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1. INTRODUCTION
Let M, : 02 — 02 be the operator defined by the additive Hankel matrix

Mp = (pm+n)m,n207

for some sequence p € £2. The operator can then be realised as a Hankel form
H, = (fg,p) on the Hardy space, H*(T), as defined in Section

Nehari |7] proved in 1957 that M, is a bounded operator on ¢? if and only if it
can be generated by a bounded symbol

w(ew) _ aneme’ = Loo(r]r)7
ne”Z

such that

Hy = Hy,  [[Mp|l = 9l oo (ry -
The Lebesgue space, L(T), will be defined in Section

However, in the case defined by the multiplicative Hankel matrix
Mp = (pmn)m,nZl

with the corresponding multiplicative Hankel form in H?(T), the theorem of
Nehari is not generally valid [8]. Here, the infinite polytorus, T, is the infinite
cartesian product T x T x - --.

Let [[Hyl| s, be the Schatten-norm of H,, equal to the {"-norm of the singular
values of the matrix corresponding to the form H,. The form is in the Schatten
class S, if the S,-norm is finite. We also have S, C Sy if x <y

Helson [6] showed that any form belonging to the Schatten class Sy has a
bounded symbol, while Brevig and Perfekt [4] proved that for for every r > rg =
(1 —In7/In4)~! there exist multiplicative Hankel forms in S, without a bounded
symbol. The interesting range is therefore 2 < r < ry.

This report consists of two parts. In the first part we will present an improvement
of the main result in [8] in section [2| by considering L? symbols instead of L
symbols. It is proven that Nehari’s theorem fails for multiplicative Hankel forms
whenever ¢ > 2. It trivially holds for ¢ = 2.

The main part considers a method of looking for counter examples in one dimen-
sion with the ambition of finding a lower bound than ry. The method is described
in Section [3] In order to justify the method, properties of the operators connecting
the Hardy space HP(T¢) and the Bergman space A5(D) are investigated. The main
result here is that Ey : A2(D) — H?(T%), the adjoint of the diagonalisation operator
Dy : H*(T?) — A2(DD), is a contraction if and only if p = 2. This demonstrates that
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one specific approach to the problem does not work. In addition, we will present
numerical results which indicate that rq may be difficult to decrease.

2. HANKEL FORMS ON T¢

Let the torus T¢, where d can be infinite, be defined as
T =TxTx---xT={2€C%:|z]=1for1<j<d}.

Define the Lebesgue space LP(T?) as the Fourier series

f(z) = Z aa 27252 - 290
aeZd
with finite norm
27 27
; ; de dé
P = p = 01 . i0q pil...id
ey = [ 1@ Pamat) = [ e [ e PG G

Here dmg(z) is the product of the normalised Lebesgue arc length measure on T.
Also, the Hardy space H?(T?) is defined as the subspace of LP(T%) consisting of

the functions
f(z) = Z a2y 252 2.
a€eNd

Recall that a Hankel form is defined on H?(T?) by H, = (f9, %) g2(ray for
f.g € H*(T%). We say that H, has a bounded symbol if there exist ¢ € L>(T%)
such that H, = Hy. Let us also introduce the notion L? symbol and say H, has
a L7 symbol if there exist ¢ € LI(T¢) such that H, = Hy. Clearly, the definition
of a L% symbol coincides with that of a bounded symbol if we let ¢ — oco. Also,
L*(T4) C LY(T?) for all z > y. Therefore, decreasing ¢ means allowing symbols
from a larger space.

If every H, in S, (H*(T*>) x H?(T*)) has a L? symbol, then the argument of
[4] yields that every H, in S,(H?(T¢) x H?(T¢)) has a symbol L? symbol 1 with

||¢||Lq(1rd) < ||H50H3T(H2(Td)xH2(Td))

for every 1 < d < oc.
From the Hahn-Banach theorem we know that such v exist if and only if

(1) o € (HP(TY)"
with

11
(2) St =1 and 6y = 12l rn ey

Here, (H?(T9))* denotes the dual space consisting of functionals on H?(T>) with
norm
ol = s [(f, ¢) 2 (T |
P ) N 7o oy
In conclusion, if there exist polynomials f and ¢, both depending on the first d
complex variables z1, 29, ..., 24, such that

