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Abstract

It follows from the Mean Value Principle that the level set of a harmonic function cannot
contain closed curves. Closed curves can be achieved by adding small arcs. Here it was
found that the length of such arcs seems to decrease exponentially for the real part of
complex polynomials as the degree increases.

1. Introduction

Harmonic functions are of special interest in both pure and applied mathematics.
An interesting property of such (non-trivial) functions is that their level sets never form
closed curves. However, by adding a small arc a closed curve can be achieved as illustrated
in Figure 1. Such geometrical properties were recently investigated by Enciso and Peralta-
Salas [1]. The exact nature of such nearly-closed curves is not known. This paper
examines the behaviour of the level sets of the real part of complex polynomials.

Figure 1: The level set of a harmonic function can approach a closed curve where just a small
arc is missing. Figure from Enciso and Peralta-Salas [1].

First, some general theory of harmonic functions will be revisited. Then the problem
to be studied is more precisely defined.

1.1. Harmonic functions
Definition 1.1. A real-valued function u is said to be harmonic on the open, non-empty
Ω ⊆ Rn if u is two times continuously differentiable on Ω and u fulfils Laplace’s equation,
∇2u = 0, where ∇2 is the well-known Laplacian operator [2].

A studforsk project July 2018



An important property of harmonic functions is the mean-value property, stating that
if u is harmonic on the closure of a ball of radius r centred at a, then u(a) is equal to
its own average over the open ball of radius r and centred at a. This is summarised in
Theorem 1.1.

Theorem 1.1. If u is harmonic on the closure B̄(a, r) = {x ∈ Rn||x−a| ≤ r} of a ball,
B, then the value of u(a) equals the average of u over the boundary of B, ∂B,

u(a) =
∫
∂B

dσ(δ)u(a+ rδ).

Proof. As we are only interested in the complex plane, we will restrict ourselves to n = 2.
The general proof is stated by eg. Axler et al. [2].

Without loss of generality we consider the unit circle B(0, 1). Choose η = log |x| =
log
√
x2 + y2. η diverges at the origin, so consider the exclusion of a small circle Bε =

B(0, ε). Green’s identity states that

0 =
∫
B\Bε

[u∇2η − η∇2u] dV =
∫
∂B

[uDnη − ηDnu] dS −
∫
∂Bε

[uDnη − ηDnu] dS ,

where

Dnη = n̂ · ∇η = [x, y]√
x2 + y2

· [x, y]
x2 + y2 =

{
1, [x, y] ∈ ∂B,
1/ε, [x, y] ∈ ∂Bε,

η(x) =
{

0, x ∈ ∂B,
log |ε|, x ∈ ∂Bε.

From the integral above, it follows that∫
∂B

[uDnη − ηDnu] dS =
∫
∂Bε

[uDnη − ηDnu] dS

which simplifies to ∫
∂B

udS =
∫
∂Bε

[
u

ε
− log |ε| ·Dnu

]
dS .

In the limit ε → 0, ∂Bε has a circumference of 2πε and is approaching the origin so
that u(x)→ u(0), x ∈ ∂Bε. The right hand side integrals become

lim
ε→0

∫
∂Bε

u

ε
dS = 2πu(0),

and
lim
ε→0

∫
∂Bε

log |ε| ·DnudS = 0

as Dnu is bounded and limε→0 ε log |ε| = 0. Hence,

u(0) =
∫
∂B

u
dS
2π .
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A result of this property, is that the level set, as defined in Definition 1.2, of a
harmonic function cannot contain closed curves.

Definition 1.2. A level set of a function f is the set S = {s|f(s) = c} for some fixed
value c.

