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My 15 minutes of fame ...
Bergensavisen 29/9:
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My 15 minutes of fame ...
Science, Oct. 15, 2018:
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ARNE RISTESUND

This dizzying labyrinth will host next year’s party for
math'’s ‘Nobel’ prize

By Allyn Jackson | Oct. 9, 2018, 1:10 PM

When mathematician Hans Munthe-Kaas of the University of Bergen in Norway was asked to help
design a new botanical garden for his school, he had absolutely no idea what he could contribute.
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My 15 minutes of fame ...
A Korean Newspaper, Oct. 2018:
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A complete drawing of a labyrinth
L* designed by Professor Hans Muntec.
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Botanical Garden
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Botanical Garden - The Adiabata Project
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Designing a Labyrinth - Inspiration from Nature
1942)

N

@ D’Arcy Thompson :

Fig. 367. Spiral of tho Nautilus.

-A Nummulite, viewed from above, and horizontally bisected.

@ Hermann Weyl : ‘Symmetry’ (1952)
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3 Elements: Honeycombs - Spirals - Symmetries




3 Elements: Honeycombs - Spirals - Symmetries
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Symmetries - Mattesirkelen

EMNE FOR VIDEREGAENDEELEVER

Matematikksirkelen

Gar du pa videregaende og er ekstra interessert i matematikk? Da har vi et flott tilbud til deg. Kurset er pa
universitetsniva og gir 10 studiepoeng.

R

Professor Hans Munthe-Kaas er kursansvarlig for
universitetskurset for VGS-clever. Foto: Antonella Zanna
Munthe-Kaas Opphavstert: Anconella Zanna Munthe-
Kaas

Hans Munthe-Kaas (Univ. of Bergen) Symmetries



Discretre Planar Symmetries - Basic Isometries:
S v ¥8; o8

@ Translation:

@ Rotation:

@ Reflection:

@ Glide reflection: 9
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Discrete Planar Symmetries - Classification

Rosettes (finite symmetries) - Leonardos Theorem:

Cyclic Cp : Dihedral D, :

Friezes (translations 1 dir.)
7 different frieze groups.

Walllpapers (translations 2 dir.) - Fedorov & Schoenflies 1891:
17 different wallpaper groups.
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7 Frieze groups:
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17 Wallpaper groups:
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Orbifold notation (Conway - Thurston)
Elementary symmetries:

@ Kaleidoscope: /N (N-fold rotation on mirror)

@ Gyration: N (N-fold rotation not on mirror)

@ Miracle: x (glide reflection)

@ Wonderring: o (only translations in 2-directions)

” "” “,
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Example: Signature 3x3
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Example: Signature sx

")
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Example: Signature x*x

9

(
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Example: Signature o

s
ot

o
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The Orbifold Shop - The cost of a signature

Shop prices:
Cost ($)
N|on
* [ 1
x |1
o |2
Examples:
2 2
Cost(xx)=1+1=2
Cost(xx)=1+1=2
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The Magic Theorem

Theorem (Conway)
@ All planar symmetries cost 2$.
@ Spherical symmetries cost less than 2$.
@ Hyperbolic symmetries cost more than 2$.

(Almost) all signatures represent uniquely a symmetry group.

Proof: Later!
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The 17 wallpaper groups:

*632 *442 %333 %2222  *x

2x22
* X

4%x2 3x3 22x%
X X

22X

632 442 333 2222 o
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The 17 wallpaper groups:

x632 442 %333 #2222 %

2x22
* X

4%x2 3%3 22x%
X X

22X

632 442 333 2222 o

Arkimedes’ Labyrint

We want:
@ Spirals of symmetry at least 3 in both directions (N > 3 and ).
© Wallpaper symmetry.
© Hexagonal underlying lattice.

The only possibility: 3x3.
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A 4x2 maze:
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Archimedes infinite version 3«3 (Pure Math):
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Adaption to boundaries (Applied Math):
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More difficult versions:

Med noen ekstra stenglser kan den bli vanskelig!
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Spherical Symmetries
Signatures, less than 2$:

%332  *22N  *MN
Nx

* *
3%2  2xN Nx

432 332 22N MN

*532 %432

532

NOTE: M # N is not allowed (geometry).

Signature *532 Signature *332
SunEGES Perler NTNU 2019 23/29
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Hyperbolic symmetries: 4x3 or *«33337?

g qﬁ W
. *
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Proof of Magic Therem (sketch):

Euler Characteristic of Surface:

x=V-E+F
Vertices | Edges | Faces | Euler characteristic:
Name Image
"4 E F V-E+F
Tetrahedron ‘ 4 6 4 2
Hexahedron or cube ‘ 8 12 6 2
Octahedron ‘ 6 12 8 2
Dodecahedron . 20 30 12 2
Icosahedron ‘ 12 30 20 2
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Proof of Magic Therem (sketch):

Euler Characteristic of Surface:
x=V-E+F

@ Sphere: x = 2.

@ Disc: x = 1.

@ Torus: x = 0.

@ Double torus: x = —2.

Hans Munthe-Kaas (Univ. of Bergen) SunEES

Perler NTNU 2019

25/29



Proof of Magic Therem (sketch):

Euler Characteristic of Orbifold (divide by symmetries):

Xo=V/N—E/2+F

3 X X

/\
ININININ/
/\

/N /N /N /N \o=3/6-3/2+1=0.
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Proof of Magic Therem (sketch):
Euler Characteristic of Orbifold (divide by symmetries):

Xo=V/N—E/2+F

3 X X

\/
VAVAVAVAVA

/N /N /N /N o=3/6-3/2+1=0.

Theorem

Xo(Signature) = 2 — Cost(signature)

(this is explained by eamples in the talk)
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Proof of Magic Therem (sketch):

We finally argue that x, = 0 for all planar symmetries and x, < 0 for
the hyperbolic case by scaling argument.

In spherical cases we can use the cost of the signature to compute the
size of the symmetry group, e.g. for «532, we have

chip(x532) =2—-1-4/10-2/6 —1/4 = 1/60.
Since the Euler number for the whole sphere is 2, we have
|G| =2/(1/60) = 120.
A spericial caleidoscope of type %532 projects the entrance window
onto a small stellated dodecahedron, with a mirror line in the middle of

each of the 60 triangles.
(I didn’t have time to explain this properly in the talk).
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And Beyond ...

An interest of mine (for 30 years, on and off):

Caleidoscopic groups (affine Weyl groups) and multivariate Chebyshev
polynomials in approximation theory.

@ Computational aspects.

@ Quadrature rules,

@ Group Fourier Transforms,

@ Spectral Approximations on Simplexes.

(Probably not time for that, sorry!)
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Conway, Burgiel, Goodman-Strauss :
‘The Symmetry of Things’, Taylor and Francis 2008.

http://hans.munthe-kaas.no/protect/Conway
User: abel
Password: lie

Thank you!
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