct

Thm Kemp -1720)
For 8<251

,
hector

,
b Eff'The GE

"?

I ! paracmtrolled solution u .
Similar to Commissar - Cheuk within - C-sik



Paracontrolled ansate "

parapodia
-

T T

@EtsKa1u-xu.btf-t7uozbtftt7uc0bJIEec.ru
(better) isolates

qwhitena.se
: F- It

,
ok if a > ¥ .

Critical regularity :

singularMt

Thet kremp-P.ro)
a.zfviaotsthe.fm

For 8<251
,
hector

,
bo. EfH5'be GE

"?

Z ! paracmtrolled solution u .
Similar to Commissar - choukwiths-s-c.sk



Gnstructinoftheprocessdlibnltitildttdlt bn → b in "

nighpath nom "

Need Tightness of kn) .

• by limit point iss.t.V-usohrig@t-tsMYu-brrutf.uthEl-tuloxd-Sofls.rHds -- Mart .



Gnstructinoftheprocessdhi bn It ,ti)dtt dLt bn → b in "

nighpath nom "

Need Tightness of kn) .

• by limit point is s t .

V u solving Gt - ESM) u-- -b. ru tf :

u thEl - florid - If G.Hds -- Mart .
kremp-P.to : . Tightness via stock . calculus forPoisson random measures

(Campbell 's formula) , get ECI ftbfr ,Mdr IME ft -SMG
-T)

• Martingale property easy once we know Pls ft to f-Otto .



Broxdiffusimwithiheiynoised
he -- 9Ht) dt t dLt , d-- I
[ take periodic white noise (avoid weighted spaces)

• Clear : f eCI
-

Ia renormalization
• kremp-P.bg . can construct f or HE t blah)

-

Y e CA
- d -

if a >Zayn. Z : critical regularity

• get periodic brox diffusion for a >¥ .



Next : heat kernel estimates in the Brownian case
-

Motivation : Man asymptotic's farad PAM

2-u=Sutu9
,
92d white noise

UH :-. SµdultHdx Goal : study UH fort -so .

las .
limit)



Krimmel
• G smooth Gaussian potential ⇒ tcagtffoglllt)→ r2dEC%rT
Carmona -Molchanov '

95
,
Gaither - kinig -Molchanov

'

00 : 2nd order

• EGHGGB-k-yta.aacmink.dz asymptotic's

⇒ ftp.T#alogUIt)-sc. Chen ' 14

• G Id white noise ⇒ Taggart log Ult)→ c Chen '

14

• f- ABI ⇒ f¥¥Tloguttt-scchffhwt.tt#iyfractioualB.m.,tturst'index He long



Eee Eastin Eastin ¥tm¥
the nd) HEAD

Note Always tteogtplogulttso , techie)

8=1 is natural barrier
,
871 needs renormalization

.

caput : Sec
" -

⇒ ya # v 1a

→ 8<1 ⇒Kal



EEE Eastin Feast Emet
the nd) HEAD

Note Always tteogtplogulttso , techie)

8=1 is natural barrier
,
871 needs renormalization

.

Cured : Sec
" -

⇒ f- Fav 's 2d white noise :

→ 8<1 ⇒ Kay 10=1



4¥? 2- u - sutures
,
alot. So

All proofs based on Feynman- Kae : UH - Eceeplftescwssds )]

But : he C-
"

⇒ cannot construct §#ds !



W¥07?
All proofs based on Feynman- Kae : UH - ECap CotesChilds )]

But : he C-
"

⇒ cannot construct §¥k !
Kiiig¥O : Still can show

this
. ftp.loguth → X for 2nd white noise

via
"

transformedFeynman- Kae formula
"



Makingtheteynmankacfomulawak
Let - b -2--9

'

3=1
'

⇒ ZLBD-ZCBdtfeZCBD-dbstfttzCB.ws
-

"

Itotrick
"

= - {543ms
⇒ §9lBs)ds=ZlBo) - 2- Be)t§%ZlBsdBs

( okiff.cc?-tEf=szecY
'

here : just fails



Makingtqakf.tl(B)ds -- 2- (Bo) - 2- AH + InHBD . DBS

⇒ UH -

- E Leep ( HBO) - 2- (Be) + In 2- Bsl - dB))
= Eley (Ho) - 2- (Bt) +(ft Z CBs) - dB, - Ift lez lbs)lads)