(3) >
||H<P||ST(H2(Td)><H2(']I‘d)) ||H<P||ST(H2(Td)><H2(']I‘d)) Hf”Hp(’]Id)

we prove the existence of a multiplicative Hankel form H, € S,.(H?(T>) x H?(T>))
without a bounded symbol.

||<P||(Hp(1rd))* > I(f <P>H2(1rd)|

>1,
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2.1. Bounded forms without a symbol in L?(T*). In [4] the multiplicative
Hankel forms have been in the Schatten classes S,.(H?(T¢) x H?(T?)) and the
bounded symbols in L>°(T4). It has proven difficult to find an example to decrease
the value of 7y obtained by ¢ = 21 + -+ - + 24 in [4]. Another approach is to allow
symbols from a larger space. Therefore, we will now allow all bounded forms, that
is H, € Soo(H*(T?) x H*(T?)) since the S-norm is the standard operator norm,
and look for symbols in the space L?(T4).
If g =2 and H, € Soo(H?*(T?) x H?(T?)), then clearly for 1 <d < oo

|<f9,80>H2(Td)|
[ Hy|l =||Hpll=  sup
PSS (H?(T4)x H2(T?)) ® f,g€H2(T4) ||fHH2('1Td) ||g||H2(Td)
> sup [(f, ©) 219y
rerzray | fllge (e

= ||<PH(H2(W))* )
by choosing g(z) = 1. Therefore any form in So.(H?(T?) x H?(T¢)) has a symbol
in H9(T?) C L9(T%) C L*(TY) for ¢ < 2.
Theorem 1. Fix ¢ > 2. Then there exist multiplicative Hankel forms H, €
Soo (H?(T>®) x H?(T*®)) without a symbol in LI(T>).

Proof. Define the function f(z1,22) = 21 + 22, and let ¢ = f.

We get [(f, ) |lu2(rey = 2 and [|Hylls_ g2 rayx 2 (ray) = V2 [4]. By @) if ¢ > 2
then p < 2. Thus, we need only to prove that Hf||1;1p(T2) is less than 2P/2 to have
the contradiction (3).

1 27 27 ; ;
\Ifll’;,p(w)zw/o /O e + €02 |Pdg; dh,

1 2 27 )
BNCTSE / / |1+ €020 Pdp, dg,
0 0

(4) om
1 2 | o2 q\P/2
=5 (14 cos)* +sin® 9)" "dv
T Jo
2P 27 9 2230 T 1
= — |cos (7)|pd§:w,
27 Jo 2 VA D(z+1)

where I' is the gamma function and p = 2z. It is equivalent to prove that
1
(5) g(z) ::xln2+lnF($+§)—lnF(x+1)—lnﬁ<0,

for 2 < 2 < 1. We have g(1) = 0, and with ¢(z) := L InT(z), the digamma

function, the derivative becomes

oy 1y _n =/ 1 1
g@) =tm2+y(o+3) w($+1)_12+,;(k+x k+m+§)

oo

1 1
:1n2—f§ ,
2~ (k+z)k+z—13)

which is clearly an increasing function. Inserting z = % gives

/ 1 1 /
— — <

|~
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by use of the integer and half integer argument relations for the digamma function.
Therefore g(z) is evidently strictly increasing for % < z < 1, and we have proved
the strict inequality . O

This result constitutes an improvement on the main result in [8].

3. HANKEL FORMS IN D

Let the Bergman space Af(D) be the closure of polynomials g, in the norm

9y 2= 5 [ law)P(d =11 = ul)*-*aAw).