Theorem 1.2. If f : C→ C is an analytic function, then it satisfy the Cauchy-Riemann
equations,

∂u

∂x
= ∂v

∂y
,

∂v

∂x
= −∂u

∂y
. (1)

Proof. The proof is following the ideas of Kreyszig [3]. If f : C → C is an analytic
function, then there exists a derivative df

dz at each point z, by definition

df
dz = lim

∆z→0

f(z + ∆z)− f(z)
∆z . (2)

Write z = x + iy and ∆z = ∆x + i∆y. Split f into its real and imaginary parts
f(z) = u(z) + iv(z). The limit in (2) can then be expressed as to terms, one for u and
one for v,

df
dz = lim

∆z→0

u(z + ∆z)− u(z)
∆z + i lim

∆z→0

v(z + ∆z)− v(z)
∆z . (3)

Also, the limit can be evaluated in two ways, either by first setting ∆y = 0 and then
evaluating the limit ∆x→ 0, or vice versa.

In the first case, ∆y = 0 implies ∆z = ∆x. By writing u and v as functions of (x, y),
the limits in (3) are recognised as partial derivatives with resect to x,

df
dz = lim

∆x→0

u(x+ ∆x, y)− u(x, y)
∆x + i lim

∆x→0

v(x+ ∆x, y)− v(x, y)
∆x = ∂u

∂x
+ i

∂v

∂x
. (4)

The second case where ∆x = 0 so that ∆z = i∆y is analogue to (4), but with respect
to y,

df
dz = lim

∆y→0

u(x, y + ∆y)− u(x, y)
i∆y + i lim

∆y→0

v(x, y + ∆y)− v(x, y)
i∆y = −i∂u

∂y
+ ∂v

∂y
. (5)

Equating (4) and (5),
∂u

∂x
+ i

∂v

∂x
= ∂v

∂y
− i∂u

∂y
,

yields two equations, one for the real part and one for the imaginary part,

∂u

∂x
= ∂v

∂y
,

∂v

∂x
= −∂u

∂y
,

which are the Cauchy-Riemann equations.

The reverse of Theorem 1.2 can also be shown [3]. In this paper, the real part of
complex polynomials is being studied. It is therefore useful to establish that such a
function is harmonic, as in Corollary 1.2.1.
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Corollary 1.2.1. If f : C→ C is an analytic function, then the real part u = Re{f} is
harmonic.

Proof. By Theorem 1.2, u = Re{f} satisfy the Cauchy-Riemann equations. These can
be combined by differentiating the first equation with respect to x and substitute in the
second equation,

∂u
∂x = ∂v

∂y

∂v
∂x = −∂u∂y

}
∂2u

∂x2 = −∂
2u

∂y2 →
∂2u

∂x2 + ∂2u

∂y2 = ∇2u = 0.

1.2. Problem
As mentioned earlier, the problem to be studied is how close to a closed curve the

level set of a harmonic function can come, or how small an arc has to be added to make
a closed curve. In this paper, the real part of complex polynomials, and its Cesàro
summations, is investigated.

The real part qn(z) of a complex polynomial Pn(z) of degree n is

qn(z) = Re{Pn(z)} = Re


n∑
j=0

ajz
j

, aj ∈ R, z ∈ C. (6)

Since polynomials are analytic functions, it follows from Corollary 1.2.1 that qn is a
harmonic function.

The effect of Cesàro summation is also investigated. Introduce therefore the notation

qmn = 1
n+ 1

n∑
j=0

qm−1
j , m ≥ 1 (7)

and let q0
n be qn defined in (6).

Two sets of coefficients were studied, namely

aj =
{

0, j = 0
1, j ≥ 1

(8)

and
aj = j

n
, j ≥ 0 (9)

where n is the degree of the polynomial. The level sets were found for qmn = c.
By choosing the first set of coefficients and restricting the problem to the unit circle,

qn(z) takes the form,

qn(z) = Re


n∑
j=1

cos jθ + i sin jθ

 =
n∑
j=1

cos jθ = Dn(θ)− 1
2 ,
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where θ is the complex argument of z and Dn(θ) the Dirichlet kernel,

Dn(θ) =
n∑

k=−n
eikθ = 1 + 2

n∑
k=1

cos(kθ).