+ Ift HHBirds))

t
o

D C ' s t
t



Makingtakf.tl(Bolds -- 2- (Bo) - 2- AH + InHBD . DBS

⇒ UH -

- E Leep ( HBO) - 2- (Be) + In 2- Bsl - dB))
= Eley (Ho) - 2- (Bt) +(ft 2- CBs) - dB, - I fthZlBsKds)

= Eley ACO ) - 2-He) + zfthzc#ads))
+ IT kHBsHds))

XE ftp.ZI#ds+Bt (weakly)
t

g

" C ' s t
t



Makmgtwakf.es(Bolds -- 2- (Bo) - 2- Be)t&rZlBsdBs
⇒ UH -

- Eley ( HBO) - 2- (Bt) + In 2- Bsl - dB))
= Eley (Ho) -Z e) +4%2-431 - dB

,
- Ift lez lbs)Kds)

= Eley ACO ) - 2-He) tzfthzc#ads))
-' II KZ Kds))
( HEPill-defined teeth

- E
)

XE ftp.ZHds + Be (weakly) Probabilistic argument
: construct

HER as fandom) distribution
in C

- E

t
g

" C ' s t
t



lYorousFeynman-kaefr2dPAMHi
trick once more :

-S-2=9
, f- b -pz.is/Y=-lpZK,W--ZtY-cC-E--syeC2-EdXe=rWHtIdttdBt

⇒ whole

⇒ UH -- Eley (Wlol -WH - zIkYMHdsB
→ Get asymptotic's of Utt) if we understand X well .

1.upper lower tail bounds)



Heatkemdestimatesfersingulardiffusimsdhblt
,#dt+dBt be

+ e-9. ask

→ nothardtoshow : 3- transition density
Hay)dy=PHtedyl¥

Zhang -Zhao 't 't :FMs1 , -VT>02C > 0 depending oulyartand
t

based on Hellcats,eg
:

"

Tiomkin f- plta.x-yltfkidecplmt.x-yllita.tn)transform"
nlstandardfaussiankhmd



Heatkemdestimatesfersingulardiffesimsdhblt
,#dt+dB be

+ e-9. ask

→ not hard to show : -3 transition density Weneedetphcit
dependenceart

,

Hay)dy=R×Htedy) Hbk .

Zhang -Zhao 't 't :FMs1 , -VT>OF C > 0 depending onlyart and
I

based on Hellcats,cg
:

"

Tiomkin f- plta.x-yltfkidecpfht.x-yllita.tn)transform"
nlstandardfaussiankhmd



"

Quantitative
"

heatkemelboundsfrsingulardiffusims
-

df=bItHt)dt+dBt , ¥kyldy=PHtedyHs=x)

The .

( vanfuijlen-P.gg
imagine

V-aelo.ES
,

1 FC >0.MU :

zegrfck-meaii.ci/pEiix-y)efp.G.y)'-Ceepflt-HlbkIi-a) plat-six-y)
V-beclki.C-4.V-oc.su



Ideaoftheproof Fiero , ft :
-

- fat

Jef -- Isf + b -Df , I -- Sy-
Lf

Paryametnxmethod : Apt -- LAA , Po - Sy
compare idmmii¥hq .pe solves H- L) re -EEE , ro - O

space- tine

→ r = p¥Io
"cawolutuii

= :Ee



Ideaoftheproof Fiero , ft :
-

- fat

Jef -- Isf + b -Df , I - Sy-
Lf

Parametrixmethod : Apt -- LAA , Po - Sy
⇒ re :-. f-pe solves ft- L) re- LEE , ro - O

'

face
- figuration . t

→ r -- f #E

T -- ptr? p *Io
+ f *E . . .

⇒ f=E?op*Io*
↳ control each
term inductively



f. Em.jp#Io*n
=8 pages of computations :

↳ control each getupperboundforf -pl
term inductively

.



f. Em.jp#Io*n
=8 pages of computations :

↳ control each getupperboundforfterm inductively
.

Chapman - Kolmogorov
+
"

chaining
"

⇒ lower bound ffstoooek 's
PDE book)



Summary
• Singular diffusion arise as processes in random media

+ as stochastic characteristics for singular SPDEs .

• Weak solution theory via martingale problem .

• Here 2 new results :

.Brox diffusion with Lary noise
. quant . heat kernel estimates in Brownian Young regime



Thank you


