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Jean-Pierre Kahane

I I checked the bibliography five months ago.
Most of the time I forget to do it.

I I used Google. Google pointed at a paper by
Kahane entitled Sur les fonctions
moyenne-périodiques bornées published in
1957 in Annales de l’Institut Fourier [2].

I To my great shame I had not read this paper
until now.
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Jean-Pierre Kahane

I The issue raised by Kahane in his 1957 paper is
a particular instance of a broader problem:

I Can we infer the spectral properties of a point
set Λ ⊂ Rn from the knowledge of its
arithmetical structure ?

I More precisely Kahane investigated the
structure of discrete sets Λ ⊂ Rn such that
Every mean-periodic function whose spectrum
is contained in Λ is necessarily an almost
periodic function.

I This terminology will be defined later on.
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Jean-Pierre Kahane

I In 1968, I was attacking exactly the same
problem. It paved the way to my construction of
“model sets". I discovered the spectral
properties of model sets. I wrote a book on
these issues (North-Holland (1972) [4]). Today
model sets are used to model quasi-crystals.

I Until very recently I was still unaware of the
existence of Kahane’s paper.
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Roger Penrose

I In 1974 Roger Penrose constructed his famous
pavings. Penrose was unaware of my book.

I De Bruijn proved (March 20, 1980) that the set
Λ of vertices of a particular Penrose paving
(see next page) is a model set.

I Therefore Λ is a solution to the problem raised
by Kahane. Unfortunately Kahane did not know
it.
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Roger Penrose

I De Bruijn was unaware of Kahane’s problem.
He was also unaware of my book where the
theory of model sets was detailed.

I Fortunately Robert Moody understood the
connection between De Bruijn’s interpretation of
Penrose pavings and my previous work.
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Robert Moody and Michael Baake, by
Renate Schmid
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Nicolaas de Bruijn, by Konrad Jacobs
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Daniel Shechtman

I On April 8, 1982, Daniel Shechtman elaborated
some chemical alloys presenting a five-fold
symmetry in their diffraction pattern.

I A mathematical theory explaining such patterns
was elaborated by M. Duneau, D. Gratias, and
A. Katz. These scientists rediscovered my
model sets.
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Universal sampling sets

I In 2010 Basarab Matei and I proved that simple
quasi-crystals are universal sampling sets (this
will be explained).

I This gave a simpler solution to a problem raised
and solved in 2006 by A. Olevskii and
A. Ulanovskii.

I This solution looked quite original.
I Today I am ashamed.
I Let me explain why I am so embarrassed.
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Alexander Olevskii

I Two months ago I dove into a book by
A. Olevskii and A. Ulanovskii entitled Functions
with Disconnected Spectrum.

I Huge surprise: Using a result from this book I
understood that my joint work with Matei was
not original.

I It is an obvious corollary of a theorem which
was proved forty years ago [3].

I This spectacular new proof will be given in this
talk.
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The Unity of Science

I The achievements of Kahane, Penrose, De
Bruijn, Moody, Shechtman, Olevskii, Ulanovskii,
and my contributions fit together like pieces of a
jigsaw puzzle. This global structure was not
immediately understood.

I Using distinct tools we were studying the same
problem at the same time.

I Unfortunately we did not collaborate.
I We were genuinely obeying our inner voices.
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The Institute for the Unity of Science

I Fortunately these inner voices were
communicating in a mysterious way.

I Mathematicians are players of an orchestra
directed by a hidden conductor.

I This is true for the whole of Science. The
pioneers who launched the Institute for the
Unity of Science in 1947 predicted that the
hierarchy between distinct scientific fields
advocated by Auguste Comte would disappear
in modern Science.
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I In his essay on the Institute for the Unity of
Science, Peter Galison described the
revolutionary goals of this organization:

I This Comtian hierarchy is replaced by the
orchestration of different instruments, each
distinct but brought together to accomplish
something bigger than any could do individually.

I Peter Galison, Science in Culture, Daedalus,
1998.
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I Jean Delsarte, Laurent Schwartz, Jean-Pierre
Kahane, Roger Penrose, Nicolaas De Bruijn,
Daniel Shechtman, Robert Moody, Alexander
Olevskii, and Alexander Ulanovskii were playing
a music I had the chance to hear.

I Let us now write the score of this music !
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Organization of the talk

I (a) Almost-periodic functions (Harald Bohr)
I (b) Mean-periodic functions (Jean Delsarte and

Laurent Schwartz)
I (c) Kahane’s problem: almost-periodic versus

mean-periodic
I (d) The new proof.
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Almost-periodic functions

Harald Bohr (1887-1951)
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Eternal return

I The function f (x) = cos(x) + cos(2x/3) of the
real variable x is periodic with period 6π.

