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1 Introduction

The Camassa—Holm equation

Up — Ugpt + 2KU; + FUUL — 2UpUpy — Ulgry =0, K >0
models propagation of unidirectional gravitational waves in shallow water. In the equation
u represents the fluid velocity. Some of the interesting properties of the Camasa—Holm
equation are that it is completely integrable and experiences wave breaking in finite time for
a large class of initial data [1]. In the special case when k = 0, that is,
Ut — Uggt + Suuz - 2uzua:a: — UWlggy = 07 (1)

the equation admits solutions of the form

u(t,z) = Zpi(t)e_‘x_‘h'(t”’ (2)

which are called multipeakons [2]. When looking for solutions of this form, one should expect
to find only local solutions. In general, a solution is no longer unique after a wave break
occurs.

The goal of this project was to investigate four-peakon solutions of (1), that is, solutions of
the form

u(t,z) = p (t)€7|33*‘11(t)| + pQ(t)€*|I*Q2(t)| + pg(t)efleqs(t)\ +p4(t)€f|qu4(t)\’
@(t) < @t) <gs(t) <aqlt), t=0,

satisfying the following restriction on the initial condition

(0,2) {: 0, € [q2(0),q3(0)]
’ #0, 2 ¢ [g(0),¢3(0)]

=)



Even though condition (3) is very specific, it resulted in computations too demanding for
the scope of this project. In order to simplify the problem further, another assumption was
added to the initial condition: that it must be antisymmetric.

u(0,z) = u(0, —z), for all x. (4)
This assumption leads to
d d
%u«) x) = —EU(O, ).

Assuming that p;(0) # 0 for i = 1,2,3,4, we have that —u(O x) is undefined if and only if
z € {q:1(0),2(0), ¢3(0),¢4(0)}. Using our assumption that ¢;(0) < ¢2(0) < ¢3(0) < q4(0) we
must have that ¢;(0) = —q4(0) and ¢2(0) = —¢3(0). Inserting this into (4) we also get that
p1(0) = —p4(0) and p2(0) = —p3(0). In summary we get

¢1(0) = —q4(0) p1(0) = —p4(0) (5)
32(0) = —q3(0) p2(0) = —p3(0)

This assumption simplifies the computations significantly. It can also be shown that an
antisymmetric initial condition always results in a solution which is antisymmetric for all
values of ¢.

2 Computations

2.1 Initial condition
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Figure 1: Example of an initial condition which satisfies (3) and (5).

We are looking for the set of all initial conditions that satisfy (3) and (5). Let ¢ =



u(0,¢1(0)) be the height of the leftmost peak. Then we have
u(0, ¢1(0)) = p1(0) +p2(0)6q1(0)—q2(0) _ p2(0)€q1(0)+q2(0) _ pl(O)equ(t) =,
u(0,¢2(0)) = p1(0)e™ V== 4y (0) — pa(0)e*= — py (0)e OO = 0.
This can be rewritten as

M (O)eq1(0)(€fq1(0) _ eCIl(O)) +p2<0>eth(0)(€fq2(0) _ eqz(o)) =c, (6)
Iy (0)eq1(0)(€*q2(0) _ eqz(O)) + p2(0>eq2(0)(€*q2(0) _ eqz(O)) =0. (7)

First we determine p;(0). Therefore multiply (6) with e®2(®) and (7) with e#(®). Taking the
difference yields

e®20) . (6) — @ . (7)
= p1(0)enOFa0)(=al) _ ca©)) _y, (0)e200)(g=2(0) _ (@(0))

= ce®©),
After solving for p;(0) and simplifying we get
P (0) — ce22(0) (GQQ(O) _ 62(11(0)—!12(0))_1' (8)

Similarly, we determine py(0). Multiply (6) with (e~ — ¢®(0) and (7) with
(em0() — ¢a(0) Taking the difference yields
(efqz(o) _ eqz(O)) - (6) — (eﬂn(o) _ eql(O)) -(7)
— pQ(O)eql(O)(e_QQ(O) _ 6(12(0))2 _ pQ(O)qu(O)(e_qZ(O) _ eq2(0))(e—q1(0) _ 6(11(0))
— C<e—q2(0) _ 6(12(0))'

