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Introduction

We consider the equation

d
J dus(x) = Z fi(x) - Vue(x) thi te [0, T],xeR”
i=1

ur(x) = g(x)
where the vector fields fi, . . ., f; and the function g are “nice” and W € €6 for some y € (0, 1).

We also consider the associated continuity equation

d
J Qe = 3 dv(Fi(x)pe) AW,

i=1

=
S
Il
<

Definition
We define the first order differential operators I := f; - V, i.e. if ¢ is C' then ¢ (x) := fi(x) - Vop(x).
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Method of characteristics

If the driver W is smooth we can easily get a solution:
Suppose f; € Cg. Take X** to be the unique solution of

d
XX = Y KXW, X3 =x,

i=1

and set u;(x) = g(X}’X). Then u is a solution to the transport equation.

Proposition (Diehl-Friz—Stannat 2017)

The induced flow (t, x) — X% is a C' diffeomorphism in space and

d . d :
5 X2 = —DXEXf (x)W,, 300" = DEXTODX W,
d

EDX}’Xh = —D*XEX(f (x), )W, — DXE*DFf (x)hW,
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Method of characteristics

We compute
Ouue(x) = Vg (XE") - S X¢™
= —f(x) - Vg(X;: )W, + U:T Dg(X;’X)Df(XJ’X)%XJ’X du
= —f(x) - Vg(XE )W, - § Dg(X7*)Df (XS )DXL*F(x)W, du
Jt
and

f(x)-Vus(x)W; = Dg(X;’X)DX;’Xf(x) W,

.
= f(x) - Vg( X)W, +J Dg (X )DFf (X*)DXE*F(x)W, du.
t

4/19 Transport and continuity equations with (very) rough noise I 4{%«
3 o

vvvvvvv



Solving ODEs

Signatures are connected to solutions to controlled ODEs.
Proposition (Fliess 1981)
If
d .
XX = Y HXTOW, X3 = x

i=1

then, forany N > 1
d t o d t r12 .
X5 = Z f;(x) J W/!dt + Z Df;(x)fi(x) j J W, W,é drid7;
i=1 s ij=1 5 e

- 2 (D000 70 + D) [ [ [ Wi i a4 0 - 1)

d
ij.k=1
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Rough integration

Let G be the character group of the shuffle algebra. For any
truncation level N, there is a metric py on G homogeneous
wrt the grading.

Definition (Lyons 1998, Hairer—Kelly 2015)

A weakly geometric rough path of roughness y € (0,1) is a
y-Hélder path W: [0, T] — (GV, pn), where N = [y~ !].

Let's return to d.X; = Y, f;(X;) dW/.

Reinterpret in the integral sense:

d pt
X, — Xs = ZJ F(X) AW
i=1 S

Definition (Gubinelli 2003)

Fix £ < y < % and W a weakly geometric rough path. A path
X € @ is controlled by W if there exists X’ € ®"(R?) such that

Xse = D U X Wit j) +O([t = ).

Proposition (Gubinelli 2003)
Let (X, X") be controlled by W. Then

t d
[ o= im S| X Wa )+ ) G XN Wi
S ,/=1

exists, and we call it the rough integral of X wrt W'.

6/19 Transport and continuity equations with (very) rough noise

vvvvvvv
sssssssssss



Rough integration

Chen’s relation can be reformulated as

n—1
§Wout, it - +iny = Y (Wauy i1+ ip)(Wie, G4 ).
j=1

Let Est = XS<WSt9 I> + ZO: Xs/><WSt,./I> Then

d
5Esut — _Xsu<Wuta i> + Z(O, X/5><Wsu’j><wut, i) - (j’ Xs,u><WUt’ji>)
J=1

d d

= —| Xsu — Z(./, Xs,><wsu,./.> <Wut, i> - ZO, Xs/u><WUl"ji>

J=1 J=1
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Rough integration

Proposition (Gubinelli 2003)
LetX = (X, X’) be a controlled rough path and ¢ € C?. Then ¢(X) is also controlled and ¢ (X), = ¢’ (X;) X .

Proof.

