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Euler eq .
Qu tu .ru = - op

{ diva =D
Solution is a pair
u - vector field

p = pressure
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Lagrangian trajectories
It = Ut (ft )



It = large scale t small scale

I aint random term

= 4-Ht) t 3am WE



- parametrize uncertainty
- estimate 3. from data

- improve predictive power

- preserve geometric
structure of Eater eat .

? What is the corresponding PDE ?



I
.

Variational principles and geodesics
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sea
,

-

g) = S
"

Lott . Ee Idt
O

for a given Lagrangian
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Proofs
. Variations
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2. Critical point
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3
. integration by pants
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Example :
N point particles
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Define the Lagrangian
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Euler-Lagrange ⇒ Newton's Law

hn din =
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Example i M Riemannian w/metric c. . .> .

Geodesic equations ;
LIAN) := (Vi

V>
of

Euler-Lagrange

I
Geodesic

iii. finite IE - o equation

where fin are the

Christoffel symbols



Example : Lie group ,
MiG

Right multiplication Rqiptdpq

If L is right invariant , i.e .

Lo TR q
= L

Dat flu)= Lce ,
u)

Ue g=TeG
reduced

Lagrangian

Euler - Poincare reduction

TFAE

. of satisfies Euler-Lagrange



• u = oioci ' = Roi.
'

it and d - off
critical points of

Scotia . d) = Illust htt . II- ue> It
• u is a critical point of

Slu ) = Sjllutsdt
when variations are restricted

to be on the form

Sue = We t [Ut , WE ]

• u satisfies Euler - Poincare eq ;

ft Fut ad: off -
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( ada } =
- [ 3. us )
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Euler - Arnold

G = Volume preserving diffeomorphisms

on some manifold M

Tangent space of G :

C : C- e. s ) re G co = f e G

C. Cp ) : C
- E ,E)→ M Coop) = fcp) EM

⇒ TfG c thx : M-TMI Xp c-Tfp,M}

Special case :

f .- id = e in G

g=TeG= div - free vector fields



G is a Lie - group

w/ composition as group operation

Translations

Rap : poof
Coo

↳ p = Gop same regularity
as 9- .

only if
G is Frechet



(wear ) Riemmanian metric

(Xing = 5*31,413×3 pets)

yields right invariant metric on TG
.

Arnold Formally
q : Eo , if → G

is a geodesic iff

U = joy
"

E g -
- TIG

solves Euler equation .



Ebintlasdn Rigorously ,
letting

G = Vol
.

- pres .

W
""
- Sobolev diffeo's

K > f-
Arnold was right .
t t t

of Euler's
eq .

Gives equivalent formulation via

critical points of

sung .d) = Josue .Utz
.

the
, Ue

- Kogi > It



Taking variations in @ ad)

gives that critical points
of S satisfies

if u} = cut
.

. > c- ACM)
- I

↳ = It oft ⇒ It = Hecht)
and

t.ae + Lau? = - dpe

In local coordinates

Au: + u! + u! III = - EEE
÷
tfi cuff



Convenient to understand

u as a L - form
,

Ub = LU ,
. >

• conserved quantities

(Kelvin - Noether circulation thml

• Lie derivatives



More general Lagrangian
and underlying Banach

manifolds yield a

general class of

fluid equations
, e.g .

- Burgers

- KDV

- Camassa - Holm

-
c . I -

'



General set up

Scu , g. d) --
"

Solak , qiao ) tutti 'ut- Iko dt

at =p: ao - a directed quantities
(e.g . heat , densify. . . . )



Z . Use Lagrange multiplier to

force decomposition

wanted

It = at# t 3.CHIVE

Use Lagrange multiplier

516.9 .d) = avenge
htt

.
Koti

'

- Ue - 3.VII

Formally
A-ut e Laube + Ls.at WE = - dpe
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. Rough Paths

W irregular , e.g. sample path

of Brownian motion
.

How to understand

it -

- Utah * 3.CHIU! ?



Ito -
calculus i

- discant
.

as a function
of sample paths

. restricts to Markov noise

- already studied by Holm

Rough paths
consider a- O for simplicity

ht - Ms = ft 3.endw !



= 3am,) (WI - WY)

+ 03am Beans, Iwf . Wsljdwie
t d ( It . si

't ' )

The pair

(W ,
NV) .- (w , Swdw )

is called a rough path
.

Typically need probability
to give meaning to

swodwce.g.tt/hohrStratonovich)



- Nice continuity properties

(WHN) rs ycw.lk)

- Can make sense of

Swdw for more general

sources of noise
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Main results

Hamiltonpontryagin
critical points of

sina.H-flcue.neta.) It
+

"

Soult . date
'
- utdt - BedWE >

are exactly solutions of

dolt --utoytdt-3uoyeodwieddt-Lq.dtdt-LIEDWE.de#aedt
D= II
Ju



debschscu.a.tl
= Joliet , at )dt

+ He
,

dat-Lueaedt-Lz.aedwigEuler-Poi.name
She

, a) = { llutiaejdt
Variations on the form

sudt-aswdt-adq.dwdt-ads.owduf.ca
= - Iowa



Elements of the proof

- setting up the appropriate
rough path spaces

- Rough Lie chain rule

die = Btdt t o
.
od wi

tensor of .
,

dolt = atone It t 3. oft dkfk

Then

d nice = pilot theft ) dt
K

+ 7¥ ( o
.
t Izatt Tod We



Next
- local well- posedness of

rough Euler :
- BKM blow- up criterion

-

well -posedness for d-2

w/ smooth initial data

- general theory for

rough PDE's

- regularization by noise ?



THANK YOU !