I The function g(x) = cos(x) + cos(
√

2x) is not a
periodic function. It is an almost periodic
function. It repeats itself only approximatively
since

√
2 is irrational.
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Eternal return

I Let f be continuous and bounded on Rn and let
ε > 0. Let ‖f‖∞ = supx∈R |f (x)|. An ε almost
period τ of f is defined by

(1) sup
x∈Rn
|f (x − τ)− f (x)| ≤ ε‖f‖∞

I Then f is almost periodic in the sense of Harald
Bohr if for every ε > 0 there exists a T (ε) > 0
such that for every x the ball B(x ,T (ε))
centered at x with radius T (ε) contains an ε
almost period τ of f .
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Eternal return

I An almost periodic function is bounded and
uniformly continuous. The Banach space B of
almost periodic functions is equipped with the
norm supx∈Rn |f (x)| = ‖f‖∞

I Let Λ ⊂ Rn be a discrete collection of points.
I Let BΛ denote the closure for the norm ‖f‖∞ of

the linear space of all trigonometric sums

(2) f (x) =
∑
λ∈Λ

c(λ) exp(2πix · λ)
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Mean periodic functions

I Mean periodic functions are antagonist to
almost periodic functions.

I In the latter case a uniform convergence is
demanded: what will happen in a billion of years
is as relevant as what will happen tomorrow.

I In the case of mean periodic functions the
present is more important than the future.
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Henri Cartan, Jean Delsarte, Simone
and André Weil
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Laurent Schwartz

I Let C(Rn) denote the topological vector space of
all continuous functions on Rn.

I C(Rn) is equipped with the topology T of
uniform convergence on compact sets.

I The topology T is much weaker (less regarding)
than the topology used to define almost periodic
functions.

I Let Λ ⊂ Rn be uniformly discrete:
|λ− λ′| > β > 0, λ 6= λ′, λ, λ′ ∈ Λ.
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functions.

I Let Λ ⊂ Rn be uniformly discrete:
|λ− λ′| > β > 0, λ 6= λ′, λ, λ′ ∈ Λ.
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Laurent Schwartz

I We then denote by CΛ the closure for the
topology T of the collection of trigonometric
sums

∑
λ∈Λ c(λ) exp(2πix · λ).

I We obviously have

BΛ ⊂ CΛ
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Kahane’s program
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This picture belongs to Hans
Feichtinger
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Jean-Pierre Kahane
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Lost opportunities

Instead of working together we had sterile political
disputes.

Y. Meyer Tradition and transmission: The Kahane legacy 37 / 57



Tradition and
transmission:
The Kahane

legacy

Y. Meyer

Jean-Pierre Kahane

I In his 1957 paper Jean-Pierre Kahane proposed
the following definition:

I Definition
A discrete set Λ ⊂ Rn satisfies the property Q(Λ) if
we have CΛ = BΛ.
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Jean-Pierre Kahane

An equivalent definition was given by Kahane in [2]:

Lemma (1)
Q(Λ) holds iff there exists a compact set K and a
constant C such that for every trigonometric sum
f (x) =

∑
λ∈Λ c(λ) exp(2πiλ · x) whose frequencies

belong to Λ we have

(3) ‖f‖∞ ≤ C sup
x∈K
|f (x)|

We then say that Q(K ,Λ) holds.
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Examples

Theorem (1)
Let α > 0 be a real number. Then Λα = −N ∪ αN =
{. . . ,−4, −3, −2, −1, 0, α, 2α, 3α, 4α, · · · }
satisfies Kahane’s Q(Λ) property if and only if α ∈ Q.
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Local structure of mean periodic
functions

I Let Λ ⊂ Rn be uniformly discrete.
I Let CΛ be the corresponding space of mean

periodic functions (closure of trigonometric
sums with frequencies en Λ).

I We investigate the local structure of a function
f ∈ CΛ by restricting it to a compact set K .

I If K is “small" the restriction to K of a function
f ∈ CΛ does not provide enough information to
retrieve f .

I ρ(K ,Λ) denotes the following degeneracy:
I Every continuous function on K is the restriction

to K of a function f ∈ CΛ.
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Local structure of mean periodic
functions

I Example: Λ = Z and K = [0, β] where
0 ≤ β < 1.

I Then every continuous function on K has a
periodic extension f ∈ CΛ.