P (Xp) = P(Xs) = ¢'(Xs) (Xe = Xs) +O(|t — 5[

d
= > ¢ (X XD Wer,j) +O(t — s[7)
=1

J
O

Definition (Rough differential equation)

We say that X is a solution to dX; = 3 f;( X;) dW/, X, = x if

d ¢t .
Xeot = X + Z J f(Xe) W
i=1 %%
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Rough integration

Theorem (Davie’s expansion; Davie 2008)

X is a solution to dX; = 3 f;(X;) dW/, Xs = x if and only if X is controlled with {j, X]) = f;(X;) and

d d
Xe=x = ) O Wst, i)+ > DECOF(X)(Wsr, if) +0([¢ = s])
i=1 1

ij=

Theorem (see e.g. Friz—Victoir 2010)
Suppose f; € C;. Then the Rough IVP
d
dXS* = Z F(X) W/, X5 = x

=1

has a unique global solution for any x. Moreover, if f; € C;** then the solution flow is in C* and

d
dDX;™ = % DF(XS*)DXS*dW|, DXJ*=1.

i=1
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Solving the rough transport eq.

Let g € C3 and let X~ be the solution flow to the Rough IVP with Cg vector fields.

Define u,(x) := g(X7*). Then u; € C* uniformly in ¢ and moreover, for s < t the formula us(x) = u:(X;"™) holds.

So

us(x) —u(x) = Ut(XtS’X) — ue(x)
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Solving the rough transport eq.

Let g € C3 and let X~ be the solution flow to the Rough IVP with Cg vector fields.

Define u,(x) := g(X7*). Then u; € C* uniformly in ¢ and moreover, for s < t the formula us(x) = u:(X;"™) holds.

So
us(x) —ug(x) = Ut(XtS’X) — ut(x)
1
= Dus(x) (X" = x) + §D2ut(x)(th’X —x)?+o(|t - s|)
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Solving the rough transport eq.

Let g € C3 and let X~ be the solution flow to the Rough IVP with Cg vector fields.

Define u,(x) := g(X7*). Then u; € C* uniformly in ¢ and moreover, for s < t the formula us(x) = u:(X;"™) holds.

So
us(x) —ug(x) = Ut(XtS’X) — ut(x)
1
= Dus(x) (X" = x) + §D2ut(x)(th’X —x)?+0(]t-s|)
d d
= 2, Duc(Ofi(0)Wae. i) + 3 Dur(x) DF(x)Fi(x)(Wer. i)
i=1 ij
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Solving the rough transport eq.

Let g € C3 and let X~ be the solution flow to the Rough IVP with Cg vector fields.

Define u,(x) := g(X7*). Then u; € C* uniformly in ¢ and moreover, for s < t the formula us(x) = u:(X;"™) holds.

So
us(x) —ug(x) = Ut(XtS’X) — ut(x)
1
= Dus(x) (X" = x) + §D2ut(x)(th’X —x)?+0(]t-s|)
d d
= > Dur(x)f:(x) (W, i) + > Due(x) DF(X)F(X) (W, i)
i=T1 i.j
d
1 ) . .
+5 D, D2ue(0) (Fi(x). () (War. i)(Wer. ) +0(It = s])
ij=1
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Solving the rough transport eq.

Let g € C3 and let X~ be the solution flow to the Rough IVP with Cg vector fields.

Define u,(x) := g(X7*). Then u; € C* uniformly in ¢ and moreover, for s < t the formula us(x) = u:(X;"™) holds.

So
us(x) —ug(x) = Ut(XtS’X) — ut(x)
1
= Dus(x) (X" = x) + §D2ut(x)(th’X —x)?+0(]t-s|)
d d
= > Dur(x)f:(x) (W, i) + > Due(x) DF(X)F(X) (W, i)
i=T1 i.j
d
1 ) . .
+5 D, D2ue(0) (Fi(x). () (War. i)(Wer. ) +0(It = s])
ij=1
d d
= > Tt () Wep, i) + > Tijur(x) (Wi, ij) +0(]t = s]).
i=T1 ij=1
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Solving the rough transport eq.

Also, since Fjus(x) = Du(X;")D X, fi(x) we have
Fius(x) — Niug(x) = DUt(XtS’X)DXtS’Xfi(X) — Dus(x)fi(x)
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Solving the rough transport eq.