where dA(w) is the Lebesgue area measure, d > 2. A computation shows that

oo

a; . j+d—1
IIQIIiz(DFZlJ'-» Cd(J):Z( . >

= cald) j

and a; are the coeflicients of g.
Introduce the operators defined as

Dg: HP(T?) — ABD), (Daf)(w) = f(w,w,...,w),

- a; ap o a
Eq: A5(D) — HP(TY),  (Eag)(21,....2d) = »_ —2 S Atz

j=0 Cd(‘y) ai+...+tag=j

Then Dy and Ey are bounded operators [5].
Consider @q(w) = wd. We want to calculate the dual norm

leal I/, <Pd>A§(D)|
d 1 . = TR TEE—
Aa®D™ L Ay 111 Az ()
Calculation with f(w) = 3 ajw’ gives, by orthogonality, that
Jj=0

dA
(f,pa)azm) = a1d/D lw|?(d —1)(1 — |w|2)d—2# =ay,

since ¢q(1) = d. From the triangle inequality we get

1 2m ) . 1 2m .
ar=— f(re®)eds = |ay|r < */ |f(re®)|de.
27T 0 271— 0

Now, multiplication with 2r(d — 1)(1 — |w|?)¢~2 and integration from 0 to 1 yields

1
ol [ 2@ = 1)1 = )2 < Lo

The dual norm becomes

loall s [(f, a) a2y sp |aq | I'(d+1/2)
d 1 * — T = )
A" o) /1] a2 () rear®) 1flaywy — T(3/2)T(d)

and by choosing f = a;w we obtain equality, proving that the norm is indeed the
upper bound on the right hand side.
We find that

1
1Hoa s, (a3 0) a0y = 27V
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By Stirling’s formula we get

||<Pd||(A1(]D>))* 2
(6) lim 4 = -7
00 [Heulls, (azmyxazmy 27V

and rearranging shows that this is greater than 1 for r > rg = (1 — In7/In4)~1.
This is the exact same value ry obtained from the counterexample in two dimen-

sions by Brevig and Perfekt [4]. It is also clear that their example p(2) = 214 424

is equal to (Eqpq)(z). This observation leads us to investigate this relationship.
We know (from [3|, Lemma 5) that

[(Eapa; Eapa) iz rayl d
||Ed<Pd||H1(1rd) ||Ed<PdHH1(Td)
For d = 2 we get from equation that

| Eagall (g1 (payy- =

T 3
I E202l (11 (m2)) = 5757 o2l Ay o))« -
For d = 3 we get by a result in [2] that

3 (1) s ()] 7 1

|Bsiall s royy- = 3]

167t \3) " 4 xt \3
In addition the central limit theorem [4] gives us
N Eagall(gr(pay. Vd 2
lim —mMmM—— = lim ——— = —,
d—oo Vd d=oo |Eqpall gapay VT

so by (@), [ Eaall g1 (pay)- and ||‘Pd||(A}1(D))* are equal in the limit d — oco. It is
therefore fair to assume that

(7) IEall (g1 (ayy = Ml a1 oy

holds for all ;. Whether it holds for all ¢ is interesting and would have desirable
consequences for those looking for H, € S, (H?(T>) x H?(T*)) without a bounded
symbol for r < rg.

The following is known.

Lemma 1. ||H¢HST(A§(D)XA3(D)) = ||HEd<P||ST(H2('JI“1)><H2(T‘1))'

Proof. From Lemma 19 in [1] we have that all singular values of H, and Hpg,, are
equal, and the statement of the lemma follows immediately. ([

Therefore, if we assume (7)) for all ¢ with H, € S,(A3(D) x A%(D)) we get

HEd‘PH(Hl(Td))* S ||€0||(A;(ID>))*

1 Eaells, a2 craycmzerayy — 1Hells,(a3m)x(azm))
Thus if we can find such ¢ and f € A}(D) satisfying
I(f, <P>A§(D)|

> 1
Hells, (az0)x (a30)) 1 a3y

(8)

we would get the contradiction , proving that there are Hg,, € S,.(H?(T¢) x
H?(T%)) without a bounded symbol. In this case looking for counterexamples in
one dimension would make sense, especially because it is significantly easier.
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3.1. Numerical estimates. Even though ([7) is not proven we can look for one
dimensional polynomials ¢ and f satisfying (8) in order to guess polynomials to
test in . This makes sense since calculations are significantly simpler in one

dimension.
J 2J—1

However, numerical estimation with p(w) = Y p;w/ and f(w) = > a;w’ for
i=0 i=0
J < 6, random coefficients and 2 < d < 100 gave no immediate results with the

inequality satisfied for r < rg. This, despite the fact that the estimate for
”50“(,4:}(]1))))* done by

[(f, ) a2y

el ay oy =
a ”fHA}i(]D))

for random polynomials f, quickly converged to a value, which can fairly be assumed
close to the actual value.