I It is no longer the case if β ≥ 1.
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Local structure of almost periodic
functions

I Definition
R(Λ,K ) denotes the following property: Every
continuous function g on K is the restriction to K of
an almost periodic function belonging to BΛ

I Obviously R(K ,Λ)⇒ ρ(K ,Λ).
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Sampling on quasi-crystals
I Simple quasi-crystals are defined now. Let

Γ ⊂ Rn × Rm be a lattice. For (x , t) ∈ Rn × Rm,
we write p1(x , t) = x , p2(x , t) = t .

I Let us assume that p1 once restricted to Γ is a
1-1 map with a dense range. The same is
required on p2.

I Definition
Let Q ⊂ Rm be a compact set (a window). Let us
assume that Q is Riemann integrable with a positive
Lebesgue measure. Then the model set ΛQ ⊂ Rn is
defined by

ΛQ = {p1(γ); γ ∈ Γ, p2(γ) ∈ Q}.
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Sampling on quasi-crystals

A model set ΛQ is a simple quasi-crystal if m = 1
and if Q is an interval.
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Universal sampling sets

I We shall prove the following:

I Theorem (2)
Simple quasi-crystals are universal sampling sets.

I Theorem 2 will follow from the two following
lemmata:
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Universal sampling sets
I Lemma (2)

If Λ is a simple model set for every compact set K
we have

(4) |K | < dens Λ⇒ R(K ,Λ)

I Lemma (3)
If Λ is a model set then for every compact sets
K ′, L, K such that

(a) K ′ is contained in the interior of L and
(b) L is contained in the interior of K

we have

(5) R(K ,Λ)⇒ S(∞,L,Λ)⇒ S(2,K ′,Λ)
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Other functional norms

I Property S(p,K ,Λ) is defined now.
I S(p,K ,Λ), 1 ≤ p ≤ ∞, denotes the following

property: Λ is a stable sampling set for PW p
K .

I f ∈ PW p
K means f ∈ Lp(Rn) and f̂ is supported

by K .
I Λ is a stable sampling set for PW p

K iff

(6) ‖f‖p ≤ C(
∑
λ∈Λ

|f (λ)|p)1/p

for every function f ∈ PW p
K .
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Universal sampling sets

I Lemma 2 follows from Beurling’s theorem
together with a result I proved 45 years ago
(details are given in the Appendix).

I The first implication of Lemma 3 was also
proved 45 years ago in [3].

I The second implication is a theorem by Olevskii
and Ulanovskii.
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Appendix

I For proving Lemma 2 we use the fact that Λ is a
simple quasi-crystal. For proving Lemma 3 we
only need that Λ be a model set.

I Let us restate Lemma 3 as a theorem.

I Theorem (3)
If Λ is a model set, if 1 ≤ p ≤ ∞, and if K ′ is
contained in the interior of K then R(K ,Λ) implies
S(p,K ′,Λ).
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Appendix

I Proof: If L is contained in the interior of K we
have R(K ,Λ)⇒ S(∞,L,Λ). This is Proposition
3, page 178, of my 1973 Annals of Mathematics
paper [3].

I On the other hand if K ′ is contained in the
interior of L we have S(∞,L,Λ)⇒ S(2,K ′,Λ).
This is Theorem 3.32 by Olevskii and Ulanovskii
in [5].
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The duality principle

I Let us return to Lemma 2. Lemma 2 follows
from the duality principle of [3] (Proposition 4,
page 181) combined with Beurling’s theorem
(Theorem 5 below).

I If Q ⊂ Rn is a compact set and M ⊂ Rn a
discrete set, property T (Q,M) holds if every
bounded sequence defined on M is the
restriction to M of a bounded function whose
Fourier transform is supported by Q.
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The duality principle

Let us state the duality principle as a theorem.

Theorem (4)
Let ΛQ be a model set defined by a window Q as
above, let Γ∗ denote the dual lattice, and let MK be
the “dual" model set defined by

MK = {p2(γ∗); γ∗ ∈ Γ∗, p1(γ∗) ∈ K}.

Then T (Q,MK ) implies R(K0,ΛQ) whenever K0 is
contained in the interior of K .
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Arne Beurling’s theorem
I When Q is an interval and the upper density of

M is inferior to the length of Q the property
T (Q,M) results from Beurling’s theorem.

I Theorem (5)
Let M = {mk , k ∈ Z}, be an increasing sequence of
real numbers such that

lim
k→+∞

mk = +∞ and lim
k→−∞

mk = −∞.

Let I be an interval. Then the following two
properties are equivalent:

(a) Every bounded sequence ck , k ∈ Z, is the
restriction to M of a bounded function F
belonging to the Bernstein space BI

(b) The length of I exceeds the upper density of M.
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