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Abstract

Let n be a positive integer. Denote by Q(n) the number of prime divisors of n

counting multiplicities. We propose to estimate the size of

N
Z erQ(n) (1)
n=1

for large N when r is a fixed real number and r > log 2.

1. Introduction

Background. This problem is nicely solved for 0 < r < log2. The solution can
for example be found in a book written by Gerald Tenenbaunﬂ Looking at this
result it can easily be observed that for any r , 0 < r < log 2 and large N there

exists a constant C' = C(r) such that

N
Z erQ(n)

lim —2=L 1. 2
Neo ON(log N)e'—1 @)

Theorem 1. For every real number r > log2 there exists a constant C' = C(r)

such that for any positive integer N

N
erLlog N/log2]| < Z 6TQ(T7,) < CerLlog N/log2]| ) (3)

n=1
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Theorem 2. If r = log 2, then for any constant C' there exist a positive integer

N such that
N

Z 2Q(n) > 2 |log N/log 2| ) (4)

n=1
Related problems. This problem is closely related to the corresponding prob-
lem for w(n) where w(n) is the number of prime divisors of n not counting
multiplicities. This problem is also related to the following classical result:
Let d(n) be the number of divisors of the positive integer n. Then for a fixed

real number r
N

21 (d(n))"
N N (log N2 T~ (5)
2. Proof
Theorem 1.

Main idea. For every positive integer N, let ky be an integer such that 2Fv <
N < 288+l and Fy(m) be the number of integers n < N such that Q(n) =
ky —m. What is needed to be proven now is that the following sums have a

constant upper bound for every real number 7.

N ’I“Q (n) kn r(kn—m) kn F (
_ v (m)
Z:l erkn Z FN erkN - ZO erm - (6)

Let P; be the ¢ — th prime number. For any positive integer m and real
number ¢, 0 < € < 1, Tt is obvious that there is a positive integer z(e) < 21/¢

such that

Py —e P+1 —€
- < Pl=¢ and yT > P, (7)

for any integer y > x. Now let B(m,¢) be the number of positive integers

) .
=11 Pfl such that

i=1
z—1 2P1—E
1—e < <2 7 ﬁl)zm 8
QI (E ®

Put € = 2 H (2P
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Lemma 1. For any real number [ > 1, there is a positive real number €y < 1

and a constant D = D(;) such that for any integer m > 0

Bnd < p. )

Proof. We can rewrite Inequality [§] in the following way

o) x—1 %—s
[P < (2m <2]] (Pil)ﬁf‘) = A. (10)

i=x i=1

For fixed f;, B2, ..., Bz—1, look at the left hand side of the inequality. There is a
positive integer less than or equal to A, which is not divisible by any of the prime
numbers Pj, Py, ..., P,_1. The number of such integers is a portion ¢ < 1 of all
integers less than or equal to A, and this is ¢A. Now sum A over all possible
values of 8 for §;, B2, ..., Bz—1. This will be an upper bound for B(m,¢).

Blm,e)<qg Y > o > (Qm X 21:[ (Pil)ﬁ")“. (11)

B1=0 B2=0 Be—1=0 =1

These are x — 1 geometric series which all are convergent because for any

integeri21$%<1andi>0.

Notice: ¢ < 1
r—1 1
m 1 m
:>B(m,€)S2l_€ XQE HT:DEE)Qﬁ’ (12)
i=1 1 — (m)
x—1
where DES) = o7 11 ﬁ is a constant only dependent on e.
i=1 1—(52-)'°
i1
Sincel>1é0<1f% < 1. Now for any [ > 1 put ¢ :17%. Then
1
212;5 =1 and
B(m,e) D27 ’ 2 \" / ’
2lm < 2lm =D 21 =De= D(l_%) - D(l)’ (13)

and the conjecture in this lemma is proven. B

Lemma 2. For any integer N and real number [ > 1, there exists a constant
D = D such that for any integer m > 0

Fn(m)
2lm

< D. (14)



Proof. The size of Fy(m) should be estimated. The smallest integer n such
that Q(n) = kx —m is n; = 2"¥=™_ Now in order to make some other integers
n which satisfy the condition Q(n) = ky — m, some 2 — factors of n; may be
replaced by some other prime factors. This means that n; may be multiplied
by (%)ﬂ for some prime number P > 2 and some positive integer 5 < ky — m.
This means that new n’s can be made by multiplying n; by a number of the
form ﬁ (%)ﬁi, where some (;’s are nonzero. Now Fy(m) is the number of
integgr:sln < N satisfying (n) = ky — m, which means that n; can not be
multiplied by a number bigger than 2 x 2™, because if so, n > n; x 2m+! =
2kn+1l > N, In addition, it is obvious that by multiplying n; by a number
of the form ]o_o[ (%)ﬁi, all n’s satisfying the requested condition are covered.
Therefore loéﬁng away from all the conditions for integers §;, an upper bound
for Fy(m) will be the number of numbers of the form ]o_o[ (%)B’?, which satisfy
the condition -

S

H(’T“)Bi <2x 2™, (15)

i=1

Now compare F(m) and B(m,€) for any ¢, 0 <e < 1. Inequality can be

rewritten in the following way.

LF =N VNN
1= m 7 —€ m
P ——— 1g2><2 :>(H<2 ) )( ,(Pi ) )§2><2 . (16)

=1 =

Fy(m) = #b where #b is the number of vectors b = (81, B2, ...) which satisfy
Inequality For all 8;’s the corresponding base in Inequality is less than
or equal to the corresponding base in Inequality by Assumption [7] This
means that all the vectors b that satisfy Inequality also satisfy Inequality
Therefore Fy(m) = #b < B(m, ) for any ¢, 0 < ¢ < 1. Now the conjecture

in this lemma is proven by Lemma 1.

Fy(m) _ B(m,e)
9lm olm

<Dg.m (17)

sl
Now put | = *25— in Lemma 2.
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Notice: r > log2=1>1

FN(m) o FN(m)
oim — Jerm.Jam

where ' = E, is a constant only dependent on r

FN(m)
Jerm

positive integers m and N. Then from Equation [f], it can be observed that

< D(l) = _D( 10222+1) = E('r‘)? (18)

If a, = then a,, < E. In addition a,, is well-defined for all

N _rQ(n) kn r kN
€ _ N(m) o \/i m E(r) -
N T e T g o 0

since r > log 2 = V2 .

er/2

N
Now one can see that f(N) := > ¢

Tk
e"kN
n=1

upper bound C,) when r is fixed. In fact this function alternates between its

rQ(n)

has 1 as lower bound and a constant

bounds, and it is not convergent. W

Theorem 2. By the same kind of argument as in the proof of Lemma 2, it can
be observed that Fy(m) > 2™~! for any positive integers N and m. Therefore

if r =log?2,

N rQ2(n) kn F
& . N(m) k‘N
Z erkN - Z om > 7 : (20)

n=1 m=0
Now for any constant C' = C(,), put N = 22¢. Then ky/2 = C, and the

theorem is proven.
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