Also, since Fjus(x) = Du(X;")D X, fi(x) we have

Mius(x) — Niug(x) = DUt(XtS’X)DXtS’Xfi(X) — Du¢(x)fi(x)
d
= Du(X;)fi(x) — Du(x)fi(x) + Z Du(X;*)DE(X*)F(x)(Wse, j) + O(|t = s|)
=1
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Solving the rough transport eq.

Also, since Fjus(x) = Du(X;")D X, fi(x) we have

Mius(x) — Niug(x) = DUt(XtS’X)DXtS’Xfi(X) — Du¢(x)fi(x)
d
= Du(X;)fi(x) — Du(x)fi(x) + Z Du(X;*)DE(X*)F(x)(Wse, j) + O(|t = s|)
=1

d
= D%u(x) (X2 = x, fi(x)) + Z Due( X )DF(X;™)Fi(x)(Wst, j) +O(|t — s|*)
j=1
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Solving the rough transport eq.

Also, since Fjus(x) = Du(X;")D X, fi(x) we have

Fius(x) — Tiug(x) = DUt(XtS’X)DXtS’Xfi(X) — Dus(x)fi(x)
d
= Duy( X)) fi(x) = Dus(x)fi(x) + Z Dur(XS*)DFfi (X ) 6(x)(Wse, j) +O(]t — s]7)
=1
d
= D%ue(x) (XS = x, fi(x)) + Z Dur(X*)DFfi(XS) (X)Wt j) +O(|t — s]7)

J=1

d d
= > D2u(X)((x), () Wse.j) + > Due(XS*)DE(XT¥)VE(x)(Wsr, j) +O(It = s])
J=1 j=1
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Solving the rough transport eq.

Also, since Fjus(x) = Du(X;")D X, fi(x) we have

Mius(x) — Niug(x) = DUt(XtS’X)DXtS’Xfi(X) — Du¢(x)fi(x)
d
= Du(X;)fi(x) — Du(x)fi(x) + Z Du(X;*)DE(X*)F(x)(Wse, j) + O(|t = s|)
=1

d
= D%u(x) (X2 = x, fi(x)) + Z Due( X )DF(X;™)Fi(x)(Wst, j) +O(|t — s|*)
j=1

d
D%ue(x)(£;(x), fi(x))(Wse, j) + Z Du(X;*)DE(X*)F(x)(Wse, j) + O(|t = s[*)
1 j=1

Me

<
Il

Fjue(X) (Wt /) + O(|t = s[).

M=

.
Il
—
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Solving the rough transport eq.

Also, since Fjus(x) = Du(X;")D X, fi(x) we have
Mius(x) — Niug(x) = DUt(XtS’X)DXtS’Xfi(X) — Du¢(x)fi(x)
d
= Du(X;™)fi(x) = Dus(x)fi(x) + Z Du (X" ) DE (XS F(x)(Wse, j) + O(|t — s]7)
d .
= D?u(x) (X5 = x, fi(x)) + Z Du (X" ) DF(XS™)Fi(x) (Wse, j) + O(|t = s]7)

J=1

d
D%ue(x)(£;(x), fi(x))(Wse, j) + Z Du(X;*)DE(X*)F(x)(Wse, j) + O(|t = s[*)
1 j=1

Me

<
Il

Fjue(X) (Wt /) + O(|t = s[).

M=

.
Il
—

Naturally, t +— [jus(x) isin €.
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Solving the rough transport eq.

Definition (Friz—Hairer 2020)

Lety € (%, %). A function v is a solution to the rough transport equation if

d

d
us(x) = ur(x) = > Tite(X)(Weg, i) + > Tt () (Wat, if) +o(|t = s1),
i=1 1

Ij=

d
Mius(x) = Fue(x) = >~ Tjue(x) (W, j) +O(|t = s|),
j=1
Fijus(x) — Tijus(x) = O([t - s])

Theorem (Friz—Hairer 2020)

Suppose f; € C8, g € C3. There exists a unique solution to the rough transport equation, in the sense of the previous definition.
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General rough paths

Fixy € (0,1) andlet N :== [y~'].
Definition (Gubinelli 2010, Hairer—Kelly 2015)