In conclusion, it proved difficult, with the method used, to find other polynomials
than f(w) = ¢(w) = w satisfying the inequality giving the sought contradiction
r < ro. This might indicate that if such polynomials in fact exist, they might in
some sense be special. A numerical optimisation approach could be interesting and
definitely possible because of the smoothness of the norms.

3.2. Operator norms. Let ||Eq4l|, be the norm of Ey : Ay(D) — HP(T?) and
similarly for || Dq||,,. Deciding the norms of the operators Dy and Eq might help to
establish . That D4 has norm 1 when p = 2 is easily proved by use of the Cauchy-
Schwarz inequality [1]. It follows that Dy is a contraction for all even integers p,
and that Eq has norm 1 for p = 2. It is also known that for p <2, || Dgf, > 1 [1].

It is easily proven that D, and F,; are adjoint operators for p = 2 and that
Dy o Ey, is the identity operator. Therefore we get

I(f, Ea®) g2 (T4)] < (Eag, Ea®) m2(14)|

| Eaell (g1 (rayy- = sup
BT remerey N lg cpay geai®) 1 Eagll gr(ray

(g, <P>A3(D)|

gear) [1Eagll ax )

1
= ||EdH1 ||<p||(Aé(]D)))* .

Thus, if ||[E4||; = 1 we have proven (7). This observation leads us to attempt to
determine the operator norms of Dy and Fj.

Numerical estimation of the norms, with up to fifth degree polynomials for g(w)
and (Dgf)(w), suggests the following conjectures

[Dall, =1, p>2 and |E4,>1, p#2
The last conjecture is proven in the following Theorem.
Theorem 2. If p # 2 then ||Eql|, > 1.
Proof. We will make use of the following binomial expansion, valid for |z| < 1,

) aeape=y (V)

i=o
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Consider the function g(w) = 1 + Aw, with A\ < 1. We get (with (9)) that

)
1 1 27 ‘
loWazo) = 7 L Are?1P(d = 1)(1 = 12)"2rdgdr
¢ o Jo
2 1
2 ; .
(P/ ) 27 -2(d — 1)/ T23+1(1 _ r2)d—2dr
J 0

(p/2) e

=1+ (§)2$>\2+ (p/Z(p/;_ 1))2d(d2+ 1)/\4+O(>\6).

Note that p/2 — 1 = 0 if and only if p = 2. The other norm becomes (by orthogo-
nality)

11Me 10 2

d p
||Edg||11)—]p(’]1‘d) = /’er 1+ /\d_1 Z Zk dmd(z)
k=1
o'} 2 d J 2
_ Z (p/'2> A2 2 (sz> dma(2)
=0 N J k=1
0 p/2 2 . d j 2
:Z< _ ) A2 =2 (sz)
j=0 J k=1 H2(T4)

The H?-norm reduces, again by orthogonality, to the sum of the squared coefficients,
so for j = 2 we get

d 2112
(=)
k=1 H2(T?)

The norm then becomes

g 2dp? 1 (p/QQ”“Z"1))2d—4d(2d-1)A4-+<9(A6y

d 2

d d
Zz%—i—QZ Z 2k2]

k=1 k=11=k+1

H2(T4)
(d—1)d

= d(1)+—,

(22) = d(2d — 1).

HEdgHHp(Td =1+

2 2
Since od 1 )
T > m, when d > 1,
by letting A — 0, we can conclude that E, is a contraction only for p = 2. [

This result does not disprove , but for now we are unable to prove that
inequality.
Defining the operator
Td = Ed 9 Dd
we see that TyTy; = T4 and Ty is self-adjoint for p = 2 so || T4|l, = 1. We will also
look into the properties of this norm for various p.
Numerical computation indicates that

IT|l,=1, p>2 and |T],>1, p<2.
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Applying T' to the function

f(z1,22) = 14 Ai(21 + 22) + A2z122

should, according to the numerical calculations, provide an example proving ||| » >
1 for p < 2. This should also be the case for coefficients such that 2A; + A < 1,
allowing the use of @ Still, the exact calculation is tedious and, as far as we know,
of little significance. It is therefore not performed.
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