After solving for p,(0) and simplifying we get

p2(0) = C(eq1<o)—q2<0) _ 0)-n (0))_1. o

Now we introduce the restriction given in (3). Suppose ¢2(0) < & < —g2(0). Then we have
that

u(0, ) = pl(o)em(o)ﬂ + p2(0)€q2(0)71 - p2(0)eq2(0)+$ - p1(0)€q1(0)+2 =0,
which implies that
d

d—u(O, x) = —p1(0)6q1(0)_w — ]92(0)6‘12(0)—5C _p2(0)6q2(0)+$ _ p1(0)6q1(0)+z —0,
x

TV 4 ~ TV -
=0 =0

(since the first part and the second part are linearly independent, they must both be zero).
After multiplying the first part by e we obtain

p1(0)e™® + pa(0)e™® = 0. (10)
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Now we insert conditions (8) and (9) into (10) and obtain

0 = cen©@+20) ((20) _ 200-20)) 7! 4 (20) ((n0-20) _ 0)-a0)"!

ce®(0) ce®(©)

T e2(0-1(0) — oq1(0)—q2(0)  £q2(0)—q1(0) — ¢q1(0)—g2(0) "

This means that once c is fixed, then ¢;(0) < g2(0) can be chosen freely, however p;(0) and
p2(0) are fully determined by this choice.

2.2 System of equations

It can be shown that any multipeakon solution must satisfy the following system of ODEs

[5]:
Gi = ije_“h_(ﬂ"
j=1
pi=Y_ pipjsgn(i — j)e %
j=1

In our case, the above system reduces to

G1 = p1 + poe” TR — ppelatal _ p e~ Pal (11)
Go = pre” 1270 4 py — ppe PPl — pelntel (12)
P = _p1p26—\QQ—q1| +p1p26_|q1+q2‘ +p%6—|2¢h| (13)
P2 = prpae” 072l 4 plem Pl g p pemlatel (14)

From this point on we will be working with this system.

2.3 Outer peakons

In this section we investigate the behaviour of the two outer peakons in our initial condition
(positioned at q;(t) and g4(t) respectively). In more precise terms, we will be looking at the
relationship bewteen p; and ¢;. We start by computing

Gy = pi+ ?1p2€7|qrq2‘ — pippe”lntel _ 220l
1
= p% — P1-
Regrouping the terms we get ' '
Py
N



Introducing v = 1/p;, we obtain

U —qv=—1. (15)
After multiplying (15) by e” % we get,
ve N — q'lve—!h — _6—9‘(17
d
% (Ue—th) = —e 0
1 t
ve = —e 1 = —/ e dr + B,
P1 0

where F is some constant. Solving for p; we conclude with

o fot e-a(dr + B

pi(t) (16)

2.4 Inner peakons

In this section we consider the two inner peakons (positioned at go(t) and g3(t) respectively).
We start by rewriting (11) to the form

p2(e—fI2 _ eqz) — qle—ql +p1(6q1 _ e—lh)' (17)

We compute the derivative of the left hand side, and using (14) we obtain

d
%(pg(e_‘h _ 6(12)) — _pg(e—% _ 6!12)'

Using (17) we conclude that

Caplem =) (e 4 (et — ™))
pz(e—tn — 6‘12) B qle_lh + D1 (elIl _ G_ql)
and q q q
R N
¢ = sinh™? <_q1€ (et —e >) .
2po
2.5 Ansatz

Notice that at this point we have that p;, ps and ¢ are all expressed in terms of ¢;. This
means that having a suitable ansatz for ¢;, the problem would be solved. From [3] one knows
that in the antisymmetric case ¢;(t) takes the form

@(t) = —In(f(t)) where f(t) = Ae™ + Be" 4 Ce + De™. (18)

Unfortunately the above ansatz contains 8 unknowns which should be determined by 4
equations uniquely if p1(0), p2(0), ¢1(0) and ¢2(0) are given. This is an impossible task.
Thus one has to find a possibility to reduce the number of unknowns by 4 by having an in
depth look at [3].



The setting in [3]. The equation considered in [3] is given by

1
Uy — thxx + 3vv, — §vaa:ac - Zvva}xw =0, (19)

which is quite similar to the CH equation. Denote by v(t, x) solutions to (19) and by (¢, x)
solutions of the CH equation. Then the relation between those is given by

u(t,z) = V2v (%t %$) . (20)

In [3] solutions of the following form are constructed

E :mj —2|:c x; t)\

According to (20) the multipeakons of the CH equation are then given by

1 « 1 ol (L
u(t,z) = Ezmj (Et> o237 (50
j=1

On the other hand, we represented them by

ij —|z—q;(t

Hence we must have

The antisymmetric 2 peakon case. In this case we must have that ¢;(t) = —ga(?)
and p;(t) = —pa(t). So let’s have a quick look at what this means in terms of the functions
in [3]:

pi(t) = —pa(t) & mu(t) = —ma(?t)
at)=—q@@l) & x1(t)=—22()

