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WICK ROTATIONS

Used in physics

Wick-rotation:  
 

Done in momentum space or coordinate space to perform 
certain integrals in, for example, Quantum Field Theories

Links Statistical mechanics with Quantum mechanics.
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WICK ROTATIONS

In Quantum Field Theories in curved spaces it is desirable to do 
a similar Wick rotations, however, now the metric is more 
general. 

Examples: Near black holes, early universe, near galactic centres, 
etc. 

However, it is not clear whether such a Wick rotation can be 
done.

Exact solutions



WICK ROTATIONS

Question 1: Given a Lorentzian spacetime, is it possible to 
perform a Wick rotation to turn it into a (real)Riemannian space? 

Question 2: What pseudo-Riemannian spaces are related through 
a Wick-rotation? 

Question 3: How do we define a Wick rotation for a general 
pseudo-Riemannian manifold? 



HOLOMORPHIC RIEMANNIAN 
GEOMETRY

In our case our complex vector space E will be the 
complexification of a real vector space: E = WC = W ⌦ C



HOLOMORPHIC RIEMANNIAN 
GEOMETRY

For a holomorphic inner product space we can always 
choose an orthonormal frame and identify E ⇠= Cn

If  X = (X1, X2, ..., Xn), Y = (Y1, Y2, ..., Yn)

The orthonormal frame bundle for a holomorphic manifold 
has therefore the structure group G = O(n,C)



HOLOMORPHIC RIEMANNIAN 
GEOMETRY

Example: (Cn, g0) with standard basis {e1, e2, ..., en}

with metric

for real  X, Y



HOLOMORPHIC RIEMANNIAN 
GEOMETRY

(W,h) (W̃ , h̃)

(Cn, g0) (C̃n, g̃0)

⌦C ⌦C

O(n,C)



HOLOMORPHIC RIEMANNIAN 
GEOMETRY

This allows us to define Wick-related spaces:



WICK ROTATION

A stronger requirement is Wick-rotated: 

A yet stronger requirement is standard Wick rotation: 



HOLOMORPHIC RIEMANNIAN 
GEOMETRY
Examples: Semi-simple Lie groups as manifolds with bi-inv metric: 

g(X,Y ) = �B(X,Y )

The complexified group has now has several real forms where
 the Killing forms are restrictions of the Killing form of the 
complex Lie group. For example,                has real forms  O(n,C)

O(p, q), p+ q = n.

The various real forms are therefore Wick-rotated w.r.t. each other

where B is the Killing form and  � 2 R \ {0}



HOLOMORPHIC RIEMANNIAN 
GEOMETRY

For a holomorphic metric, the Levi-Civita connection is also 
holomorphic.

So is the Lie bracket. 

…as well as the Riemann curvature tensor: 

For two Wick-related spaces the corresponding Riemann tensors 
are the restriction of the holomorphic Riemann tensor. 



FRAME-BUNDLE PERSPECTIVE

At the common point p,  two Wick-rotated spaces have to have 
Riemann tensors lying in the same              -orbit. Indeed, if the 
two Wick-rotated spaces have structure groups 
then these two have to be imbedded in the complexified 
structure group             . 

O(n,C)
O(p, q), O(p̃, q̃)

O(n,C)

O(n,C)

O(p, q) O(p̃, q̃)



ORBITS OF SEMI-SIMPLE GROUP 
ACTIONS

Using orthonormal frames, we can consider, for example, the 
Riemann tensor as a vector, x, in a real vector space V. The 
Riemann tensor Wick-rotated spaces will then be related through 
the complex orbit:  
 
where 

Gx ⇢ G

C
x

⇠= G

C
x̃ � G̃x̃

G = O(p, q), G̃ = O(p̃, q̃), GC = O(n,C)



ORBITS OF SEMI-SIMPLE GROUP 
ACTIONS

Question1: Under what conditions do these real orbits intersect, 
i.e., 

Question 2: Under what conditions are the orbits unique?  
For what groups and vectors x are there no other real orbits?

Question 3: When can a space be Wick-rotated to a different-
signature pseudo-Riemannian space? 

Gx \ G̃x̃ 6= ;



ALGEBRAIC CLASSIFICATION

For any tensor (in Lorentzian case) we can classify it algebraically 
according to boost weight [CMPP] 
 
Type I/G  
Type D  
Type II  
Type III  
Type N

For the Weyl tensor in 4 dimensions this is equivalent to the Petrov 
type  

R = (R)+2 + (R)+1 + (R)0 + (R)�1 + (R)�2

R = (R)0

R = (R)0 + (R)�1 + (R)�2

R = (R)�1 + (R)�2

R = (R)�2



ORBITS OF SEMI-SIMPLE GROUP 
ACTIONS

Some known results:  
 
THM: (Richardson-Slodowy): The real orbits are topologically closed if 
and only if the complex orbits are closed.  

Corollary: A Lorentzian space of (proper) algebraic type II, III or N 
cannot be Wick rotated to a Riemannian space.  
 
Proof: For a Riemannian space,                 , is compact, and hence, all 
orbits are compact and thus closed. For (proper) Petrov type II, III 
and N, the orbits are not closed. 

G = O(n)



ORBITS OF SEMI-SIMPLE GROUP 
ACTIONS

Recall that a Cartan involution is a map:  
so that the following is an inner product of    :

This can be extended to any tensor product by requiring the 
Cartan involution acts tensorially.

A minimal vector is a vector            for which  

✓ : g ! g, ✓2 = Id
g

hX,Y i = �B(✓(X), Y ).

X 2 V

||X||  ||g ·X||, 8g 2 G



ORBITS OF SEMI-SIMPLE GROUP 
ACTIONS

THM (Helleland-Hervik): Assume that two spaces, a Riemannian 
and Lorentzian, respectively, are related through a standard Wick-
rotation. Then the Lorentizan spacetime is purely electric. 

A purely electric spacetime is a spacetime for which there exists 
a Cartan involution of O(1,n-1), so that the Riemann tensor is a 
positive eigenvalue of the Cartan involution. 

Lemma: For the groups above, the orbits above have non-trivial 
intersection:  
where             is the set of minimal vectors of the Lorentz group 

Gx \ G̃x̃ = M(G̃x̃)
M(G̃x̃)

G̃ = O(1, n� 1)



ORBITS OF SEMI-SIMPLE GROUP 
ACTIONS

Here’s another result from my student (Helleland) 

A 



SUMMARY

A mathematical setting of Wick rotations have been presented 
relating the spaces using a holomorphic Riemannian space. Wick 
rotated pseudo-Riemannian spaces will be real restrictions of this. 

Question: When do real orbits intersect: 

Question: When can a pseudo-Riemannian space be Wick-rotated 
to a Euclidean-signature space? 

Gx \ G̃x̃ 6= ;



Thanks for your attention! 

ELDAR: Happy birthday + 1! 