Thus, there is a close relationship between the polynomial in question and the Dirichlet
kernel, from which it follows that q1

m is similar to the Fejér kernel,

Fn(x) = 1
n+ 1

n∑
k=0

Dk(x) = 1
n+ 1

n∑
k=0

(1 + 2qk).

However, this project will restrict itself to the study of qmn .

2. Method

The polynomials qmn were calculated for a grid zj = xj + iyj with xj ranging from
xmin to xmax, and yj from ymin to ymax, with a distance |xj+1 − xj | = |yj+1 − yj | = dz.

An algorithm was implemented in Matlab using the recursive relations

q0
0 = a0, (10)

q0
n+1 = Re{Pn+1} = q0

n + Re
{
an+1z

n+1} = q0
n + Re{an+1z}Re{zn}, n ≥ 0, (11)

and similarly

qmn+1 = 1
n+ 2

n+1∑
j=0

qm−1
j = 1

n+ 2

( n∑
j=0

qm−1
j + qm−1

n+1

)
= n+ 1
n+ 2q

m−1
n + 1

n+ 2q
m−1
n+1 , m ≥ 1, n ≥ 0. (12)

The code used is given in Appendix A.
Contour plots were made to visually examine the level sets. m and c were chosen

to optimise visual appearance and kept fixed for increasing n. The gap size for the
inner curve was found using Matlabs ’Data Cursor’ and plotted against n. As the
resulting data looked exponential, the data were fitted to an exponential model of the
form g = aebn where g is gap size for fixed x = 1, and a and b parameters to be found.
Adjusted R2s were calculated for the models to assess their goodness-of-fit.
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3. Results

3.1. First set of coe�cients

Contour plots for polynomials with coe�cients of the form

aj =

(
0; j = 0
1; j � 1

(8 revisited)

are shown in Figures 2 and 3.

(a) Fixed degree of polynomial n = 1000. (b) Fixed degree of polynomial n = 4000.

Figure 2: Level sets for a polynomial of form (8) with �xed number of averaging m = 2. Note
that di�erent cs are used in the two plots.

(a) Fixed number of averages m = 2. (b) Fixed degree of polynomial n = 4000.

Figure 3: Level sets for a polynomial of form (8) with c = 80 with varying degree of polynomial
n and number of averaging m.

6



3.2. Second set of coe�cients

Contour plots for polynomials with coe�cients of the form

aj =
j
n

; j � 0 (9 revisited)

for c = � 0:000248 are shown in Figure 4 for varyingms and in Figure 5 for varying n. c
were chosen to maximise the inner curves and still keep them close to closed. Level sets
for di�erent cs are shown in Figure 6.

(a) (b)

Figure 4: Level sets for a polynomial of form (9) for N = 1000, c = � 0:000248, and varying
number of averaging m.

(a) (b)

Figure 5: Level sets for a polynomial of form (9) for m = 2, c = � 0:000248, and varying
degree of the polynomial n.
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(a) (b)

Figure 6: Level sets for a polynomial of form (9) for m = 2, n = 1000 and varying c.

3.3. Exponential model
The inner gap distance was measured for the conditions shown in Figures 8 and 5b.

The results were �tted to an exponential model as described in the Method section.
For the �rst set, a was found to be 0.02128 (95% CI: [0.01856, 0.02399]) andb to be
-0.0008331 (95% CI: [-0.0009774, -0.0006888]). For the second set,a was found to be
0.06044 (95% CI: [-0.03058, 0.1515]) andb to be -0.003694 (95% CI: [-0.01361, 0.00622]).
Adjusted R2 for the models wereR2 = 0 :9956 andR2 = 0 :9776 respectively.

(a) For the �rst set of coe�cients (b) For the second set of coe�cients

Figure 7: Missing arc length (gap size g) shown for increasing polynomial degree n. The gap
sizes were �tted to an exponential curve of the form g = aebn .

4. Discussion

The choice of coe�cients clearly a�ects the shape of the level curves. Coe�cients of
the form of (8) creates quite circular level curves whereas the form of (9) creates more
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