The hard part is to determine how these functions are defined. Given A\; and Ay one defines

e 21 1
a;j(t) = a;(0)e % =aje ¥ where ay = 5 and Ao =0

and subsequently

Ap = Z(—Aj)kaj. (21)



In addition,
Al ... determinant of the k x k matrix whose (i, 7) entry is A; ;. o

and one defines A}, = 1. Then one can represent x,(t) and z(t) as follows

1. [2A9 1. (279

Here A) = A) —1A2 | (We don’t have to worry about the factor 3 in front since it is going
to cancel out.) So lets compute these terms

e A% =1 according to the definition

e A? = A, since the corresponding 1 x 1 matrix is given by (As)

Al = A, since the corresponding 1 x 1 matrix is given by (A;)

A} = A A3 — A2 since the corresponding 2 X 2 matrix is given by (A1 A2)

AY = AygA, — A? since the corresponding 2 X 2 matrix is given by (AO Al)
o AJ=A)— 1A= AgA, — A2 - 14,
Combining (25) and (22) leads to

_ 1200 = A an(fas(t)
21(t) = 5 In ( Atai(t) + Aaa(t)

) and xQ(t):%ln(Q(al(t)—l—ag(t))), (23)

Similar considerations yield that

mi(t) = 22251 _ 9
A%A% )\1)\2(/\1@1 (t) + /\Qag(t))

and oo
2A7A t t
mg(t) _ 11 10 -9 a’l( >+a2< ) ‘
AIAO )\1@1 (t) + )\2@2@)

2t

Recall that \; # A2 and that a;(t) = aje . Then my(t) = —mo(t) is equivalent with

1
)\1611 (t) -+ )\2 (t)

()\1)\2(&1(1?) + CLQ(t)) + )\%al(t) — )\%CLQ(t)) =0

If this should be true for all ¢, then this means that the second term on the left hand side
must equal zero, which yields

)\1()\1 + )\2)&1(t) = —)\2()\1 + )\Q)ag(t).
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Due to the fact that Ay # Ay and the definitions of a;(¢) and ay(t), this can only be true for
all ¢ if
)\1 = —)\2.

Reducing the number of unknowns from 4 to 3. The final step is to reduce from 3 to 2
unknowns. Now 1 (t) — x5(t) is equivalent with

16a1(t)a2(t) =1= 16@1@2

and hence

Thus we have for z;(t) that

() = —% In (2(ar (£) + as(t))

1 _2t 2t
= —§1n(2(a16 M+ ager)

1 2t
= —éln(2(ale A

(L @ae ¥ ¢ L ei
= —— —_ 1 _— 1),
5 11(2( aje M + ale )

Recalling that ¢, (t) = 2x1(\/i§t) finally yields that in this case, one would have to choose that

cdt

ft) = —ln(%(ce_dt +- ).

(&

The antisymmetric 4 peakon case. In this case we must have

G(t) = —qu(t) <  z(t) = —24(t) (24a)
@(t) = —g(t) & x2(t) = —x3(t) (24b)
pi(t) = —pa(t) & my(t) = —my(t) (24c)
pa(t) = —ps(t) & ma(t) = —ms(t). (24d)

The hard part is to determine how these functions are defined. Given \; and Ay one defines

o 21 1
a;j(t) =a;(0)e ¥ =aje ¥ where gy = 3 and Ao =0

and subsequently

In addition,

Al ... determinant of the k x k matrix whose (i, j) entry is A; ;. o
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and one defines A}, = 1. Then one can represent z;(t) to x4(t) as follows

1. (2A9 1. (2A)9

1. (2A9 1. [2A9

Here A = A) — A2 . For my(t) til my(t) we have

2A9A2 2A9A3

t — t fr—
my (t) AIAL mo(t) AlAL
2AIN2 2AY A2
TI’L3(t) _ 2=—1 _ 1—=0

o t) = .
aar M0 T A

Note that x4(t) is of the form 24(t) = 3 In(2(ai(t) + az(t) + as(t) + a4(t))), which leads
directly to (18), the ansatz for the CH equation. Thus the final task is to reduce the number
of unknowns in (18) to 4 with the help of (24). This should be possible by following the
same lines as in the 2 peakon case. However the computations are much more involved and
several tries led to different results, which is why the project stopped at this point.
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