A controlled rough pathis a path X: [0,T] » R?® (R)®? g ... @ ([R{d)@’(’\’—” such that
VX = (W XN W, V') +O([¢ — s V411D,

[V |<N-|v|

Theorem (Hairer—Kelly 2015; Bellingeri 2019; BDFT 2020)

Let X be controlled by W. The limit
t
T } : } : :
Js XT dWT -— |7!_||TII)O <V, Xa)(Wab, VI>

[a,b]len |v|<N-1
exists. We call it the rough integral of X wrtto W.
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General rough paths

Proposition (BDFT 2020)
Let¢ € CN and X controlled by W. Then ¢(X) is also controlled by W and

|v|
(X)) =D D DX K, (e X)),
k=1

" v=uq - Wug

Theorem (Gubinelli 2010)

Suppose f; € CéV *1. Then there exists a unique solution to the Rough IVP

Theorem (Hairer—Kelly 2015; BDFT 2020)
X is a solution to the Rough IVP if and only if it is controlled with (v, X;”) = F,,(X,”*) and

X:* = ) Fo() (Wt v) +o(|t = s])
lv|<N

where Fy = id and Fj,(x) = DF,(x)fi(x).
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General rough paths

Theorem (BDFT 2020)
Suppose f; € C)'***1. Then the solution flow of the Rough IVP is of class C* and

dD™ XX (y, Z Z DPIF (XY (DBIXhg,, ..., DB X% hg ) dW,/

d
i=1 Pe%(m)

d
ZDf (XD X (B, .. hm) +y]

=1

with initial conditions X;* = x, DX = I and D™ X;"* = 0 form > 2.

Corollary (BDFT 2020)

The partial derivatives 8% X,>* admit the following Davie-type expansion:

X = ) OF(X)(Wsp, v) +0(]t = s).
lv|<N
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General transport eq.

Proposition (BDFT 2020)

For a smooth function¢: R" — R,

vl
Re(0=> = S D) (Fu(X). .. Fu ().
k=1

|
k! v=uqL---Wug

Definition (BDFT 2020)

A function v is a solution to the rough transport equation driven by W if for all words with |v| < N,

Mus(x) = Z Cyvrue (x)(Wst, V/> +O(|t - Sl(NH_lVl)y)-

[V |<N=|v|

Theorem (BDFT 2020)

Letf € C?N*2 and g € CN*1. There exists a unique solution of the rough transport equation in the sense of the previous definition.
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Continuity eq.

Definition (BDFT 2020)

By a solution of the rough continuity equation we mean a path of measures u; such that for every s < t we have

peCd) = > ps(T@)(Wep, v) +O(t = s| V17117,

[V |<N=|v|

uniformly in ¢ € C)'*'.

Theorem (BDFT 2020)

Let f; € C*N*2 and'v a measure on R". There is a unique solution to the continuity equation, in the sense of the previous definition. It
is explicitly given by

() = L $(X°%) v(dx).
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Brace algebras

Let I denote the linear span of decorated rooted trees.
Consider the grafting operator v~: J. For example

ARCRYS \} W

It is well known that (J, v™) is a (right) pre-Lie algebra.

The symmetric algebra S(9) corresponds to forests. Grafting is
extended (Guin—Oudom, 2004) to T ® S(9) recursively:

(T o) T —TA (0" T).

T ot =

Example:

3 24 93 4
2 3 @4
11 n0304:\f +%/4+%/3 +W
1 1 1

Theorem (Guin—Oudom 2004)

This extension turns J into a symmetric brace algebra.

Let £, g: R — R be vector fields. Define f > g := Vf - g.
Then (X, >) is a right pre-Lie algebra. Indeed,

fo(g>h)—(f>g)>h=-D*f(g,h).

Proposition (Chapoton—Livernet 2001)

There is a unique pre-Lie morphism 9 — X such thate +— f;.

Example:

foo = Te1.~e2 = Vhi-h, £

l N

Lemma (Bayer—Friz—T. 2020)

fo1 0203 = D°fi(f,f3)

Letti,..., T, €T ando =o01---0x € S(9). Then

n+k

fB+(T1 “Tp)VNO Z (r - n)|

D D fi(Fepmprs s s )

py=o
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